ON A GENERALIZATION OF ALPHA CONVEXITY
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In this paper, we introduce and study a clags(a,ﬂ,w), k > 2 of analytic
functions defined in the unit disc. This class generalizes the concept of alpha-
convexity and include several other known classes of analytic functions. Inclu-
sion results, an integral representation and a radius problem is discussed for this
class.
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1. Introduction

Let P denote the class of functions of the form
(11) p(Z):l-i—ClZ-f—CQZQ—{—---,

which are analytic in the unit disE = {z : |z| < 1}. Let P(y) be the subclass d?
consisting of functiong which satisfy the condition

(1.2) larg p(2)| < 7;—7, forsome ~(y>0), ze€kFE.

We note thatP(1) = P is the class of analytic functions with positive real part. We

introduce the clas®),(v) as follows: .
An analytic functionp given by (L.1) belongs taP; (), for z € E., if and only if
there exist, p» € P() such that

(1.3 po = (§+3)me - (5-3)mn k22

We now define the claszﬁfk(a, 3,~) as follows:

Definiton1.1 Leta > 0, 8 > 0 (o + 8 # 0) and letf be analytic inE with
£(0) = 0, f/(0) = 1and "= £ o Thenf € Mj(a, 3,7) if and only if , for

en > (=f/(
a zf'(z B (zf'(2)) .
{aw ) ath f(2) }EP’“”)'

We note that, fok = 2, § = (1 — «), we have the clasd/fy (o, 1 — a,v) = Ma(7)
of strongly alpha-convex functions introduced and studied]in [

We also have the following special cases.
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/ ~ ™
(i) Ma(c,0,1) = S*, M5(0,5,1) = C, whereS* andC are respectively the I M
well- known classes of starlike and convex functions. It is kno®hthat

M, () C §*andM,(«, 0, ~) coincides with the class of strongly starlike func- P .l A
tions of ordery, see [L, 7, 8].

(i) My(a,0,1) = Ry, M(0,0,1) = Vi, whereR,, is the class of functions of
bounded radius rotation anid is the class of functions of bounded boundary
rotation. Alpha Convexity
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2. Main Results

Theorem 2.1. A functionf ¢ M(o, 8,7), a, > 0, if and only if, there exists a
functionF' € Ry () such that

B

2 a8 715+p
a+ﬁ/ (F() dt] |
« 0 t
Proof. A simple calculation yields

o zf(z) 6 (2f'() _ 2F'(2)
atf f(z)  a+f [f(2) F(z)

If the right hand side belongs ﬂ(’y) so does the left and conversely, and the result
follows. 1

(2.1) f(z) =

Theorem 2.2.Let f € M (o, 3,7). Then the function

)

2.2) 9(2) = F(2) (

belongs taRk,(v) for z € E.

Proof. Differentiating ¢.2) logarithmically, we have

9 a2 B EFE)

9(z)  a+pB f(z)  a+B fl(z)

and, sincef € M;(«, (,7), we obtain the required resul.
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Theorem 2.3.Let f € My(a,f,7), (> 0,0 <~ < 1. Thenf € R;(y) for
z € FE.

Proof. Let Z}{(S) = p(z). Then

Therefore, forz € F,

o0 E) B EIEY [ B e
@ T e fe a0

Let

Q@ z 15} z
(2.4) ¢(&’ﬁ):a+ﬁl—z+a+ﬁ(1—z)2'

Then, using {.3) and ¢.4), we have

(- 202 — (£ 1Y (o 222 (B 1Y (y,, 00000),

wherex denotes the convolution (Hadamard product). This gives us

p(2) + B zp(z) _ (§+1) {pl(z)+ B Zp'l(z)}

a+ 0 p(z) 4 2

From (2.3), it follows that

/
{pﬂr b Zpi}eP(w, i=1,2,

a+ 05 p;
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and, using a result due to Nunokawa and O#ja\ve conclude thap; € ]5(7) in
E, i =1,2. Consequently € P(v) and hencef € Ry.(v) for z € E. 1

Theorem 2.4. Let, for(ay + ;) # 0,

aq « ﬁ1 1G]
< , < and 0<~v<1.
awtB at+B a+p a+tp =7

Then . .

My (o, B,v) C Mk (aq,By,7), z€E.
Proof. We can write
o ), B G
ar+ By f(2) ar+ B3, f(z)
_ (1 _Bila+p) ) 2f'(2)
Blai+8,)) f(z)

(61(a+6)) [ a zf'(z) B (2f'(2)

B+ 6)) a8 fiz) Tatd Fl2)
I N AR T
- (1 Ble +ﬁl>) Hi(2) + Bl v gy 2

whereH,, H, € Pk( ) by using Definitionl.1 and Theoren?.3. Since0 < v < 1,
the classP(v) is a convex set and consequently, by3, the classP,(v) is a convex

set. This implies € P,(v) and thereforgf € M,(ay, 3,,7). This completes the
proof. n

Theorem 2.5.Let f € M;(«a, 3,7). Then

(25) h(z) = /O ()

‘m
Q

(f(t)> dt belongsto Vi(y) for zeE.
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J
Proof. From (2.5, we have “\* ™M
) = (e (1) PR

Now the proof is immediate when we differentiate both sides logarithmically and
use the fact thaf € My(a, 3,7).

. X Alpha Convexity
In the following we study the converse case of Theofeiwith v = 1.
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Theorem 2.6.Let f € Ry(1). Thenf € My(a,f,1), 5 > 0for |z| < r(a, B), Vilh B 55 & G 843 20007
where
1 . 16} Title Page
(2.6) r(a, B) = (1 — p2) 2—p, with p= :
a+ 6 Contents
This result is best possible. « >
Proof. Sincef € Ry(1), 25 € Py(1) = P}, and < >
o ), B GO, 8 @) Page  of 10
a+j f(z) a+ 3 f(Z) a+ 3 p(z) Go Back
Let ¢(«, 3) be as given by4.4). Now using (..3) and convolution techniques, we Full Screen
have
5 () o(0,9) i
zp(z) Q,
p(z) + a+ 8 p(z) p(z) z journal of inequalities
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Sincep; € P»(1) = P and it is known P] that Re {M} > £ for |z < r(a, ), it
follows from a well known result, se&]that [pi * @] e Pfor|z| < r(a, ), i =

1, 2. with r(a, 3) given by @.6). The functiong(«, 3) given by ¢.4) shows that the
radiusr(a, 3) is best possibles

Alpha Convexity
Khalida Inayat Noor

vol. 8, iss. 1, art. 16, 2007

Title Page
Contents
44 44
< 14
Page 9 of 10
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All ights reserved.


http://jipam.vu.edu.au
mailto:khalidanoor@hotmail.com
http://jipam.vu.edu.au

References

[1] D.A. BRANNAN AND W.E. KIRWAN, On some classes of bounded univalent
functions,J. London Math. Sog2(1) (1969), 431-443.

[2] J.L. LIU AND K. INAYAT NOOR, On subordination for certain analytic func-
tions associated with Noor integral operatdppl. Math. Computation(2006),
in press.

[3] S.S. MILLER, P.T. MOCANUAND M.O. READE, All a-convex functions are
univalent and starlikeRroc. Amer. Math. Soc37 (1973), 552-554.

[4] K. INAYAT NOOR, On strongly alpha-convex and alpha-quasi-convex func-
tions,J. Natural Geometryl((1996), 111-118.

[5] K. INAYAT NOOR, Some properties of certain analytic functiods,Natural
Geometry7 (1995), 11-20.

[6] M. NUNOKAWA AND S. OWA, On certain differential subordinatidPanAmer.
Math. J, 3 (1993), 35-38.

[7] J. STANSKIEWICS, Some remarks concerning starlike functid@gl. Acad.
Polon. Sci. Ser. Sci. Math. Astronom. Phys$ (1970), 143-146.

[8] J. STANSKIEWICS, On a family of starlike function&nn. Univ. Mariae-Curie-
Skl. Sect. A22(24) (1968/70), 175-181.

Alpha Convexity
Khalida Inayat Noor

vol. 8, iss. 1, art. 16, 2007

Title Page
Contents
44 44
< >
Page 10 of 10
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: L443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:khalidanoor@hotmail.com
http://jipam.vu.edu.au

	Introduction 
	Main Results 

