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ABSTRACT. In this note, we generalize an open problem posed by Q. A. Ngb in the paper,
Notes on an integral inequality, Inequal. Pure & Appl. Math.7(4) (2006), Art. 120 and give
a positive answer to it using an analytic approach.
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1. INTRODUCTION

In the paper([2], Q.A. Ngb studied a very interesting integral inequality and proved the fol-
lowing result.

Theorem 1.1.Let f(z) > 0 be a continuous function df, 1] satisfying

(1.1) /lf(t)dtz/ltdt, Ve l0,1].
Then the inequalities

1.2 “tl(2)d e d
1.2) | e [ e
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and

1 1
(1.3) / fer(x)de > / zf*(x)dx
0 0
hold for every positive real number> 0.
Next, they proposed the following open problem.

Problem 1.1. Let f(z) be a continuous function df, 1] satisfying

(1.4) /1f(t)dt > /1tdt, Vaelo1].
Under what conditions doesxthe inequali:y

(15) / [ > / L P a)de,
hold for o and3? 0 0

We note that, as an open problem, the condition| (1.4) maybe result in an unreasonable re-
striction onf(x). We remove it herein and propose another more general open problem.

Problem 1.2. Under what conditions does the inequality

b b

(1.6) [ e = [y,
0 0

hold forb, o and3?

In this note, we give an answer to Problem| 1.2 using an analytic approach. Our main results
are Theorerp 2|1 and Theor¢m|2.4 which will be proved in Segtion 2.

2. MAIN RESULTS AND PROOFS
Firstly, we have

Theorem 2.1.Let f(z) > 0 be a continuous function df, 1] satisfying

(2.1) /1fﬁ(t)dt2/ltﬁdt, Ve |o,1].
Then the inequality

1 1
2.2 B (x)d o fB(z)d
2.2) | @ [ o

holds for every positive real number> 0 andj > 0.
To prove Theorer 2|1, we need the following lemmas.

Lemma 2.2 (General Cauchy inequality,|[2])et « and 5 be positive real numbers satisfying
a + = 1. Then for all positive real numbersandy, we have

(2.3) oz + [y > %P,

Lemma 2.3. Under the conditions of Theorgm P.1, we have
1

2.4 o fi(x)de > ——.

2.4) | e P> =
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Proof. Integrating by parts, we have

(2.5) /0 1 ! < / 1 fﬁ(t)dt) de = / 1 ( / 1 fﬁ(t)dt) d(x®)

r=1

{ /fﬂ dt} 0+é/01xo‘fﬁ(m)dx

— afB
L[ e
which yields

(2.6) /01 2% fP(x)dr = a/ol 2! (/1 fﬁ(t)dt) da

On the other hand, by (2.1), we get

en [ (o [ ([ o)
/ — 2" dx

I*—‘ QI'—‘

Therefore,[(2.4) holds.
We now give the proof of Theoreim 2.1.
Proof of Theorer 2]1Using Lemma 22, we obtain

B iass O aiB o apB
28 L) 4 et 2 )
which gives
1 1 1
2.9 otf d 0¢+6d > a d
(2.9) 6ébf @)x+a£a: x_«a+m[}rfm>x

Moreover, by using Lemnija 3.3, we get

: B — ' B : &}
2.10 + ¢ dr = ¢ dz + “ d
(2.10) (c ﬁ)/0$f(:1:):v a/oxf(a:)x ﬁ/oa:f(x)x

1
a
> afb
_a+ﬂ+1+ﬁ/0xf(a:)da:
that is

1 1
a+3 o Q a ¢
(2.12) 6/0f+(x)dx+a+ﬁ+12a+ﬁ+1+ﬁ/oxf(x)dm

which completes this proof.

Lastly, we generalize our result.

Theorem 2.4.Let f(z) > 0 be a continuous function df, b], b > 0 satisfying

(2.12) /bfﬂ(t)dtz/btﬂdt, vV el0,b].

J. Inequal. Pure and Appl. Mat}8(3) (2007), Art. 74, 5 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

4 WEN-JUN Liu, CHUN-CHENG LI, AND JAN-WEI DONG

Then the inequality

b b
(2.13) / o (x)da > / 2 fP(x)dx
0 0
hold for every positive real number> 0 and > 0.
To prove Theorerp 2/4, we need the following lemma.
Lemma 2.5. Under the conditions of Theordm P.4, we have

b 5 ba+5+1
2.14 “ der > ——.
(214 | e @ 2y

Proof. Integrating by parts, we have

[ ([ rou)are [ ([ o)

=b

{ /fﬂ dt} +é/obxafﬁ(x)dx

_ 2 £
=L [epew
which yields

(2.16) /Obxafﬁ(x)dx = a/obma_l (/b fﬁ(t)dt) da

On the other hand, by (2.[12), we get

(2.17) /Ob g (/: fﬁ(t)dt) dx > /Ob g (/: t# dt> dx

1 b
_ 20 (bﬁ+1 _ xﬁﬂ)dw
ﬁ+1A
baJrﬁJrl

ale+8+1)

Therefore,[(2.14) holds.
We now give the proof of Theorem 2.4.
Proof of Theorem 2]4Using Lemma 2.2, we obtain

b b b
(2.18) 5/0 P (x)dx + a/o *dr > (a +6)/0 2 fP (x)da
Moreover, by using Lemnija 2.5, we get
(2.19) (a+B) /b 2P (x)dr = a/b z® fP(x)dr + B/b x5 (x)dx
0
boc+,8+1 N ﬂ

= Yot at+f+1 * ﬁ/ I

that is
ba—i—ﬁ—i—l ba-l—ﬁ—i—l
a—l—ﬂ «a 5

(2.20) 6/f xr)dr + a—— —l—ﬁ—l—l_ a+ﬂ—|—1+ﬁ/ 1

which completes the proof.
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