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ABSTRACT. We develop inequalities relating to the variances of convex decreasing functions of
random variables using information on the functions and the distribution functions of the random
variables.
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1. INTRODUCTION

Inequalities relating to the variances of convex functions of real-valued random variables are
developed. Given a random variabl€, we denote its expectation ly[X], its variance by
Var [X], and useFx and Fy' to denote its (cumulative) distribution function and the inverse
of its (cumulative) distribution function respectively. In this paper, we assume that all random
variables are real-valued and non-degenerate.

One familiar and elementary inequality in probability (supposing the expectations exist) is:

(1.2) E[1/X] > 1/E[X]

where X is a non-negative random variable. This may be proven using convexity (as an appli-
cation of Jensen’s inequality) or by more elementary approaches|[2],/[4], [5]. More generally, if
one considers the expectations of convex functions of random variables, then Jensen’s inequality
gives:

(1.2) E[f(X)] > f(E[X]),
where X is a random variable andl is convex over the (convex hull of the) range ¥f(see

[6)).
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In the literature, there have been few studies on the variance of convex functions of random
variables. In this note, we aim to provide some useful inequalities, in particular, for finan-
cial applications. Subsequently, we will deal with functions which are continuous, convex and
decreasing. Note thafar [f(X)] = Var[—f(X)]. This means our results also apply to con-
cave increasing functions, which characterize the utility functions of risk-adverse individuals in
decision theory.

2. TECHNICAL LEMMAS

Lemma 2.1. Let X be a random variable, and lgt g be continuous functions dr.
If fis monotonically increasing anglmonotonically decreasing, then

(2.1) E[f(X)g(X)] <E[f(X)]E [9(X)].
If f, g are both monotonically increasing or decreasing, then
(2.2) E[f(X)g(X)] = E[f(X)]E [¢(X)].

Moreover, in both cases, if both functions are strictly monotone, the inequality is strict (see
[6] or [4]).

Lemma 2.2. For any random variableX, if with probability 1, f(X,-) is a differentiable,
convex decreasing function ¢m b] (a < b) and its derivative at. exists and is bounded, then

0

Bl =B [2j(x0)].

Proof. Let g(z,€) = 2 f(x,€).
Fore € [a,b), let

(2.3) my(x,€) = (n+ N,) {f ($’€+n+1]\7> —f(a:,e)],
whereN, = [;%], and fore = b, let
(2.2) mn(z,€) = (n + N.) lf(:c,e)—f(x,e—anﬂ,

whereN, = [;2].

Clearly the sequencen, },>1 converges point-wise tg. Since with probabilityl, f(X, -)
is convex and decreasing, and (by the hypothesis of boundedngssy, )| < |g(X,a)| < M
forall e € [a, b].

By Lebesgue’s Dominated Convergence Theorem (see, for instance, [1]),

n—00 N 86

@) B[ f(X.0] ~Bly(X.0] = lim E[m,(X,0] = LEIX.0]
and the proof is complete. O

3. MAIN RESULTS

Theorem 3.1. For any random variableX, and functionf such that, with probabilityt,

(1) f(X,-) meets the requirements of Lemimd 2.2@m] and is non-negative,
(2) f(-,¢) is decreasing/e € [a, b], and
(3) Zf(-,€) is increasingve € [a, b],
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then foreq, e; € [a, b] with e; < e,
(3.1) Var [f(X, e2)] < Var [f(X, e1)]

provided the variances exist.
Moreover, ifes, €4 € [€1, €], Such that; < e, andVé € [es, €4, f(-, €) is strictly decreasing
and %f(-, €) L:é is strictly increasing, the above inequality is strict.

Proof. It suffices to show thaVar [f( X, ¢)] is a decreasing function ef First, note that (with
probability 1) f(X,-)? is convex and decreasing sin¢e€X, -) is convex decreasing and non-
negative. We note that its derivative afis 2f(X, a) f/(X,a) and hencef(X,-)? meets the
requirements of Lemnja 2.2. Thus, we have

(3.2) aﬁvar[ {E[ 2] — (E[f(X,)])?}
_E [ 2 px e>2] 2B [f(X,0] ZE[f(X.0)

€

— B |21(X, 0 /(X,9| - 2E[(X. B | £7(X.0)

<0,

where the last inequality follows by applying Lemmal2.1 to the decreasing fungtion, and
the increasing funct|0|§—f ), proving the initial assertion.
If Jes,e4 € [e1,€2), such thate3 < eg andVé € [es, e4), f(+,€) is strictly decreasing and
% (-, €)|,_, is strictly increasing, Lemn@.l gives strict inequality. Integrating the inequality
from ¢; to €9, We obtain

(3.3) Var [f(X, e2)] < Var [f(X,€)].

O

The inequality below on the variance of the reciprocals of shifted random variables follows
immediately from Theorein 3.1.

Example 3.1. Let X be a positive random variable, then for @tk 0 ande > 0,
1 1
(34) Var {m} < Var |:ﬁ:|
provided the variances exist. Note that the theorem applies sinsd) with probability 1.

The next result compares the variance of two different convex functions of the same random
variable.

Theorem 3.2.Let X be a random variable. If and g are non-negative, differentiable, convex
decreasing functions such that< g and f’ > ¢’ over the convex hull of the range &f, then

(3.5) Var [f(X)] < Var [g(X)]
provided the variances exist. Moreove)if- /' > ¢/, then the above inequality is strict.

Proof. Consider the functioth whereh(z,¢) = ef(z) + (1 — €)g(x), € € [0,1]. We observe
that
(1) h(z,-) is non-negative, linear oved, 1] (hence differentiable and convex decreasing),
and meets the requirements of Lenmg 2.2.
(2) h(-,€) is a decreasing functiov € [0, 1] (since bothf andg are decreasing).
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3) 2 2h(x,e) = L (f(z) —g(z)) = f'—¢ > 0. Thatis, 2h(-€) is an increasing

function.
Therefore, by Theorem 3.1,
(3.6) Var [f(X)] = Var [h(X, 1)] < Var [h(X,0)] = Var [g(X)].
Furthermore, i) > f' > ¢/, h(-,¢) is strictly decreasing andA(-, €)|.—. is strictly increasing
Ve € [0,1]. The result then holds with strict inequality by Theorfen 3.1. O

Given a random variabl& , the inverse of its distribution functiofi; ! is well defined except
on a set of measure zero since the set of points of discontinuity of an increasing function is
countable (see [3]). Given a uniform random varialslen [0, 1], X has the same distribution
function asF'y, ! (U).

We now present an inequality comparing the variance of a convex function of two different
random variables.

Theorem 3.3. Let X, Y be non-negative random variables with inverse distribution functions
Fi', Fy' respectively. Given a non-negative convex decreasing fungtiod, ' — Fi' is
(1) non-negative and
(2) monotone decreasing
on [0, 1], then
(3.7) Var [g(Y)] < Var [g(X)]
provided the variances exist.
Moreover, ifg is strictly convex and strictly decreasing and either of the following hold almost
everywhere:
(1) (Fy') = (Fy') <0, or
(2 Fy' — Fx' > 0andé(Fy ) + (1 — &)(Fy') > 0forall é € [, 6] C [0, 1] with
€1 < €g,
then the above inequality is strict.

Proof. Consider the functioh whereh(u,€) = g (Fx'(u) + € [Fy ' (u) — Fx'(u)]) € € [0, 1].
Note thatg > 0, ¢’ < 0, ¢” > 0 sinceg is hon-negative convex and decreasing; and that the
inverse distribution function of a non-negative random variable is non-negative. Hence,

(1) h(u,-) is non-negative, differentiable, convex and decreasing, and

2h(u,e) . = [F;l(u) — Fgl(u)} g (Fgl(u))

Oe

exists and is bounded with probability 1, Baneets the requirements of Lemfnal2.2.
(2) h(-,¢) is a decreasing functiork € [0, 1].
(3) %h(-, €) is an increasing function since

0 0
%&h(u, 6)
= o 17w - £ @] o (5 ) + e (R 0 - P )
= (7 ) — () ()] o (F5 ) + € [F7 ) — Fi'(w)])
(3:8) +e(Fy ) (u) [Fy (u) = P (w)] g (Fx (u) + € [Py (w) = Fi' (u)])
0 - O ) [ () — F )] o (F5 ) + € (B () — i ()
> 0.
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To justify the inequality, considefr (3.8), the first term is non-negative due to condition (2) and
g being a decreasing functiop’ (< 0), and the second (resp. third) term is non-negative since
by the properties of distribution functiorigy ')’ > 0 (resp.(Fx')’ > 0), condition (1) holds,
andg is convex ¢"” > 0).

Therefore, by Theorem 3.1,

(3.9) Var [g(Y)] = Var [h(U, 1)] < Var [h(U, 0)] = Var [g(X)].
If the subsidiary conditions for strict inequality are met, sipte: 0 andg” > 0, it is then clear
that Theorem 3]1 gives strict inequality. O

4. APPLICATIONS

Applications of such inequalities include comparing variances of present worth of financial
cash flows under stochastic interest rates. Specifically, the present wgrtobérs ing years
at a interest rate ok is given byﬁ (¢ > 0, X > 0). When the interest rat& increases by
a positive amount, it is clear that the expected present worth decreases:

= e <)

Examplg 3.l shows that its variance decreases as well, that is,

Y Y
——— | <Var | —————|.
G+ x ] = [(1 +X>q]
In this example, the random variablé represents the projected interest rate (which is not
known with certainty), whileX + ¢ represents the interest rate should an increaséefenvis-

aged.

Var
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