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ABSTRACT. Using convolution transform theory boundedness results for the wavelet transform
are obtained in the Triebel spaaféld’“, Hoérmander spac®,, ,(R") and general function space-
Lo 1, Wherek denotes a weight function possessing specific properties in each case.
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1. INTRODUCTION

The wavelet transforml” of a functionf with respect to the wavelet is defined by

(1.1) fla,b) = (Wyf)(a,b) = . F@)ap(t)dt = (f * hao) (D),

wherey,, = a”29(22t), h(z) = ¢(—z), b € R" anda > 0, provided the integral exists. In
view of (1.1) the wavelet transforifiV,, /)(a, b) can be regarded as the convolutionfoénd

ha. The existence of convolutiofr g has been investigated by many authors. For this purpose
Triebel [6] defined the spadg* and showed that for certain weight functidnsf « g € L3,
wheref, g € Lf}v’“, 0 < p < 1. Convolution theory has also been developed by Hormander in
the generalized Sobolev spaBg,(R"), 1 < p < co.

In Section 2 of the paper, a definition and properties of the spﬁt’feare given and a bound-
edness result for the wavelet transfolf, f is obtained. In Section| 3 we recall the definition
and properties of the generalized Sobolev spaggR") due to Hormander [1] and obtain a
certain boundedness result fr, f. Finally, using Young’s inequality a third boundedness
result is also obtained.
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2. BOUNDEDNESS OFIW IN Lg’k

Let us recall the definition of the spa&&* by Triebel [6].
Definition 2.1. Let{2 be a bounded'*-domain inR™. If k(z) is a non-negative weight function
in R™” and0 < p < oo, then

(2.1) Lg’k = {f|f e S supp Ff C Q;

1 ot 4 = ( [ R@lf@Pir)” < oo}

If k(x) = 1thenL»* = L7.
We need the following theoreml|[6, p. 369] in the proof of our boundedness result.

Theorem 2.1(Hans Triebel) If k£ is one of the following weight functions:

(2.2) k(x) = |z|*, a>0
(2.3) Ra) =]l ;>0
j=1
(2.4) k(z) = kgo(x)=eM" B>0,0<y<1

and0 < p < 1, then
(2.5) L« LY* c Lo*
and there exists a positive numb@&rsuch that for allf, g € L3,

(2.6) 1 % glls < C Nl Nl s

Using the above theorem we obtain the following boundedness result for the wavelet trans-
form W, f.

Theorem 2.2.Let f € L** andy € L*, 0 < p < 1, then for the wavelet transfori,, f we
have the estimates:

(2.7) | (Wof) (@) s Ca5 || £ gl &l for @)

(2.8) I (W f)(a,b) [|s< Calolts

Fllzgl oo lleg for @2.3);

@9 | (Wal)@b) ks < CaZe ™™ | £y 0] s, for @),

whereb € R*® anda > 0.
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Proof. Fork(z) = |z|*, a > 0,we havek(az) = a“k(z) and

ltuollg = ([ #@a s Dprac)’

o3 < / n kp(az)|h(z)|pdz);
a? ( / ) apakp(z)\h(zﬂpdz);
=q3te < / ) kp(z)|h(z)|pdz>;

=a*" || h |l
=a®** || ¢ g -

Fork(z) =TT}, |z;|*, a; > 0, we havek(az) = al*/k(z) and

ltuollg = ([ #@a s prac)’

o3 < / n kp(az)yh(z)wz)’l’
a? ( / ) ap|a|k;p(z)]h(z)|pdz);
= a2l (/ kp(z)|h(z)|1?dz)’l’

= a= | bl
= a4l .

Next, fork(z) = kg, (z) = eI, > 0,0 <~ < 1, we have

2 2~
¥ APk a4z 13427 1 2y 13,27
Kan(az) = M0 = PO < P on BT ot (o),

_n x P P
haol rss = ( / @ (a2 ()]) dz)
—a% (/Rn l{:gﬁ(az)]h(Z)\de)
<ot ([ g, o

1
o edoa (/ kzm<z>|h<z>!pdz>p

ageéﬁa” || h ”L’;B,zv

n 1g42
azez’ || 4 ||L’;a,2v :

and

=

=

P
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The proofs of[(2.]7) [ (2]8) anf (2.9) follow fromn (2.6). O
3. BOUNDEDNESS OFW IN B,
The spaceB, ,(R™) was introduced by Hérmander/[1], as a generalization of the Sobolev
space*(R"), in his study of the theory of partial differential equations. We recall its definition.

Definition 3.1. A positive functionk defined inR™ will be called a temperate weight function
if there exist positive constanés and N such that

(3.1) K(E+n) < (1 +CIENTR(n);  &neRT,

the set of all such functionswill be denoted by . Certain properties of the weight function
k are contained in the following theorem whose proof can be fourid in [1].

Theorem 3.1.If k; and k, belong to.#” ,thenk; + ko, k1 ko, sup(ky, k2), inf(kq, k2), are also
inZ . If k € 2 we have:® € . for every reals,and if ;. is a positive measure we have either
puxk=occorelseyxk e .

Definition 3.2. If £ € .# andl < p < oo, we denote by, ;, the set of all distributions € .
such that: is a function and

(3.2) e (27 ( / |k(€)ﬂ|pdf)p <o, 1<p<oo

(3.3) | [[oo = ess sup [E(§)a(E)].
We need the following theorern/[1, p.10] in the proof of our boundedness result.

Theorem 3.2(Lars Hormander)If u; € B, ;, [ &'anduy € Boo i, thenu; « uy € B gk,
and we have the estimate

(3.4) [ wr st [|pgars || wn [lp || w2 [loops, 1< p < o0
Using the above theorem we obtain the following boundedness result.

Theorem 3.3. Let k; and k, belong to.#". Assume thaf € B, , (&’ andy € By, then
the wavelet transformiv, f)(a, b) = (f * ha)(b), defined by{(1]1) is itB,, ,,, and

" 1 c L\ -
(35) || W¢f(avb) ||p,k’1/€2S a2k2 2_&2 || f ”ZLkl 1+ Et ¢(t)

Proof. Since

1ha0ll oo p, = €SS SUD

Ba(€)hao(€)|
= esssup ‘kg(f)a%l@(a@‘

Ba(2)0(1)]
oo (1 c\" -
< azky (ﬁ) ess sup (1 + 5152) W(t)

on using[(3.]1). Hence by Theor¢m[3.2 we have
Wy f @, )l gy, =ICF 5 Pa0() [lp ks

n 1
<azky <@) | f o

n
< az2esssup

(1 + %ﬂ) ) U(t)
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This proves the theorem. O

4., A GENERAL BOUNDEDNESSRESULT

Using Young’s inequality for convolution we obtained a general boundedness result for the
wavelet transform. In the proof of our result the following theorem will be used [3, p. 90].

Theorem4.1.Letp,¢,r > 1and  + 1+ = 2. Letk € LP(R"), f € LY(R") andg € L"(R"),
then

A;qu*mme

1 * gl =

[ K1~ oto)asdy
< Coarn | & 1ol £ 11l 9 11

The sharp constartt,, .., = (C,C,C,)", whereC? = 25 with (, +, = 1). Using The-

=T

orem[4.1 and following the same method of proof as for Thegrem 3.3 we obtain the following
boundedness result.

Theorem4.2.Letp,q,r > 1,1+ 1+, = 2andk € L*(R"). Letf € L/(R") andy € L' (R"),
then

I Wof ook < Cpgrma™ 2 |k lpll £ llall 2 Il
whereC,, ;. = (C,C,C,)", Cp = - with S + & = 1.

p'?

D=
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