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Abstract

In this paper, we will investigate the Hyers-Ulam stability of the following func-
tional equations

/ / f(atk-y)dkdu(t) = f(z)g(y) + g(z)f(y), 2,y €G
JGJK

and 4
/(' . flatk - y)dkdu(t) = f(x)f(y) - 9(x)g(y), =,y € G,

where K is a compact subgroup of morphisms of G, dk is a normalized Haar
measure of K, u is a complex K-invariant measure with compact support, the
functions f, g are continuous on G and f is assumed to satisfies the Kannappan
type condition K (u)

/ fztesy)du(t)du(s) = / flztysz)du(t)du(s), z,y,z € G.
Vel JaJa
The paper of Székelyhidi [30] is the essential motivation for the present work
and the methods used here are closely related to and inspired by those in [30].
The concept of the generalized Hyers-Ulam stability of mappings was intro-
duced in the subject of functional equations by Th. M. Rassias in [20].

2000 Mathematics Subject Classification: 39B42, 39B32.
Key words: Locally compact group, Functional equation, Hyers-Ulam stability, Su-
perstability.
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The Hyers-Ulam stability problem for functional equation has its origin in the
following question posed by S. Ulani]] in 1940.

Given a group’ and a metric grougG’, d) and given a number > 0, does
there exist & > 0 such that, iff : G — G’ satisfies the inequality

d(f(zy), f(z)f(y)) <9, forall z,y € G,

then a homomorphism : G — G’ exists such that

d(f(z),a(z)) <e, forall z e G?

The first affirmative answer to Ulam’s question for linear mappings came
within a year when D. H. Hyers<] proved the following result.

Theorem 1.1 (B]). Let B and B’ be Banach spaces and It B — B’ be a
function such that for some> 0

| flz+y)— f(z) - fly) I< 6, forall z,y € B.

Then there exists a unique additive function B — B’ such that|| f(z) —
p(z) [|[< 4§, forall z € G.

Furthermore, the continuity of at a pointy € B implies the continuity op on
B. The continuity, for eaclt € B, of the functiont — f(tx), t € R, implies
the homogeneity @f.
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After Hyers'’s result a great number of papers on the subject have been pub-
lished, generalizing Ulam'’s problem and Hyers’s theorem in various directions.
In 1951 D.G. Bourgin §] treated this problem for additive mappings. In 1978,
Th. M. Rassias{(] provided a remarkable generalization of Hyers’s theorem,

a fact which rekindled interest in the field of functional equations.

Theorem 1.2 (P(]). Let f : V — X be a mapping between Banach spaces
and letp < 1 be fixed. Iff satisfies the inequality

Hf(l’ + y) - f(:L’) - f(y)|| < 9(||I||p + ||y||p) Hyers-Ulam stability of the
Generalized Trigonometric
forsomed > 0andforallz,y € V (z,y € V'\ {0} if p < 0). Then there exists Formulas
a unique additive mapping : V' — X such that Ahmed Redouani,
99 Elhoucien Elgorachi and
Belaid Bouikhalene
_ p
I£@) = T@) < =5l
forallz € V (z € V\ {0} if p < 0). Ui PEge
If, in addition, f(¢z) is continuous irt for each fixedr, thenT is linear. Contents
This theorem of Th. M. Rassias stimulated several mathematicians working <4< Y3

in the theory of functional equations to investigate this kind of stability for a
variety of significant functional equations. By taking into consideration the
influence of S. M. Ulam, D. H. Hyers and Th. M. Rassias on the study of Go Back
stability problems of functional equations in mathematical analysis, the stability

< 4

Close
phenomenon that was proved by Th. M. Rassias is called the Hyers-Ulam- _
Rassias stability. Quit

The Hyers-Ulam-Rassias stability was taken up by a number of mathemati- Page 5 of 29

cians and the study of this area has the grown to be one of the central subjects in

J. Ineq. Pure and Appl. Math. 7(2) Art. 74, 2006

httn-//itinarm it adir ann



http://jipam.vu.edu.au/
mailto:
mailto:redouani_ahmed@yahoo.fr
mailto:
mailto:
mailto:elqorachi@hotmail.com
mailto:
mailto:bbouikhalene@yahoo.fr
http://jipam.vu.edu.au/

the mathematical analysis area. For more information, we can see for examples

(21 71, 18] 114, [17], ..., [4C]) and the monographsi], [9], [11] by D. H.
Hyers, G. Isac and Th. M. Rassias, by S.-M. Jung and by S. Czerwik (ed.).

L. Székelyhidi in (], studied the stability property of two well known func-
tional equations: The sine and cosine functional equations

(1.1) flzy) = f(2)g(y) + f(y)g(z), z,y€C
and
(1.2) fley) = f(@)f(y) —9(x)g(y), z,y€G,

where f, g are complex-valued functions on an amenable grGugMore pre-
cisely, he proved that if, ¢ : G — C are given functions(z is an amenable

group, and the functiofw,y) — f(zy) — f(x)g(y) — f(y)g(z) is bounded,
then there exists a solutioryy, go) of (1.1) such thatf — f, andg — g, are

bounded. An analogous result holds for equatibi)(
The aim of the present paper is to extend the Székelyhidi's results the
functional equations

(1.3) //f:ctk y)dkdu(t) = F(@)g(y) + 9(@)f(y), zy€G

and

(1.4) / /K f(ath - y)dkdpu(t) = F@)f @) + 9(2)a(y), 2.y € C,
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where K is a compact subgroup df or(G), p is a complexi -invariant mea-
sure with compact supporf, g are continuous functions @s and f is assumed
to satisfy the Kannappan type conditiéi )

//f ztasy)dpu(t)dp(s //f ztysx)du(t)du(s), z,y,z € G.

Furthermore, in the last subsection we study a superstability result of the gener-
alized quadratical functional equation

Hyers-Ulam stability of the
Generalized Trigonometric

(1.5) /G /K f(xtk - y)dkdu(t) = f(z) + f(y), =,y€G. Formulas

Ahmed Redouani,
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The result can be viewed as a generalization of the ones obtained by G. Maksa e

and Z. Pales in1”].
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Our notation is described in the following Set Up and it will be used throughout
the paper.

Set-Up.We letG be a locally compact groug(G) (resp.Cy(G)) the complex
algebra of all continuous (resp. continuous and bounded) complex valued func-
tions onGG. M (G) denotes the topological dual 6f,(G): the Banach space
of continuous functions vanishing at infinity. We I&tbe a compact subgroup
of the groupMor(G) of all mappingsk of G' onto itself that are either auto-
morphisms and homeomorphisms (i/e.c K*), or anti-automorphisms and
homeomorphisms (i.ek € K~). The action ofk € K onxz € G will be
denoted byt -  and the normalized Haar measurel@rby dk.

For any functionf onG, we put(k- f)(z) = f(k~'-x). Foranyu € M(G),
k € K and anyf € Cy(G), we put(k - i, f) = (i, k - f), and we say that is
K-invariantifk - yu = u, forall k € K.

A non-zero functionp € C,(G) is said to be a solution of Badora’s func-
tional equation if it satisfies

(2.1) || otath-s)autyar = s@otw). z.y€G.

Recently the functional equatiof.() was completely solved in abelian groups
by Badora P] and by E. Elgorachi, M. Akkouchi, A. Bakali, and B. Bouikhalene
[6] in non-abelian groups and the Hyers-Ulam-Rassias stability of this equation
was investigated in!] and [5].

In the following, we prove some lemmas that we need later.
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Lemma 2.1. Let K be a compact subgroup dfor(G). Lety be aK-invariant
bounded measure @i. If f € C,(G) satisfies the Kannappan conditidf():

/ / F(etasy)du(t)du(s
then we have
/K /K /G /G F(zsk - (wth - y))dkdk dp(s)du(t)
_ /K /K /G /G Fzsh - ath' - y)dkdi dp(s)dpu(t),

Proof. Let z,y,z € G. Let f € C,(G) be a complex function such thgt
satisfiesK'(1). Then

/K /K /G /G Fask - (ath' - y))dkdi du(s)du(t)
_ /K ) /K /G /G Flzsk - ok - t(kK) - y)dkdk' du(s)du(t)
+ /K ) /K /G /G Fes(kK) - gk - th - @) dkdk du(s)dp(t).

Sincey is K-invariant and/k’ is invariant by translation, then we get

/m /K /G /G f(zsk - xk - t(kK') - y)dkdk'du(s)dp(t)

//fztysrvdu )du(s), x,y,z €G,

forall z,y,z € G.
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_ /K + /K /G /G F(zsk - 2tk - y)dkdk dp(s)du(t),

flzs(kK') - yk - th - x)dkdk' du(s)du(t)

Jo Jed ),

/K ) /K /G /G Flask’ - ytk - ) dkdk du(s)du(t)
/K/K/G/Gf(zsk:-xtk'-y)dk;dk’du(s)d,u(t),

becausef satisfiesK ().
Consequently,

fzsk - (wth’ - y))dkdk dp(s)dp(t)
L),
_ /K + /K /G /G sk -tk - y)dbdk du(s)dpu(t)
—|—/K/K/G/Gf(zsk-xtk’-y)dkdk:’d,u(s)du(t)

_ /K /K /G /G Fsk - ath! - y)dkdi du(s)dp(t).

This completes the proof. O

The following result is a generalization of the lemma obtained by G. Maksa
and Z. Péales inl”].
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Lemma 2.2. Let K be a compact subgroup dfor(G). Lety be aK-invariant
bounded measure ol such that{u, 1) = 1. Let f € Cy(G) be a complex
function which satisfie& (), then the continuous and bounded function

@2) L) = f)+ )= [ [ Sathondrdue). g€

satisfies the functional equation

(2.3) L(x,y)—i—/G/ L((xtk - y), z)dkdu(t)

= L(y, 2) // ,(ytk - 2))dkdu(t), =z,y,z € G.

Proof. The proofis closely related to the computation in{[Section 2, Lemma]),
whereK is a finite subgroup oflut(G) andu = 6.). Let f be a bounded and
continuous function ordr which satisfies the Kannappan conditiéi{,.) and
let L(x,y) be the function defined by(2), then we have

L(z,y) // (ath - y), 2)dkdp(t)
:ﬂw+ﬂw—ALj@Mwmmmw
ﬁALﬂﬂhw%W@+mmﬁWJMﬂ@
. /K /G /K /G Flath - ysk' - 2)dkdk' du(s)du(t)
= @)+ 1)+ 1) = [ [ [ patheysi - 2akarausydu)
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On the other hand, we have

// , (ytk - 2))dkdp(t)
— £+ 1)~ | /G Flyth - 2)dkdp(t)

+ (1, 1g) (dk; 1) f(x)

—i—/K/Gf(ytk'Z)dkd’u(t>

_ /K /G /K /G Flask' - (ytk - 2))dkdk'du(s)du(t)

= 1)+ 1)+ ) = [ [ skt 2k sy,

This ends the proof of Lemma2.

]
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1.3

In this section, we investigate the stability properties of the functional equation

(1.3), it's a generalization of the stability of equatioh {) proved by Székely-
hidi in [30].
Theorem 3.1. Let K be a compact subgroup &fior(G), and lety be a K-

invariant measure with compact support. lfety be continuous complex-valued
functions such thaf satisfiesk (1) and the following function

(3.1) (G.G) > (x.y) — /K /G F(ath - y)dkdu(t) — F()g(y) — F)g()

is bounded. Then
i) f=0,garbitraryin C(G) or
i) f, g are bounded or
i) fis unboundedy is a bounded solution of Badora’s equation or

Iv) There existg a solution of Badora’s equation, there exista continuous
bounded function oY and~ € C such thatf = (¢ —b) andg = 5”2ib or

V) f, g are solutions of 1.3).

Proof. If f = 0, theng can be chosen arbitrarily i6'(G). This is case (i).
If f # 0is bounded, then the functicf > =z — f(x)g(y) + f(y)g(x) is
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bounded for ally € G, sog is bounded. This is case (ii). Jfis unbounded and
g is bounded, the function

G5 /K /G flath - y)dkdp(t) — F()g(y)

is bounded, for all € G. Inview of [5, Theorem 3.1], we get thatis a solution
of Badora’s equation. This is case (iii). fi ¢ are unbounded functions, we
distinguish two cases:

First case. We assume that there exist5 € C\{0} such thataf + (g is
bounded, they can be written ag = % + b, whereb is a bounded function
andy € C\{0}. Consequently, the function

G3x+— / / f(xtk - y)dkdu(t) — (M + b(y)) f(x)
KJG Y

is bounded, for aly € G. Hence by §, Theorem 3.1], it follows thap(y) =
@ + b(y) is a solution of Badora’s equation. This is case (iv).
Second caseFor alla, 8 € C\ {0}, af + B¢ is an unbounded function as.
In this case we shall prove thtg are solutions of1.3). The idea of the proof
is closely inspired by some good computations usedin [emma 2.2]. We
define the mapping

F(r,y) = /K/Gf(l‘tk-y)dkdu(t) - f(x)gly) — f(y)g(z), =yel

and we will prove that'(z,y) = 0, for all z, y € G. By assumption, there exist
v,6, A € C anda € G such that

(3.2) g(x)=~f(x)+ 5/K /G f(xtk - a)dkdp(t) + AF(z,a), = €.
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Forallz,y, z € G, we have

/K /K /G /G f((wth - y)sk' - 2)dkdk du(t)du(s)
:g(z)/K/Gf(xtk;.y)dkdu(t)+f(z)/K/Gg(xtk.y)dde(t)

+ /K /G F((xtk - y), z)dkdu(t)
=g(2)f(x)g(y) + g(2) f(W)g(x) + g(2)F(z,y) + vf(2) /K /G Flwth - y)dkdu(t) Hyers-Ulam stability of the

Generalized Trigonometric

Formulas
+4f(z / / / / f(xtk - ysk - a)dkdk'du(s)du(t) Ahmed Redouani,

Elhoucien Elgorachi and

Belaid Bouikhalene
+ A f(z // ((ztk - y),a)dkdpu(t) // ((ztk - y), z)dkdpu(t).

Title Page
In view of Lemma2.1, we get
Contents
/ / / / f((xthk - y)sk' - 2)dkdk du(t)du(s) « =
)9(y) +9(2) f(y)g(z) < >
+9(2)F(z,y) + /(2 / /f ath - y)dkdu(t) Go Back
e Close
+0f(z / / //f (xthk - ysk' - a)dkdk'du(s)du(t) out
+ Af(z / / ((ztk - y), a)dkdpu(t) / / ((ztk - y), z)dkdp(t) Page 15 of 29
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= g(2)f()g(y) + 9(2) f(y)g(z) + g(2) F(z,y) + vf (2 9(y)
T F () W)a(@) + 7 f () F () + 612 J[Q/) (ysh' - a)d'dpu(s

+4f(z //fysk:' YdK'du(s) + 0 f(z // (x,ysk’ - a)dk'du(s)
FAf(2 // (wth - y), a)dkdu(t) // (wth - y), 2)dkdpu(t).

By using again Lemma.1, we obtain

LLLLf((wtk-y)sk’-z)dkdk’du(t)dﬂ(s)
= /K /K /G /G f(xtk - (ysk' - z))dkdk' du(t)dp(s)

= 1) [ [ stk dns) + @) [ [ sk arans)

,(ysk! - 2))dK du(s).

Y+ 0f(z / / (ysk - a)dk'du(s

S ysk’~zdkdu8}+g($)[f()(2)+7f( )(2)

+0f(z //fysk;’ )dk'du(s //fysk’ Yk du(s

“Jdre

Hence, it follows that

f(@) [g<y> (=) +79(1)
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:/K/GF( (ysk' - 2))dK du(s) — g(2)F(z,y) — 7f(2) F(x,y)

51 (2 // (ysk' - ))dk'dpa(s)
@) [ Ptatk-y).a)drauts
- /K /G F((ath - y), 2)dk du(s).

Since the right-hand side is bounded as a function fidr all fixed y, z € G,
then we get

)P,y + 1(2) [wm, 0+ [ [ ot a)araus

A /K / F((xtk-y),a)dkdu(t)]
/ / sk - )k du(s / / (wth - ), 2)dkdp(t).

Since the right-hand side is bounded as a function fafr all fixed z,y € G,

then we obtaint'(x,y) = 0, for all x,y € G. This is case (v) and the proof of

Theorem3.1is completed. O
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1.4

In this section, we study the problem of the Hyers-Ulam stability of equation
(1.4). Itis a generalization of the stability of equatiohZ) proved by Székely-
hidi in [30].

Theorem 4.1.Let K be a compact subgroup dfor(G), let i, be aK-invariant
measure with compact support. Lgtg be continuous complex-valued func-
tions such thaff satisfiesk'(x) and the function

Hyers-Ulam stability of the

G lized Tri tri
@1) (G.G)> (r.y) — [ [ flath-y)dbdu(t) - F()f ) + g(x)aly) ATt s
K JG
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i) f,g are bounded or

ii) fis a solution of Badora’s equation,is bounded, or Title Page
iiiy f,g are unboundedf + g or f — g are bounded solutions of Badora’s SO
equation or P >
iv) There existg a solution of Badora’s equation, there exista continuous < >
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Proof. If ¢ is bounded, then we obtain that the function

GG (ry) /K /G f(atk - y)dkdu(t) — f(2)f(y)

is bounded. So by Theorem 3.1], we have eithgris bounded orf is a
solution of Badora’s equation. This is cases (i) and (iiy i$ unbounded, then
f is unbounded. As in the preceding proof, we distinguish two cases.

First case. Assume that there exist, 3 € C \ {0} such thataf + (g is a

bounded function ortz, then there exists a constapte C \ {0} such that Hyers-Ulam stability of the
f = g + b, whereb is a bounded function of. Hence the function ATt TP RE e
21 + b Ahmed Redouani,
Gz / / g(xtk - y)dkdu(t) — Sl Joy) +7 <y)g($) Elhoucien EIZO?;(?hri”and
KJG Y Belaid Bouikhalene
is bounded for aly € G. It follows from [5, Theorem 3.1] thap = X=L¢g + b _
is a solution of Badora’s equation. Hence, we obtain case (|||)y?o1& 1 and 1 e
(iv) for 4% # 1. Contents
Second caseFor alla, 5 € C\ {0}, af + B¢ is an unbounded function as. X o
We put
| 4
Ay = [ [ Flathn)didute) = f(@) 1) + a@lal). .y € G o Back

and follow some computation used by Székelyhidiif][ There existsy, §, A € Cllose

C anda € G such that Quit

g(x) =~f(x) + 5/}(/Gf(aztk ~a)dkdu(t) + NH(z,a), x€G.
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Now, for all z, y, z € G, we get

/K /K /G /G f((wsk - y)tk' - 2)dkdk du(t)du(s)
= f(z //f xsk - y)dkdu(s _Q(Z)A/GQ(ISk-y)dkdu(s)
//H ((zsk - y), 2)dkdu(s)

)f(2) = g(@)g(y) f(2) + f(2)H (z, )9(2)
+79(2)g(y)g(2) — vg(2)H //f (ytk' - a)dk dpu(t)

+ d0g(x // (ytk' - a)dk'du(t) — dg(z //H (ytk' - a))dK du(t)
— Ag(z //H ((xsk - y),a)dkdu(s) //H ((xsk - y), z)dkdu(s).

On the other hand, we have

/K /K /G /G fask - ytk' - 2)dkdk du(t)dp(s)
- /K /K /G /G flask - (ytk' - 2))dkdk dpu(t)dp(s)

:fx//fytk;’-zdk’dut
/ / (ytk' - 2)dk dp(t) / / H(z, (ytk' - 2))dK du(t).
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Consequently, we obtain

f(@) [f( V) — 1y

2) - dglz //fytk’ ))dk'dpa(t)

- [ [ st a>>dk’du<t>} o) 9 112) = 900191
~ 5g(z // (ytk' - a))dK du(t) // (ytk' - 2)dk du(t)
= [ Bt Dakau) = £ ) + 20 )
+6g(2) /K /G H(, (ytk' - a))dk'du(t)
+2g(2) /K /G H((wsk - y), a)dkdy(s)

- /K / H((wsk - y), 2)dkdp(s).

Since the right hand side is bounded as a function fr all fixed y, z € G,

then we get
F) - H(e, )] + 9(2) [VH(% 0+ [ [ H ek a)ardute
—l—)\/ /H((azsk y),a)dkdu(s)]

//Ha:sk ), z)dkdu(s //H (ytk' - 2))dk du(t).

Hyers-Ulam stability of the
Generalized Trigonometric
Formulas

Ahmed Redouani,
Elhoucien Elgorachi and
Belaid Bouikhalene

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 21 of 29

J. Ineq. Pure and Appl. Math. 7(2) Art. 74, 2006

htn//iinam a1 oadin o


http://jipam.vu.edu.au/
mailto:
mailto:redouani_ahmed@yahoo.fr
mailto:
mailto:
mailto:elqorachi@hotmail.com
mailto:
mailto:bbouikhalene@yahoo.fr
http://jipam.vu.edu.au/

Since the right-hand side is bounded as a function fafr all fixed z,y € G,
we conclude that (z,y) = 0, forall =,y € G, which is case (v). This ends
the proof of the theorem. O
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1.5

In this subsection, we study a superstability of the functional equation

(5.1) /K /G F(ath - y))dkdu(t) = f(z) + f(y) 7,y € G.

Theorem 5.1. Let i, be a K —invariant measure with compact support. let
G x G — R™ be an arbitrary function and assume that there exists a sequence
(u,) € G such that

lim 6(u,z,y) =0, forall x,y € G (uniform convergence).

n—---+00

Let f : G — C be a continuous function, which satisfies the Kannappan type
condition K (u). If f satisfies the inequality

(5.2)

|| sttt uidn) - @) = )| < )
forall =,y € G,
then f is a solution of equations( 1).

Proof. Assume thaf € C(G) is such thaff satisfies< (1) and inequality $.2).
It follows that there exists a sequeneg such thatlim,, ., ., L(u,z,y) = 0
(uniformly). Now, by Lemma&2.2, we get

(5.3) L(unx,y)+/G/KL((unxtk:-y),z)dkdu(t)

~ L(y,2) + /G /K L(un, (yt - 2))dkdp(t),
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forall z,y,z € G andn € N. By lettingn — 400, we deduce the desired
result and the proof of the theorem is complete. ]

Remark 1. If K is a compact subgroup ofut(G), the conditionK (1) is not
necessary.
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