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ABSTRACT. Letp(z) be a polynomial of degree. Zygmund [11] has shown that fer> 1

</02ﬂ v /(eﬁ)'sd‘o = n(/02 |P(ei9)|sd9> -

In this paper, we have obtained inequalities in the reverse direction for the polynomials having a
zero of ordenn at the origin. We also consider a problem for the class of polynomials =

anz™ + > a,—,z""Y not vanishing outside the digk| < &, k£ < 1 and obtain a result which,

v=p
besides yielding some interesting results as corollaries, includes a result due to Aziz and Shah
[Indian J. Pure Appl. Math.28 (1997), 1413-1419] as a special case.
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1. INTRODUCTION AND STATEMENT OF RESULTS

Let p(z) be a polynomial of degree andp’(z) its derivative. It was shown by Turan [10]
that if p(z) has all its zeros ifz| < 1, then

n
1.1 max |p'(z)| > = max |p(2)].
(1.1) max |p'(2)| 2 5 max|p(z)|
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More generally, if the polynomiagd(z) has all its zeros inz| < k, k£ < 1, it was proved by
Malik [5] that the inequality[(1]1) can be replaced by

1.2 (2)] > —— .
(1.2) max|p(2)] 2 7 max [p(z)|

Malik [6] obtained aL? analogue of[(1]1) by proving that if(z) has all its zeros ifjz| < 1,
then for eachr > 0

21 % 21 %
(1.3) o [enras}” < {7 eran) maiol
0 0 2=

As an extension of (1]3) and a generalization[of|(1.2), AZiz [1] proved thatif has all its
zeros in|z| < k, k < 1, then for eachr > 0

2 % 2w %
(1.4) n { / yp(ew)rde} < { / 1+ ke“’l’"d@} e [/ (2).
0 0 2=

If we letr — oo in (1.3) and[(I.4) and make use of the well known fact from analysis (see
for examplel[8, p. 73] o1 [9, p. 91]) that

2 %
0\|r 0
(1.5) {/O p(e”)] d9} = max p(e”)|  asr— oo,

we get inequalitie (111) and (].2) respectively.
In this paper, we will first obtain a Zygmund [11] type integral inequality, but in the reverse
direction, for polynomials having a zero of orderat the origin. More precisely, we prove

Theorem 1.1.Letp(z) = 2™ Z;:g” a;2’ be a polynomial of degree, having all its zeros in

|z| <k, k <1, with a zero of ordern at z = 0. Then forg with |5] < k" ™ ands > 1

ao ([ Sdef

> (- -mey ([

/
p/(ew) + TTZ:T 661(m71)0

1

d@)s,

. m' - .
p(eze) + ﬁﬁezme

wherem’ = min |p(2)|,

|z|=k
1 1 An—m—1
1 2m ) s (n—m) An—m +1
O = (— / |Sc+e’0|5d9) and S, =
2w 0 kf2+( 1 ) Qp—m—1
n—m Uy

By takingk = 1 and3 = 0 in Theorenj 1.]1, we obtain:

Corollary 1.2. If p(z) is a polynomial of degree, having all its zeros inz| < 1, with a zero
of orderm at z = 0, then fors > 1

an ( /02” () 9> L {n— (n— m)c) ( /0 K \p<ei9>|sde) 3

where 1
ciV = T

1 on | :
(% N |1+ewysd9)
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By letting s — oc in Theorenj I.]1, we obtain

Corollary 1.3. Letp(z) = 2™ 3 7" a;2’ be a polynomial of degree, having all its zeros in

|z| <k, k <1, with a zero of ordern at z = 0. Then forg with |5] < k"™
(1.8) max (p'(z) + mm

= +nsS
m—1 > m c
i o = () e
wherem’ and S, are as defined in Theorgm 1.1.

By choosing the argument gf suitably and lettinds| — &"~™ in Corollary[1.3, we obtain
the following result.

!/

)

m' -
p(z) + ﬁﬁzm

Corollary 1.4. Letp(z) = 2™ Z;‘;Om a;z’ be a polynomial of degree, having all its zeros in

|z| <k, k <1, with a zero of ordern at = = 0. Then

m + nsS. (n—m)S. m/
1.9 / > —= M TMe
(1.9) I‘glglp (2)] > ( 173, )Iﬂglp@)l T T

wherem’ and S, are as defined in Theorgm 1.1.

Let D,p(z) denote the polar derivative of the polynomjét) of degreen with respect to the
pointa. Then
Dap(z) = np(2) + (a = 2)p'(2).-
The polynomialD,p(z) is of degree at mosin — 1) and it generalizes the ordinary derivative
in the sense that

D,
(1.10) lim 2oP) ey
a—0o0 (0%
Our next result generalizes as well as improving upon the inequglity (1.4), which in turns,
gives a generalization as well as improvements of inequaljties ([L.3), (1.2) ahd (1.1) in terms of

the polar derivatives of? inequalities.

Theorem 1.5.1f p(z) = a,2" + Z;’:M an-jz" 7,1 < u < n, is a polynomial of degree,
having all its zeros inz| < k, £ < 1, then for every real or complex numbersand 5 with
la] > k* and|g| < 1 and for eachr > 0

(1.11) max Dap(2)]

n(laf = k) .
- (]

(S 11+ ket do

1

de)r-+ L

i0 pm/ i(n—1)0
p(e™) + e =

wherem’ = min [p(z)].
2=k

Dividing both sides of{ (1.11) bjx|, letting |a| — oo and noting thaf (1.10), we obtain

Corollary 1.6. If p(2) = a,2" + > a, j2"7, 1 < p < n, is a polynomial of degree,
having all its zeros inz| < k, k < 1, then for every real or complex numbewith |5| < 1, for

eachr > 0
dé)r,

(1.12) max |p'(2)| > n >3« (/02”

p(e”) + B gl(n=1)0
|Z‘:1 <f027'(' ‘1 _|_ /{“eie‘TdH

o

wherem’ = min [p(z)].
|z|=k
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=1,it
follows that ifp(z) = apz"™ +Z ey An—j 2" 7,1 < p < n, is a polynomial of degree, having
allits zeros in|z| < k, k < 1, then

n
) >
(1.13) ﬁa}f’p( z)| > (1 + ko) 1|r£1@>1<|p(2)\ fn— H\ | k

Inequality [1.18) was already proved by Aziz and Shah [2].

in [p(2)]| -

2. LEMMAS
For the proofs of these theorems we need the following lemmas.

Lemma 2.1. Letp(z) = > 7, a;z’ be a polynomial of degree having no zeros inz| < k,
k > 1. Thenfors > 1

@.1) { [T} <os{ [“enra)

where
1 27 ) ]{?2 |:E
Ss = {—/ |Sé+ew\sd9} and S, =
27T 0 1 + 1

n

+1]

W |

aO

ar
ap

k.2

The above lemma is due to Dewan, Bhat and Pukhta [3].
The following lemma is due to Ratheér [7].

Lemma 2.2. Letp(z) = a,2" + Z?:M a,—;z"9,1 < p < n, be a polynomial of degree
having all its zero inz| < k, k < 1. Then

(2.2) KPP (2)| = 1 ()] +

).

for =1,
o min lp(=)| - for

whereg(z) = 2"p (

\ =

3. PROOFS OF THE THEOREMS
Proof of Theorern I]1Let

="y 4 =2m(2), (say)
=0

whereg(z) is a polynomial of degree — m, with the property that

(0) #0.
Then

1 (1
q(z) = 2"p (t> =z""¢ (t)
z z
is also a polynomial of degree— m and has no zeros iz| < % % > 1. Now if

“»(3)

then, by Rouche’s theorem, the polynomial
q<2’) + mOﬂzn_m7 |ﬁ’ < kjn—m’

1 m/

= min ()] = 7

mo—m1n| (z)] = min
Jol= o=
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of degreen — m, will also have no zeros ifx| < , + > 1. Hence, by Lemm.l, we have for
s> land|g| < k"™

(I

dQ) )

10 i0 m’ i(n—m—1)0
q(e)—f—ﬁﬁe (n—m)

1

d&)s,

/
q(eiO) + %ﬁei(nfm)ﬁ

which implies

(3.1) (/027r

1
s

/
np(eie) o 6i9p/(6i0) + B%(n o m)eime

S d9>
< (n—m)C® (/0%

Now by Minkowski’s inequality, we have for > 1 and|g| < k"™

2T S %
(| 5
0

np(eie) +

1

d@)s.

. m/ _ .
p(ew) + ﬁﬁesz

. m — .
p(eza) + ﬁﬁelme

<

ﬁﬁ(n o m)eimH . eiﬂp/(ezH)

)
o )
2T

+ (/

0

. . mm’ - .
ezep/<619) + m ﬁezmﬁ

1

d&)s,

which implies, by using inequality (3.1)

([ )
< (n —m)CcW (/027r

. m' _ .
p(eze) + ﬁﬁelme

d@) !

. m - .
p(629)+ ﬁezmﬁ
kn
!
p/(eie) —{—mm Feitm=10

27 s %
o y
( 0 k™

and the Theorem 1.1 follows. O

Proof of Theorerfi I]5Sinceq(z) = z"p (1) so thatp(z) = z"¢ (1), therefore, we have

(3.2) P(z) =nz""q G) — 2" G)

which implies

(3:3) P'(2)] = |ng(z) — 2¢'(2)] for |2[ =1.
Using (3.2) in[(2.R), we get for < pn <n
¢/(2)] + e < Klng(2) = 2¢/(2)] or 2] =1.

T
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Now, from the above inequality, for every compléxvith |5] < 1, we get, for|z| = 1

(3.4) < k|nq(2) — 2¢'(2)] .
For every real or complex numberwith |«| > k#*, we have
Dap(2)] = np(2) + (a — 2)p/(2)]
> |af [p'(2)] = Inp(z) — 2p'(2)],
which gives by interchanging the rolesgf:) andg(z) in (3.3) for|z| = 1
[Dap(2)] = lal|p'(2)] — 1q'(2)]
35) > ol (2)] — K19/ (2) 4 T (using [22).

Sincep(z) has all its zeros inz| < k£ < 1, by the Gauss-Lucas theorem, all the zerog’ ©f)
also lie in|z| < 1. This implies that the polynomial

1 /
7 (1) = i) - 24/
has all its zeros ifiz| > + > 1. Therefore, it follows fromﬂ4) that the function
U+ﬂn
(3.6) w(z) = ko

ki (ng(2) — 2¢'(2))

is analytic for|z| < 1 and|w(z)| < 1for |z| < 1. Furthermorev(0) = 0. Thus the function
1+ k*w(z) is a subordinate to the functidnt £#z in |z| < 1. Hence by a well-known property
of subordination([4], we have for > 0 and for0 < 6 < 2,

2 2
(3.7) / 11+ krw(e®)|mdf < / |1+ kte|"dh .
0 0
Also from (3.6), we have
nq(z) +
kn b
1+ k*w(z )
S EE)

or

!/
na(2) +B%z! =1+ k)l for |2 =1,

which implies

(3.8)

p(z) + B

R = |1 + k"w(2)||p'(z)| for |z| =1.

Now combining [(3.7) anq_(_’o‘].8), we get
2
nr/ p< 10)
0
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Using (3.%) in the above inequality, we obtain

21
w(al -y [
0

r

p(619)+ﬁ m 6i(n—l)@ A6

o

27 AN
w10 |r o nm
S/O |1+ ke do {gfleaP(Z)l k;nu} :
from which we obtain the required result. O
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