ASYMPTOTIC BEHAVIOR FOR DISCRETIZATIONS
OF A SEMILINEAR PARABOLIC EQUATION WITH
A NONLINEAR BOUNDARY CONDITION Discretizations of a

Semilinear Parabolic Equation
Nabongo Diabate and
Théodore K. Boni

NABONGO DIABATE THEODORE K. BONI Vol 8 iss. 2,art. 33, 2008
Université d’Abobo-Adjamé Inst. Nat. Polytech. Houphouét-Boigny de Yamoussoukro
UFR-SFA, Dépt. de Math. et Informatiques BP 1093 Yamoussoukro,
16 BP 372 Abidjan 16, (Cbte d’lvoire). (Cote d'lvaire). Title Page
EMail: nabongo_diabate@yahoo.fr
Received: 16 October, 2007 Contents
Accepted: 17 March, 2008 44 44
Communicated by: C. Bandle < >
2000 AMS Sub. Class.: 35B40, 35B50, 35K60, 65MO06.
o o - ) ) ) ) Page 1 of 26
Key words: Semidiscretizations, Semilinear parabolic equation, Asymptotic behavior, Conver-
gence. Go Back
Abstract: This paper concerns the study of the numerical approximation for the following initial-
boundary value problem: Full Screen
Ut = Ugz — a|u|p_1u7 O<z<1,t>0, Close
P) uz(0,8) =0 ug(1,t) + blu(1,)|9 tu(1,t) =0, t>0,
u(z,0) =up(z) >0, 0<z<1,

journal of inequalities
wherea > 0, b > 0 andg > p > 1. We show that the solution of a semidiscrete form in pure and applied
of (P) goes to zero asgoes to infinity and give its asymptotic behavior. Using some mathematics
nonstandard schemes, we also prove some estimates of solutions for discrete forms of

(P). Finally, we give some numerical experiments to illustrate our analysis. e
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1. Introduction

Consider the following initial-boundary value problem:

(1.2) Uy = Ugy — alulPru, 0<x<1,t>0,

Discretizations of a

(12) UI(O,U =0 Ux(l,t) + b‘u(l’t”q—lu(l’t) — 0’ t > O, Semilinear Parabolic Equation

Nabongo Diabate and
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vol. 9, iss. 2, art. 33, 2008

(1.3) u(z,0) =up(x) >0, 0<ux<1,
wherea > 0,b > 0,q¢ > p > 1, us € C([0,1]), uh(0) = 0 andu)(1) + U5 (PR
blug(1)]7 (1) = 0. Contents

The theoretical study of the asymptotic behavior of solutions for semilinear parabolic

equations has been the subject of investigation for many author2{spg pnd the « >
references cited therein). In particular, #,[whenb = 0, the authors have shown < >
that the solution: of (1.1) — (1.3) goes to zero astends to infinity and satisfies the
following : Page 3 of 26
1 Go Back

(L4)  0< [lu(z, )] < — for tel0,+00),

(lluo(2)[|oe +alp — 1)t)»=1 Full Screen

Close

. 1

(1.5) tlggotp Hiut, Ol = Co, journal of inequalities

) in pure and applied

whereC, = <ﬁ>’?1 The same results have been obtained2inir the case mathematics
whereb > 0 andg > p > 1. tesns AHSSSTEE
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J
In this paper we are interested in the numerical studyi df & (1.3). At first, us- ||\' M
ing a semidiscrete form ofi.(1) — (1.3), we prove similar results for the semidiscrete *
solution. We also construct two nonstandard schemes and show that these schemes
allow the discrete solutions to obey an estimation aslir)( Previously, authors
have used numerical methods to study the phenomenon of blow-up and the one of
extinction (seeq] and [3]). This paper is organized as follows. In the next section,

& X
*

P

we prove some results about the discrete maximum principle. In the third section, Discretizations ofa
we take a semidiscrete form of.() — (1.3), and show that the semidiscrete solution Rt
goes to zero as tends to infinity and give its asymptotic behavior. In the fourth Théodore K. Boni

section, we show that the semidiscrete scheme of the third section converges. In vol. 9, iss. 2, art. 33, 2008
Section5, we construct two nonstandard schemes and obtain some estimates as in
(1.4). Finally, in the last section, we give some numerical results.
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2. Semidiscretizations Scheme

In this section, we give some lemmas which will be used later. /Lbe a pos-
itive integer, and define the grid;, = ih, 0 < i < I, whereh = 1/I. We

approximate the solution of the problem {.1) — (1.3) by the solutionU,(t) =

(Uo(t), Uy (t),...,Ur(t))T of the semidiscrete equations

(2.1) %Ui(t) = 0°Ui(t) — a|U;()[P7U(t), 0<i<I—1,t>0,
d 2 p—1 2b q—1
(22) 2 Ui(t) = Ui(t) = alUs ()P~ Ur(t) = S|V ()" Us(8), - ¢ 0,
(2.3) Ui(0)=0U) >0, 0<i<I,
where U ol U
SUL(t) = i+1(t) — hiz(t)ﬂL H(t)’ | <i<I-—1,
2U1(t) — 2Uy(t U4 (t) — 2U(t
() = 200 20lt) gy 2rmalt) - 20ile)

The following lemma is a semidiscrete form of the maximum principle.
Lemma 2.1. Leta,(t) € C°([0,T],RI*1) and letV,(t) € CY([0,T], R*1) such
that

d

(2.4) Vi) — *Vi(t) + ai(t)Vi(t) 20, 0<i<I,te(0,7),

(2.5) Vi(0) >0, 0<i<I.
Then we hav&(t) > 0for0 <i<1I,t € (0,T).
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e xLH,USt >

V;i(t) is a continuous function, there existse [0, Ty] such thatn = V; (¢,) for a

certainig € {0,...,I}. Itis not hard to see that
dvio (to) : Vio (to) — Vio (tO — k)
. —_— = <
(2.6) dt pm k =0,
Vi(to) — Vot e
(2.7) Vi (tg) = 210 = o)~ i =0,

Vior1(to) — 2Vi,(to) + Vig—1(to)
h2

(2.8) 8V, (to) = >0 if 1<io<I-—1,

Vi_i(to) — Vi(t .
“(O)m ) S g i =1

Define the vectoZ;, (t) = e*V},(t) where) is large enough such that, (£,) —\ > 0.
A straightforward computation reveals:

(2.9) 62V, (to) =

7.
(2.10) d tho) — 0°Zio (to) + (aiy (to) — A) Ziy(to) > 0.
We observe from4.6) — (2.9 thatdﬁéfﬂ) < 0 andé?Z;,(to) > 0. Using @.10),
we arrive at(a;,(t) — A\)Z;,(to) > 0, which implies thatZ;,(¢,) > 0. Therefore,
Vi, (to) = m > 0 and we have the desired result. O

Another form of the maximum principle is the following comparison lemma.
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Lemma 2.2. LetV,, (1), Ux(t) € C'([0,00), R") and f € C°(R x R, R) such that
fort € (0, 00),

avi(t adU;(t ,
@10 U vy i, < B0 su s, o<i<r
Discretizations of a
(212) V;(O) < UZ(O), 0 < 1 < 1. Semilinear Parabolic Equation
Nabongo Diabate and
Then we havé(t) < U;(t),0 <i < I,t € (0,00). Théodore K. Bon

vol. 9, iss. 2, art. 33, 2008

Proof. Define the vectotZ,,(t) = U,(t) — Vi(t). Lett, be the first > 0 such that
Zi(t) > 0fort € [0,t9),i=0,...,1,butZ; (ty) = 0 for a certainiy € {0,...,1}.

We observe that Title Page
dZ; (to) i Zio (to) o Zio (to o k:) <0 Contents
dt k—0 - <« »
Zi0+1(tO)_zzi}?Q(tO)"FZiofl(tO) >0 if 1<ig<I—1, < >
(5221'0 (to) — 2Z1(t0);2Z0(t0) >0 if 'iO =0 Page 7 of 26
4 - Go Back
2ZI_1(t0;32_QZI(tO) >0 it 0o =1, Full Screen
which implies: Close
dz;,(t , : "
315 0) _ 52Zi0 (to) + f(Us, (to), to) — f(Viy(to), to) < 0. journal of inequalities
in pure and applied
But this inequality contradicts2(11). O mathematics
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3. Asymptotic Behavior

In this section, we show that the solutibi of (2.1) — (2.3) goes to zero as— +oo
and give its asymptotic behavior. Firstly, we prove that the solution tends to zero as
t — +oo by the following:

Theorem 3.1. The solutionU,(¢) of (2.1) — (2.3) goes to zero ag — oo and we

have the following estimate
1
0 < JU(®)|loo < = — for te€[0,+00).
UR(O)[oe” 4 alp — 1)t)»=

Proof. We introduce the function(t) which is defined as

at) =

1
(1U(0)|5" + a(p — 1)t) 7=
and letlV,, be the vector such th&t’;(t) = «(t). Itis not hard to see that

dW;(t
ngt( ) . 52M/}(t) + CL|VV¢(1€)‘p71Wi(t> =0, 0<i<I-1,t€(0,7),

AW (t)
dt

2b
— 8 Wi(t) + Wi ()P Wi () + Wi Wi(t) 2 0, ¢ € (0,7T),

where(0, T) is the maximal time interval on whidh/,, ()| < co. SettingZ, (t) =

Wi, (t) — Up(t) and using the mean value theorem, we see that

dz;(t _ .
Gl 220 + 0O Z0) =0, 0<i<T-1t€(0.7)
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dZét(t) _ 52Z1(t) + <ap|91(t)‘1’1 + %b|91(t)‘ql) Zi(t) >0, te(0,T),

whereg; is an intermediate value betweén(t) andW;(¢). From Lemma2.1, we
have0 < U;(t) < W;(t) fort € (0,T). If T' < oo, we have

1
[Un(T) oo < < 00,

T (URO)]57 + alp — DT) 7T

which leads to a contradiction. Hen¢e= oo and we have the desired result. [

0<i<I,

Remarkl. The estimate of Theorefihlis a semidiscrete version of the result estab-
lished in (L.4) for the continuous problem.

Let us give the statement of the main theorem of this section.

Theorem 3.2. LetU,, be the solution of4.1) — (2.2). Then we have
Tim 77| Up(#) o = Co,

1

whereCO:< 1 )”j

a(p—1)
The proof of Theoren®.2 is based on the following lemmas. We introduce the
function
() = =A(Co + z) + (Co + )7,
1

WhereC() = (ﬁ

Firstly, we establish an upper bound of the solution for the semidiscrete problem.

Discretizations of a

Semilinear Parabolic Equation
Nabongo Diabate and

Théodore K. Boni
vol. 9, iss. 2, art. 33, 2008

Title Page
Contents
<44 44
< 14
Page 9 of 26
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics
issn: 14u43-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

Lemma 3.3. Let U, be the solution of{.1) — (2.3). For anye > 0, there
positive timed” and 7 such that

Ut+7) < (Co+e)t+T) +(t+T) 0<i<I
Proof. Define the vectolV};, such that
Wi(t) = (Co + et ™+t
A straightforward computation reveals that

aw,
—L— 8W, + a WP

dt
= - MNCo+ )t = A+ Dt 2+ a((Co+e)t™ 17271
=t (=ANCo+e)— A+ Dt +a(Co+e+t71P),
because\p = X\ + 1. Using the mean value theorem, we get
(Cote+t WP =(Co+e)+&t1

whereg;(t) is a bounded function. We deduce that

d .
_;tvz — W+ al Wi W = £ () — (At D+ 60,
v 2
dtf — Wi 4 a|W, P W + E\Wﬂq*lwf

2b
— tf)\fl (N(g) _ (>\+ 1)7571 —I—fitil + Et*qAJr)\Jrl(CO +e+ 2fl)q) )

exist
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Obviously—gA + A + 1 = I=} < 0. We also observe that(0) = 0 and./(0) = 1,
which implies thaiu(¢) > 0. Therefore there exists a positive tirfiesuch that

AW:
% C Wit al Wi W > 0, 0<i<I—1,t€[T,+o0),
dWl 2 p—1 <Y q—1
dt -4 W +CL‘W[| Wi —I— |W[( )| W](t) >0, te [T, —f-OO)7
_)\C
Wi(T) > — 2

Since from Theoren®.1 lim, .., U;(t) = 0, there exists- > T such thatU;(7) <
T_TACO < W;(T'). We introduce the vectar,(t) such thatZ;(t) = U;(t + 7 — T),
0 <i < I. We obtain
dz;
dt
dZI
dt

Zi+a|lZJP'Z; >0, 0<i<I—1,t>T,

— 827 +alZ P Z; + —|Z[( Wi Zi(t) >0, t>T,
Zi(T) = Ui(1) < Wi(T).

We deduce from Lemma 2thatZ;(t) < W;(¢), that is to say

(3.1) U(t+17—=T)<Wyt) for t>T,

which leads us to the result. ]

The lemma below gives a lower bound of the solution for the semidiscrete prob-

lem.
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Lemma 3.4. Let U, be the solution of{.1) — (2.3). For anye > 0, there exists a
positive timer such that

U(t+1)> (Co—e)t+1) +(t+7)1,
Proof. Introduce the vectov}, such that
Vi(t) = (Co — )t ™ + 71,
A direct calculation yields

dV;
dt

0<:< I

— Vi +a|ViP V= —XNCop — )t = A+ DM 2 Fa((Cy —e)t ™+t AP
=t H=ACy—e) — A+ D)t +a(Cy—e+t71HP)
because\p = X\ + 1. From the mean value theorem, we have
(Co—e+t 1P = (Co—e) + xi(t)t,
wherey;(t) is a bounded function. We deduce that

dvi _ A - -
= VAV = 0 (=) — (A Dt ),
dv 2b
d—tf = OVr +alViPT Ve VTG

2
— t—)\—l (M(E) o (/\ + 1>t_1 + Xit_l + Ebt—q)\-‘r)\-‘rl(co —c +t—1)q) )

Obviously—gA + A + 1 < 0. Also, sinceu(0) = 0 andy/(0) = 1, it is easy to see
thatu(—¢) < 0. Hence there existg > 0 such that
dvi

— 5%V, P11/
7 Vi+alVi[P7 Vi <0,

0<i<I—1,t€lT, +00),
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vy

dt
SinceV;(t) goes to zero as — +oo, there exists > max(T), 1) such thatV;(7) <
Ui(1). SettingX;(t) = V;(t + 7 — 1), we observe that

dX;

— &V +a|ViPTV + —|V1\q W <0, te|[T,+o0).

d—;—52xi+a|xi|P—1Xi<o, 0<i<I—1,t>1,
dx 2b
dtf 82X+ al X P X, 4+ = |X1|q‘1XI <0, t>1,

X;(1) = Vi(r) < Ui(1).
We deduce from Lemma. 2 that
(3.2) U(t)y > Vi(t+7—-1) for t>1,

which leads us to the result. O]

Now, we are in a position to give the proof of the main result of this section.

Proof of Theoren®.2. From Lemma3.3and Lemma3.4, we deduce

(Co — &) < lim inf ( U;gt)) < lim sup (U;’@) < (Co +2),

t—o0 t—o0

and we have the desired result. O]
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4. Convergence

In this section, we will show that for each fixed time interf@l7’], wherew is
defined, the solutiotv, (¢) of (2.1) — (2.3) approximates, when the mesh parameter
h goes to zero.

Theorem 4.1. Assume thatl( 1) — (1.3) has a solution, € C**([0, 1] x [0,7]) and _
the initial condition at £.3) satisfies Discretizations ofa

Semilinear Parabolic Equation

Nabongo Diabate and

(41) ||U](1) - uh(o)Hoo = 0(1) as h— Oa Théodore K. Boni
whereuw,, (t) = (u(zo,t), . .., u(z;,t))T. Then, forh sufficiently small, the problem Vol 9:fss. 2. at. 85,2008
(2.9 — (2.9 has a unique solutioty;, € C'([0, T], R’*1) such that
(42)  max [Un(t) = wn(®)lle = OUIUR — wi(0)oc + %) @S h—0. —
o Contents
Proof. Let K > 0 and L be such that »
>
p] || S K | Uzza | oo 1
Swrallee o Mwmwefloe o 22 o < K, K+1P ' <L,
e o o R < O ulle S K. ap(K 4177 < <
Page 14 of 26
(4.3) 2q(K + 1)t < L. Go Back
The problem £.1) — (2.9) has for eaclh, a unique solutior/, € C*([0,T}"), R"*). Full Screen
Lett(h) the greatest value @f> 0 such that Close
(4.4) 1U(t) = un(t)lloe < Lfort € (0,t(h)). . : "
) o o journal of inequalities
The relation ¢.1) implies thatt(h) > 0 for h sufficiently small. Lett*(h) = in pure and applied
min{t(h), T'}. By the triangular inequality, we obtain mathematics
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which implies that

(4.5) U)o < 1+ K,  forte (0,t°(h)).

Leten(t) = Upn(t) —un(z,t) be the error of discretization. Using Taylor’s expansion,
we have fort € (0,t*(h)),

d 2 h2 ~ p—1 Discretizations of a
_6i<t) - 5 ei(t) = FUzzax (xia t) - apgi 6i<t)7 Semilinear Parabolic Equation
dt 12 Nabongo Diabate and
d 9 9 2 2 Théodore K. Boni
Eel(t) - 526[(t) = qug_lel + ?U;mx (%], t) + Euxxmc(%[, t) — apff_lel(t), vol. 9, iss. 2, art. 33, 2008
wheref; € (U(t), u(xr,t) and; € (U;(t), u(x;, t). Using @.3) and ¢.5), we arrive
at Title Page
d C
(4.6) Zei(t) — 0%(t) < Lle(t)| + KR 0<i < —1, ontents
d «“ »
< >
der(t)  (2er-1(t) —2e4(t)) _ Lles(?)] 2
(4.7) e = < = tLle®)| + Kh”. Page 15 of 26
Consider the function Go Back
z(x,t) = e((MH)tJrsz)(HU}? — u,(0)|oe + Q) Full Screen
whereM, C, Q are constants which will be determined later. We get cleze
2(2,1) — zZgo(2,1) = (M + 1 — 20 — 4C*2*)2(x, 1), journal of inequalities
in pure and applied
2:(0,t) = 0, z.(1,t) = 2C2(1,¢), mathematics
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By a semidiscretization of the above problem, we may chddés€, () large enough
that

d
(4.8) Ez(:ci,t) > 8%2(xi,t) + Llz(xi, t)| + Kh?,0 <i < T —1,
d 2 L 2
(4.9) Ez(xl,t) > 0°z(xp,t) + E\Z(x],tﬂ + L|z(zy,t)| + Kh*,
(4.10) 2(4,0) > ¢;(0),0 <i < I.

It follows from Lemma3.4 that
2(x;,t) > e;(t) forte (0,t"(h)), 0<i<I.
By the same way, we also prove that
2(zi,t) > —ei(t) forte (0,t"(h)), 0<i<I,
which implies that
1U(2) = un(®) e < XU = un(0)]|  + QB2 t € (0, (h).
Let us show that*(h) = T'. Suppose thdf’ > ¢(h). From ¢.4), we obtain
(4.11) 1= [[Us(t(R)) — un(t(h)[lo, < eMTFO(||UR = un(0)]| , + QR?).

Since the term in the right hand side of the inequality goes to zelayags to zero,
we deduce from4.17) that1 < 0, which is impossible. Consequentf§(h) = T,
and we obtain the desired result. O
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5. Full Discretizations

In this section, we study the asymptotic behavior, using full discrete schemes (ex-

plicit and implicit) of (1.1) — (1.3). Firstly, we approximate the solutiar(x, t) of
(1.1) — (1.3 by the solutionU\™ = (Uz,U?,...,UMT of the following explicit
scheme

U'(n-i-l) _ U(n) 1
(51) # _ 52Uz(n) —a Uz(n) p Ui(n+1)7 0<i<I-—1,
U(nJrl) B U(n) n n -1 n 20 n -1 n
62) = Ul —alu o = oo,

(5.3) U =¢,>0, 0<i<I,

wheren > 0, At < %2 We need the following lemma which is a discrete form of
the maximum principle for ordinary differential equations.

Lemma5.1. Let f € C'(R) and leta,, andb,, be two bounded sequences such that

Apy1 — Ap bn+1 - bn
) _— > — >

(55) ao 2 bo.

Then we have,, > b,,, n > 0 for h small enough.
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Proof. Let Z,, = a,, — b,,. We get

Zn+l - Zn /
N n Zn Z 07
XA

whereg,, is an intermediate value betweepandb,,. Obviously

(5.6)

(57) Zn+1 Z Zn(l - Atf,<€n))

Sincea,, andb, are bounded and € C'(R), there exists a positive/ such that
1/'(€,)] < M. Let be the first integer such that < 0. From (6.5), j > 0. We
haveZ; > Z;_;(1 — AtM). SinceAtM goesto zeroas — 0andZ;_; > 0, we
deduce that; > 0 ash — 0 which is a contradiction. Thereforg,, > 0 for anyn
and we have proved the lemma. O

Now, we may state the following.

Theorem 5.2. Let U}, be the solution of{.1) — (5.3). We havd],ﬁ") > 0and

1
<

— 1

o8} 1— p—1
(HU,(LO) p+A(p— 1)nAt)

a
1+aAtHU}§o>H:1 '

o

whereA =

Proof. A straightforward calculation yields

Atgr(n) 2At (n) (n)
Ayt 4+ (1 - 280 U™ + U
n+1 +1 7 i—1
(5.8) ) _ 2Tt ( h? ) — :
Ui(")

(2

1<i<I-—1,

14+ aAt
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2AtU1n) ( 2At) Ué n)

(5.9) g™ = e
1+aAﬂU$>
(5.10) gy _ R+ (-8 0
. (n+1) _

1+aA4Uﬁ’

Y Aﬂ ™|

Sincel — 2% IS nonnegative, using a recursive argument, it is easy to see that
U™ > 0. Leti, be such than(:) = HU,L")

. From (.9), we get

AtUOH +( 2At HU(n ‘|‘U¢(Q1

H%“ﬂ‘ it 1<ig<I-—1.

> 1+aAtHU,(Ln

Applying the triangle inequality and the fact thiat- 2“ IS nonnegative, we arrive
at

o

(5.11) HL@””)

0o (n) p—1
1+ aAt HUh

We obtain the same estimationif= 0 ori, = 1. The inequality §.11) implies that
HU,E”“) < HU,E’” and by iterating, we obtaiﬁU,E") < HU}(LO) . From
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(5.11), we also observe that

p
o)

— U™ a HUISTL)
o0 <

At a 1+aAtHU}(L")

Using the fact thaH U™

< HU,EO)H . we have

i

p
We introduce the function(t) which is defined as follows
1
1-p ﬁ
(HU,EO) +Alp — 1)t)

We remark thaty(t) obeys the following differential equation

at) =

/() = —Aa(t), a(0) = HU,@H .
Using a Taylor’s expansion, we have
(At)?

atns1) = alt,) + Atd/(t,) + — (tn),

wheret,, is an intermediate value betwegnandt,,, ;. It is not hard to see thai(t)

is a convex function. Therefore, we obtain

a(tni1) — afty)
At

> —Ad(t,).

p—1°
oo
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From Lemmab.1, we getHU,E"

< «(t,), which ensures that

(HU,(LO) o - 1)nAt)

and we have the desired result. O]

1
<

o

p—1

Remark2. The estimate of Theorem?2is the discrete form of the one given in.{)
for the continuous problem.

Now, we approximate the solutiar{z, ¢) of problem (L.1) — (1.3) by the solution
U}(L”) of the following implicit scheme

U(”‘H) o U(n)

(5.12) i

p—1
~ ; Ut o<i<I -1,

U](n—f—l U](n)

p—1
U(n+1)
At

p—1 n+1
UI( ) — I )

2%
(5.13) zaﬁﬁ”n—a@?) wam

(5.14) D=4, >0, 0<i<I,

wheren > 0. Let us note that in the above construction, we do not need a restriction
on the step time.
The above equations may be rewritten in the following form:

o 20t -1\
() _ ) )

U = ity +<1+2F+aAt‘Ué)
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At

At
U™ — __U(n+1)+(1 +2— + aAt U(n

‘ h? h? h?

2At At -1 2b
(n) n+1 (n) (n)
UI ___h2 U (1+2—h2 +aAt‘I/I —|——hAt‘Z/I

which gives the following linear system

q—1
Y

Ay = g

whereA™ is the tridiagonal matrix defined as follows

dy = 0 0 -+ 0 0
= d 5320 - 00
—At —At
AW = ]
0 0 o dia FFO0
0O 0 0 2t diy A
0 0 0 0 =t d
with At
di=1+255 +aAUM P for 0<i<I—1
and At 12
_ ()|~
d 1+2ﬁ+aAt‘UI +EA1§

Let us remark that the tridiagonal matti%™ satisfies the following properties

(n) (n) L L
A’ >0 and A7 <0 i#j,

n At o ,
)Uz-‘ o, 1<i< -,

™,
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’ A

>y ‘AZ(.?)
i2]

These properties imply that exists for anyn andU,(l") > 0 (see for instance?)).
As we know that the solution of the discrete implicit scheme exists, we may state the
following.

Theorem 5.3. Let U}(L”) be the solution of{.12) — (5.14). We havd],&”) > 0 and
1
HU,S”) <

= 1

h (HU}SO) :p+A(p— 1)nAt) .

_a
1+aAtHU}§°>H:1 '

whereA =

Proof. We know thatU,(l”) > 0 as we have seen above. Now, let us obtain the above

estimate to complete the proof. L&tbe such than(:) = HU,E”) . Using the
equality 6.12), we have >
At (n) (n+1) (n) At ) A
(1 +25 +ade U] oo) i R (i = L= e

if 1<i<I-1.
Applying the triangle inequality, we derive the following estimate
o

0

HU}EnJrl)

14 aAt HU,E")

We obtain the same estimation if we take= 0 or i, = /. Reasoning as in the proof
of Theoremb.3, we obtain the desired result. O

p—1-
oo
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6. Numerical Results

In this section, we consider the explicit scheme inl( — (5.3) and the implicit
scheme in§.12 — (5.14). We suppose that = 2, ¢ =3, a = 1,b =1, U0 =
0.8 4+ 0.8 * cos(mhi) andAt = %2 In the following tables, in the rows, we give the
firstn when

HnAtU,(ln) — lH <eg,

the corresponding tim&” = nAt, the CPU time and the order(s) of method com-
puted from

o - log((Tan — Ton)/(Ton — 1))
log(2) '
Table 1: (¢ = 1072) Numerical times, numbers of iterations, CPU times (seconds),
and orders of the approximations obtained with the implicit Euler method

1 AL n CPU time]| s
16 | 674.0820| 345129 | 103 -
32 | 674.2632| 1.380890.| 660 -
64 | 674.3085| 5.523.934| 6020 2.01
128 | 674.3278| 22095735 58290 1.24
256 | 674.4807| 87383041 574823 | 2.99
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Table 2: (¢ = 102) Numerical times, numbers of iterations, CPU times (seconds)
and orders of the approximations obtained with the explicit Euler method

1 AL n CPU time| s
16 | 674.3281| 345.255 | 90 -
32 | 674.3452| 1.381.058| 720 -
64 | 674.3290| 5.524.102| 10820 0.08
128 | 674.3187| 22845950 323528 | 0.65
256 | 674.3098| 88237375| 19457811 0.21
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