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ABSTRACT. Inthis paper, we generalize an open problem posed by Q. A. Ng6 et al. in the paper
Notes on an Integral Inequality, Inequal. in Pure and Appl. Math7(4)(2006), Art. 120 and
give an affirmative answer to it without the differentiable restrictioryon
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1. INTRODUCTION

Recently, in the paper[6] Ngb et al. studied some very interesting integral inequalities and
proved the following result.

Theorem 1.1.Let f(z) > 0 be a continuous function df, 1] satisfying

(1.1) /xlf(t)dtz/xltdt, Vae o],
Then the inequalities

(1.2) / et e)de > / e fa)da,
and

(1.3) /0 e > /0 )
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hold for every positive real number > 0.
Next, they proposed the following open problem:
Problem 1.1. Let f(z) be a continuous function df, 1] satisfying

1 1
(1.4) /f(t)dtz/ tdt, Vazelo1].
Under what conditions does the inequality
1 1
(15) | @z [
0 0

holds fora and3?

We note that, as an open problem, the condifiorj (1.4) may resultin an unreasonable restriction
on f(z). We remove it herein and propose another more general open problem:

Problem 1.2. Under what conditions does the inequality

b b
(1.6) / o8 (z)dx > / (x — a)*fP(x)da,
hold fora, b, « and3?

Shortly after the paper [6] was published, Liu et al. [5] gave an affirmative answer to Problem
[1.7 for the case = 0 and obtained the following result:

Theorem 1.2.Let f(z) > 0 be a continuous function df, b], b > 0 satisfying

b b
(1.7) /fﬁ(t)dtz/ tdt, Yaxelob]
Then the inequality ’
b b
1.8 4B () dx > @B (z)d
18) | 1t = [ g

holds for every positive real numbar> 0 andg > 0.

Almost at the same time, Bougoffal [1] also gave an answer to Prgblgm 1.2 and established
the following result (We correct it here according to the presence of the corrigendum in [2]):

Theorem 1.3.Let f(z) > 0 be a function, continuous dn, b] and differentiable ir(a, b). If

(1.9) /bf(t)dt > /b(t —a)dt, Y€ la,b

and
fllx) <1, Ve (ab),
then the inequality (1]6) holds for every positive real number 0 and 3 > 0.

Very recently, Boukerrioua and Guezane-Lakdud [3] obtained the following result:
Theorem 1.4.Let f(z) > 0 be a continuous function df, 1] satisfying

(1.10) /lf(t)dt > /ltdt, vz el0,1].
Then the inequality ’ '

1 1
1.11 B (x)d B (x)d
(1.11) | @ [ o e
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holds fora > 0 and > 1.

Comparing the above three results, we note that: the condjitign (1.7) was required in Theorem
[1.7, a differentiability condition was restricted ¢rin Theorenm 1.3 whilgg > 1 was demanded
in Theoren{ 1.4. In this paper, we will give an affirmative answer to Proplen 1.2 without the
differentiable restriction orf by improving the methods of [5], [6] and![3]. Our main result is
Theorenj 2.JL which will be proved in Sectiph 2.

2. MAIN RESULTS AND PROOFS

Theorem 2.1.Let f(z) > 0 be a continuous function dn, b] satisfying

b b
(2.1) / LB (yar > / (t —a)™ ™8 dt - Vo € [a,b).

Then the inequality

b b
(2.2) [ @i [ o P,

holds for every positive real number> 0 and > 0.
To prove Theorer 2|1, we need the following lemmas.

Lemma 2.2([6], General Cauchy inequality]let « and 5 be positive real numbers satisfying
a + 3 = 1. Then for all positive real numbersandy, we always have

(2.3) oz + By > %P,
Lemma 2.3. Under the conditions of Theordm .1, we have
b bh— a)a+ﬁ+1
2.4 —a)*fP(z)dx > (—
(2.9 [ e —ar s = S0

Proof. We divide the proof into two steps according to the different intervals. of
Case of0 < < 1: Integrating by parts, we have

/a (@ —a)e ( / b fﬁ(t)dt> da
— é/ab (/: f%)dt) d(x — a)®

1 b

_1 {u ~ar [ b f’g(t)dt] o (- a) o)

_ é/ab(f’f — ) £3(z)dx. a
which yields
(2.5) /ab(;c ) f2)dz = a /ab@ )t (/b fﬁ(t)dt> da.
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On the other hand, by (2.1), we get

/:c—a (/ fA(t) dt)da:
;3L(x—@ 1(L%t—wﬁﬁ)dx

_ ﬁ / (z — a)° "L [(b— )" — (z — a)*"] du

(b _ a)a—i—ﬂ—i—l
Cala+B+1)
Therefore,[(2.4) holds.

Case ofs > 1: We note that the following result has been proved in the first case

b — aq)ot2
(2.6) /a (x —a)* f(x)dx > (bozT)Q'
Using Lemma 22, we get
@7) @+ -0 2 e - 0,

Multiplying both sides of{(2]7) byz — a)* and integrating the resultant inequality franto b,
we obtain

@9 [-arr@ars -0 ooz [ @m0 e

which implies

b
2.9) / (z — a)* P () da +
Moreover, by using (2]6), we get

—1
O[f_ﬁ—i_l( N a+ﬁ+1>6/ i oHrﬁ 1f()

b
@10 [a-or s o o-ar x —Loma,

which implies [2.4). O
We now give the proof of Theorem 2.1.
Proof of Theorer 2]1Using Lemma 22 again, we obtain

B s
L)+

a
a+ 3

(2.11) (z — a)*Pdx > (x — a)® fP(x)dx
which gives
(2.12) ﬁ/: foP(x)dx + o /ab(a; —a)*Pdr > (a+ ) /ab(a; —a)*fP(z)dx
Moreover, by using Lemnia 2.3, we get
@+9) [ p@a=a [@-a e m+5/“ 0 £2(z)da

Wl Py,

a+pB+1
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thatis
b h— a)a+ﬁ+1 (b _ a+ﬁ+1
2.13 B (x)d =™ / d
@13) 5[ s al =0 s oL (2)dz,
which completes the proof. O
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