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Abstract

We prove in an elementary way a new inequality for the average order of the
Piltz divisor function with application to class number of number fields.
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It could be interesting to use tools from analytic number theory to solve prob-

lems of algebraic number theory. For exampleKdte a number field of degree
n, signature(ry, r3), class numbehy, regulatorRy, andwy is the number of

roots of unity inK, (x the Dedekind zeta functionly := 2-"27~"/24%/* where
dx is the absolute value of the discriminantl®f The following formula, valid
for any real numbes > 1,

(L) Az (5) T (0) G (o)

2" b Rk o 1-o — dy
— B S [l gl T e,
o0 —Nwx )y =1 Y

whereg (a, y) is a certain function depending on a nonzero integral ideadd
vectory := (Y1, ..., Yri1r,) € (Ry)™ (here||y| := max|y;|), is the gener-
alization of the well-known formula

for the classical Riemann zeta function. Since the integrand in is positive,

we get
_ o

(1.2) hiRx < o (0 — 1) w2 " AZT™ (5) "2 (o) Gk (0)

for any real numbes > 1. The study of the function on the right-hand side of
(1.2) provides upper bounds fa Rk (see ] for example) .
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In a more elementary way, one can connect the class numbeiith the
Piltz divisor functionr,, by using the following result (I]):

Lemma 1.1. Letbx > 0 be a real number such that every class of ideals of
K contains a nonzero integral ideal with norf bk. If 7, is the Piltz divisor

function, then:
hx < Z Tn (M

m<bg
Recall thatr, is defined by the relations; (m) = m and 7, (m)
Zd‘m T,—1 (d) (n > 2). This function has been studied by many authors (sge [
for a good survey of its properties). A standard argument from analytic number
theory gives iin > 4

ZTn (m

m<x

) =aP,_1 (logz) + O, (x%+5> ,

whereP,_; is a polynomial of degree — 1 and leading coeff|C|e For
some improvements of the error term and related results; $eN¢te t?1at the
Lindelof Hypothesis is equivalent @, = (n — 1) / (2n) for anyn = 2,3, ...

whereq,, is the least number such that

Z Ty, (m) — 2Py (logz) =

m<x

If we are interested in finding upper bounds of the form

D T (m

m<x

one mostly uses arguments based upon induction and the following inequality:

O: (2" .

) <, x (log x)”_l ,
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Lemma 1.2. We setS,, (z) :== >, ., 7. (m). Then:

S (2) < Sa () + 2 /1 Ci2, (1) dt.

Proof. It suffices to use the definition above, interchange the summations and

integrate by parts. O]

Using this lemma, it is easy to show by induction the following bound:

ZTn (m) < n iE ol (logz +n —1)"""

m<x
which enables us to obtain Lenstra’s bound again (Sgeramely:
b]K n—1

In what follows,n is a positive integer and we set

Sp () =Y 7 (m)
m<x
for any real number > 1. bk is a positive real number always satisfying the
hypothesis of Lemma.l K is a number field of degree and class number
hk. dk is the absolute value of the discriminantléf For some tables giving
values oftk, see [/]. The functionsy) andi, are defined by

vy =t—[1-3,
b= [ g =20,
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where[t] denotes the integral part fRecall that we have for all real numbers
t:

We denote byy and~,; the Euler-Mascheroni constant and the first Stieltjes
constant, defined respectively by:

“ 1
v = lim (Zz—logn>,

. " log k log n)?
%23&@35‘ﬁ2)>

k=1

The following results are well-known (seg] for example):

0.577215 < v < 0.577216,
—0.072816 < v; < —0.072815,

and
1 by (t)
(1.4) v = i 2/1 3 dt
and
*2logt —3
(15) n=- / @t
1
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Theorem 2.1.Letn > 3 be an integer. For any real number> 13, we have:

ZTn (m) < (nfl)! (logz +n—2)""".

Applying this result with Lemma..1 allows us to improve upofi.3) :

Theorem 2.2.LetK be a number field of degree> 3. If by > 13 satisfies the
hypothesis of Lemm1, then:

bk

(n—1)!

hg < (logbx +n — 2)”71 )
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The aim of this section is to show that the result of Theogfnis true for
n = 3. Hence we will prove the following inequality fdf¥; :

Lemma 3.1. For any real number > 13, we have:
S (x) < g (logz +1)°.

We first check this result for3 < = < 670 with the PARI/GP systemd],
and then suppose > 670. The lemma will be a direct consequence of the
following estimation:

Lemma 3.2. For any real number: > 670, we have:

1 2
Sg(x)zw{(oggm) +(37—1)10gx+372—37—3%+1}+R(w)

where:
IR (x)] <2.362%3log z.
The proof of this lemma needs some technical results:

Lemma 3.3. Letz,y > 1 be real numbers.

(i) If 32 <y < z, then we have:

1 2
Z—log( ) =logzlogy — %+710gw—m+31 (x,y)

An Inequality for the Class
Number

Olivier Bordellés

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 8 of 17

J. Ineq. Pure and Appl. Math. 7(3) Art. 87, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:borde43@wanadoo.fr
http://jipam.vu.edu.au/

with: log (2/y) 1
(0] o ogxr
IRy (w,y)| < — 200 S8

2y 4gy?
(i)
Sy (y) =ylogy + (2y — 1)y + Rz (y)
with: )
IRy (y)] < y'/*+ 5
(iii)
T(n log y)?
> ) _{ 5 ) +2ylogy +7° — 271 + Rs (y)
n<y "
with: . |
B3 (y)] < ST

Proof. (i) By the Euler-MacLaurin summation formula, we get:

= logx —i—/lyllog <%> dt — #log (g)

log G) + 1) . /1y %wz (t) dt

<

[\&)

S
7 N~
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logy)® (1 > aby (t
:logxlogy—%+(§—2/ ¢2t§)dt) log x
1

© 9l0gt — 3 b b
+/1 —Ogtg o () dt — %log (g) . ngy) (log (g) + 1)
+2 logm/ ¢2t§t) dt — / MwQ (t) dt

t3

and using'1.4) and(1.5) we get:
L (log )
;Ebg <E> = logzlogy — —5 +vlogr — v + Ry (7,y)

and since=*/? < y < z, we have:

] ] 11 logy — 1
Ry (2.9)] < og(ﬂﬁ/y)+ og (7/y) + | logz  logy

2y 8y? 8y? 8y?
_ log (z/y) N log x
2y dy? -

(ii) This result is well-known (seel] for example).
(iii) Using a result from {], we have for any real number> 1 :

_ 31\, yr oy _ 11\ _
—y 1/2—<—+—)y1— — T < Ry(y) <y P (55 )y

4 8e? 8 64 —

which concludes the proof of Lemn&a3. ]
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Proof of Lemmas$.1and3.2. The Dirichlet hyperbola principle and the esti-
mations of Lemm&.3give, for any real number’/? < T < z:

6= 35 () 3 ] - ()

n<T n<z/T
x x x T(n) 1 x
-5 (Gon () + - E e mtem) v X 7L ()
(nOgn +(7 )n+ 4(:1:'n) +xz n 2 E\T
n<T n<z/T
T T 1 T T
_ Z T (n)v (E) —T595, <?) + 552 <?> + 1 (T) Sy (T) An Inequa&tgnf%retrhe Class
n<z/T
_ Z <£ log (z) X (27 _ 1) E + R, (x,n)) Olivier Bordellés
n n n
n<T
7 (n) €T Title Page
W g (—) Ry (2, T
M Z n *\T + s (@, T) Contents
n<z/T
with 44 44
71 4 | J
1B (z,m)] < \/g+§ Go Back
T T T T T 1 Close
15 (3) < Fon(3) e g o
R 1) < 55 (7)< Flog () + @y - D 5+ 2+ 3 -
and hence: Page 11 of 17
log T)?
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—m+Re (2, T)+(2y — 1) (logT+7+R7(T))}+ZR4(:&n)

n<T

+x{w +27log () +7% = 23 + Rs <$7T)}

+ R5 (z,T) — zlog <%) —(2y—1)x —TRy (x,T)

with, if 32 < T < 2 :
log (z/T 1
og (z/T) ogr

T <
|R6(‘r7 )|— T AT?2
1
Re ()] <
T T
[Rs (2, T)| <[ —+ —
x X
r 1
™ <./=+=
Roe. 1) <\ /54 ]

and thus:

l 2
Sg(x):m{(ogzx) +(3fy—1)10gm+3fy2—3fy—371+1}

+xRg (x,T)+ (2y — 1) zR7 (T) + Ry (z,T)
+xRs (2, T)+ Rs (x,T) — TRy (x,T)
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with

|Rio (2, T)] < |Ry (2,n)]

n<T
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1 2
Ss (2) :x{(og;) +(3’V—1)10g5€+3’72—3’7—3%+1} + Rui (z,T)

Title Page
with: Contents
xlog (z/T) a:log:v
R T < AN 2T <4< 44
2
—i—%log(%)—l—Q 27—1% 1/ +2T—|—— p—
We choose: Close
T = 371/37 Quit
which gives:
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where:

D 1 1
|Ry2 (z)] < §x2/3logx—|—2(27—l— 1) 22/ — Y2 4 Z—Lxl/3logx+3xl/3+ 3

< 2.36 2?3 log =

sincex > 670. This concludes the proof of Lemnta2, and then of Lemma
3.1 [
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2.1

We first need the following simple bounds:

Lemma 4.1. For any integem > 3, we have:

13 nd 1 1\"
728, () dt < — < — ~) .
/1 S (tydt < - < !<n+2>

Proof. This follows from straightforward computations which give:

13 7 2281 90283 1
728, () dt = —n+ —n? 4+ —— 1— —
/1 ®) 624" T 9360 To0000" T T 13

n3

< —
4

sincen > 3. The second inequality follows from studying the sequeficg
defined by
n3 x n!
Uy = ——————77-
4(n+1/2)
We get:

U1 2(n+ 1) 20+ 1\"
w,  n3(2n+3) \2n+3

512 2 " 5l2e7?
< — 11— < <1
243 2n +3 243
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and henceu,,) is decreasing, and thus:

_324
==z ="
which concludes the proof of Lemndal. O

Proof of Theoren2.1. We use induction, the result being true for= 3 by
Lemma3.1 Now suppose the inequality is true for some integer 3. By
Lemmasl.2, 4.1and the induction hypothesis, we get:

Sn+1 (ZL’)

13
< S, (:c)+a:/ t725, (1) dt+m/ t728, (t) dt
1 1

3

(logz+n—2)"" 1 \" 1 /“"’ (logt +n —2)"""
< LIy dt
—"”{ w0 a\"T2) T/, i

. (logz +n—2)" N (logz +n —2)""
n! (n—1)!

= ((n N %) ~ (n+1log (1362))") }

% {(logz +n—2)"+ (n—1)(logz +n —2)"""}

IN

x n
gm(loga:—i-n—l) :

The proof of Theoren2.1is now complete. O
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