Journal of Inequalities in Pure and
Applied Mathematics

ON HARDY’S INEQUALITY IN LP®)(0, c0)

RABIL A. MASHIYEYV, BILAL CEKIC AND SEZAI OGRAS

University of Dicle, Faculty of Sciences and Arts
Department of Mathematics

21280- Diyarbakir TURKEY

EMail: mrabil@dicle.edu.tr

EMail: bilalc@dicle.edu.tr

EMail: sezaio@dicle.edu.tr

(©2000Victoria University
ISSN (electronic): 1443-5756
310-05)

volume 7, issue 3, article 106,
2006.

Received 14 October, 2005;
accepted 07 April, 2006.

Communicated by: L. Pick

Abstract
Contents
44
| 2
Home Page
Go Back
Close

Quit


Please quote this number (310-05) in correspondence regarding this paper with the Editorial Office.

mailto:pick@math.cas.cz
http://jipam.vu.edu.au/
mailto:mrabil@dicle.edu.tr
mailto:bilalc@dicle.edu.tr
mailto:sezaio@dicle.edu.tr
http://www.vu.edu.au/

Abstract

Our aim in this paper is to obtain Hardy’s inequality in variable exponent Lebesgue
spaces LP(*)(0,00), where the test function u(z) vanishes at infinity. We use a
local Dini-Lipschitz condition and its the natural analogue at infinity, which play
a central role in our proof,
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Over the last decades the variable exponent Lebesgue £5ai¢€)) and the
corresponding Sobolev spadé™?() (1) have been a subject of active research
stimulated by development of the studies of problems in elasticity, fluid dy-
namics, calculus of variations, and differential equations with)— growth
[10, 17]. These spaces are a special case of the Musielak-Orlicz spjcts]
is the constant, thef*)(Q) coincides with the classical Lebesgue spaces. We
refer to [, 7] for fundamental properties of these spaces andt@,[11] for
Hardy type inequalities.

The classical Hardy inequality] is

(1.1) /0 Ju(x)|? 2Pdx < (%) /0 |/ (x)[F 2% P da,

wherel < p < oo, —1 < 8 < o0, u IS an absolutely continuous function on
(0,00) andu(oo) = lim u(z) =0,

Kokilashvili and Samko {] gave the boundedness of Hardy operators with
fixed singularity in the spaces’") (p, 2) over a bounded open setlRt with a
power weightp(x) = |z — x0|?, 7o €  and an exponeni(x) satisfying the
Dini-Lipschitz condition. The Hardy type inequality can be derived
oM EOREN

(1.2) ‘

< O(p(x), ¢
oy =€) )|

p(),(0,6)

where > —1,1 < p~ < p™ < oo,/ is a positive finite number, and is
an absolutely continuous function ¢ ¢) in the Lebesgue space with variable
exponent for bounded domains from Theorem Edin |
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Recently, Harjulehto, Hasté and Koskendijlhave obtained the norm ver-
sion of Hardy’s inequality using Diening’s corollaries in the variable exponent
Sobolev space. Also they have given a necessary and sufficient condition for
Hardy'’s inequality to hold.

We consider the problem of the extension of Hardy’s inequality to the case of
variablep(x). Such inequalities with variabjg ) are already known for a finite
interval (0, ¢) in the one-dimensional case. Our aim in this paper is to obtain a
Hardy type inequality in a one-dimensional Lebesgue sga&ce(0, co) using

a distinct method, by considering relevant studiesljrapd [0]. On Hardy's Inequality in
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Let @ C R"™ be an open sefp(:) : @ — [1,00) be a measurable bounded

function and be denoted a8 = esssup p(z) andp~ = essigfp(x). We de-
e z€<

fine the variable exponent Lebesgue spate(2) consisting of all measurable
functionsf : 2 — R such that the modular

A(f) = / (@) de

is finite. If p™ < oo then we callp a bounded exponent and we can introduce
the norm onL?") (Q2) by

(2.2) 11l q = inf {)\ >0:4, (%) < 1}

and L*1) (Q2) becomes a Banach space. The ndiif,,. q is in close relation
with the modular4, ().

Lemma 2.1 ([]). Let p(x) be a measurable exponent such thaK p~ <
p(x) < pt < oo and let2 be a measurable set R™. Then,

() [[f]l, = A # 0if and only if A, (£) = 1;
(i) [[fll,) <U=1>1) e A(f) <1 (=1>1);

(iii)y For anyp(z), the following inequalities

+ —
15w < Ap() S Wflh@ > Il <1
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and

- +
1w < A() < Uflhwy > I llpw =1
hold.
Lemma 2.2 ([, 7]). The generalization of Hblder’s inequality
| 1@@s] < el Ilio
holds, where/'(z) = I% and the constant > 0 depends only op(z). On Ha?ga;r(]gquet)lity in
We say that the exponept-) : 2 — [1, 00) is Dini-Lipschitz if there exists Rabil A. Mashiyev Bilal Gekic and
a constant > 0 such that Sezai Ogras
C
(2.2) p(@) = p(y)| <
—log [z — y| Title Page
for everyz, y € Q with |z — y| < 1. The natural analogue of2(?) is Contents
C
2.3 2 —ply)| < — « >
(2.3) Ip(z) = p(y)| < og (e + [2]) : s

for everyz,y € Q, |y| > |z| at infinity. Under these conditions, most of

the properties of the classical Lebesgue space can be readily generalized to the Go Back

Lebesgue space with variable exponent. Close

Theorem 2.3 (b, Theorem 5.2]).Let/ = [0, M) for M < oo, p: I — [1,00) Quit

be boundedp(0) > 1 and Page 6 of 13
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andp_., = p(0) for somez, € (0,1). Ifa € [O, 1-— ﬁ) then Hardy's
inequality

u(z)

xlfa

(2.4) < Cju(z)a|

p(z)

p(z)

holds for every, € W@ (1) with u(0) = 0.

Throughout this paper, we will assume thét) is a measurable function
and use this notation

1 iy = 11 ). 0.00)

Moreover, we will use- andc; as generic constants, i.e. its value may change
from line to line.
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Theorem 3.1.Let3 > —1 andp : (0,00) — (1,00) be such that < p~ <
pt < oo and

c 1
(3.1) Ip(z) — ply)| < lz—y| < 3 TYE R*.

~ —loglz —y|’
Assume that there exists a numbéso) € [1,00) anda > 1 such that

c

3.2 < — < > a.
(3.2) 0 < p(x) p(m)_log(eﬂ), r>a
Then, we have
(3.3) ‘ x%u(x) <c x%Hu/(x)

p(z) p(z)

for every absolutely continuous function (0, co) — R with u(o0) = 0.

Proof. To prove this inequality it suffices to consider the case

for a monotone decreasing functionUsing Hoélder’s inequality, we obtain

L1y

xr@ Ul (z) =1

p(z)

34)  ula) = — / Tt

B4 B__4q
tr@ /() P(® < ¢,

< C‘
p'(t),(a,00)

e
p(t),(a,oo)
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wherep/(z) = -2

PO and the positive constant depends only op(z) and
3. Sinceu(z) < ¢ for (0, 00), using Hardy’s inequality for the fixed exponent

p(oc0) we have

(3.5) / xﬁu(x)p(x)dxgc?/ 2Pu(z)P>) dx

< 03/ 28 (—zu ()P da.

If we divide the intervala, co) into three sets such that
A={te (a,00) : t|u'(t)] > 1},
B={tc (a,00):t7772 < tlu'(t)| <1},
C = {t € (a,00) : th'(t)] <7772,
then we can write

/ 8|t () [P dt

a

— / Pl (1) [P dt + / 9|t (1) [P dt + / 9|t () [P0
A B C

Now, let us estimate each integral. It is easy to see that

/ |t ()P dt < / Pl (1) POdt < 1
A

a

)dt.
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and

/ 9|t ()P dt < / PP 2dt < / tPP724t < c.
C C a

Since
$(B+2)(p(t)—p(o0)) — (tp(t)—p(OO))ﬁH
B+2
S < log(e+t)>
logt ﬂ+2
S < log e+t)>
<eé?
we have

/ 8t (1) [PV dt < / 10 (£742 |l (1))
B B

< / B0 ]y (1) [P0

< P2 / 9|t (8) PO dt

< B2

Hence, we obtain

3.6) 2 lu@) PP at < c.
(

e (1) Pt
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On the other hand, by using inequality.?) and the assumptior8(1) for the
interval (0, a), we can write

(3.7) / 7 lu(@®)[PY dt < c.

0

Combining inequalities3.6) and @.7), we get

/ 7 Ju(t) PP dt < ¢
0

On Hardy'’s Inequality in

LP () (0, c0)
and hence from the relation between norm and modular we have Rabil A. Mashiyev Bilal Cekic and
5 Sezai Ogras
(3.8) ‘ tout)| <e
p(t)
. Title Page
Consequently, we have the required result frosn8)(for
Contents
u(t)
o ) <44 >
p(t) < | 2
] Go Back
Close
Quit
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