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In this paper, we present some basic results concerning an extension of Jensen
type inequalities with ordered variables to functions with inflection points, and
then give several relevant applications of these results.
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1. Basic Results

An n-tuple of real number’ = (zy,z,,...,x,) is said to be increasingly ordered

ifr) <ag<---<a,. faxy >29>--- > 2, thenX is decreasingly ordered.

In addition, a setX = (21, x,,...,x,) with BE2EF0 — 4 is said to bek-
arithmetic ordered it of the numbers:y, zo, . . ., z,, are smaller than or equal 9
and the othen — k are greater than or equal $0On the assumption that < z, <
- < z,, X is k-arithmetic ordered if

n-

Ty S ST SSS TR S0 ST
It is easily seen that
X1=(8—$1+1’k+1,8—$2+$k+27~-78—xn+xk)

is ak-arithmetic ordered set X is increasingly ordered, and is &m— k)-arithmetic
ordered set ifX is decreasingly ordered.

Similarly, an n-tuple of positive real numberst = (ay,aq,...,a,) with
Yajay - - - a, = ris said to bek-geometric ordered # of the numbers,, a, ..., a,
are smaller than or equal t9 and the othen — k are greater than or equaltoNo-

tice that
Al - <ak+1’ ak+27'-"%>

a1 a2 an

is ak-geometric ordered set # is increasingly ordered, and is &m— k)-geometric
ordered set if is decreasingly ordered.

Theorem 1.1.Letn > 2 and1 < k < n — 1 be natural numbers, and lgi(«) be a
function on a real interval , which is convex foru > s, s € I, and satisfies

f@) +kf(y) = (1+k)f(s)
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forany =,y € I suchthatr < yandx + ky = (1+k)s. If x1,29,...,2, € I such

that
T1+To+ -+ 2Ty

n
and at leasty — k£ of xq,z9,..., 2, are smaller than or equal t§, then

f(a) + f(w2) + -+ fan) = nf(5).

Proof. We will consider two casess = s andS > s.

A. CaseS = s. Without loss of generality, assume that< z, < --- < z,,. Since
r1+x9+---+x, = ns, and at least — k of the numbersey, z», . . ., z,, are smaller
than or equal t@, there exists aninteger— k < i < n—1suchtha{zy, z,, ..., z,)
is ani-arithmetic ordered set, i.e.

=5>s

21 < <2 <5< wipg <o S,
By Jensen’s inequality for convex functions,

f(rig) + f(wig2) + -+ f(2n) = (n—10) f(2),

where n P
xA 1 xA 2 DY l’
= 2 T “o2>s,2€1.
n—i

Thus, it suffices to prove that
f@) 44 fla) + (n— i) f(2) 2 nf(s).
Letyy,yo,...,y; € I be defined by

ry+kyr =1+ k)s, xa+kya=(1+k)s, ..., xi+ky; = (14 k)s.
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We will show thatz > y; > 35 > -

Y1 = Y2 © 2> Y,

i 5=
4 2
and

-~ >y; > s. Indeed, we have
Z ..
S

> 0,

kyy = (14 k)s —ay
1+k—n)s+ao+ -+,
(k+i—n)s+xip1+-+a,
(

k+i—n)s+(n—i)z<kz.
Sincez > y; > yo > -+ > y; > simpliesy;, v,

<

.., y; € I, by hypothesis we have
fla) +kf(y) = (L+ k) f(s),

fl2) + kf(y2) = (L4 K) f(s),

Adding all these inequalities, we get

fla) + f(@a) + -+ flaa) + R (1) + f(y2) + -+ fwa)] =2 i(1+ k) f(s).
Consequently, it suffices to show that
pf(z) + (=) f(s) = fy) + fy2) + -+ f(wi),

wherep = % < 1. Let t =pz+ (1 —p)s,s <t < z Since the decreasingly
ordered vectord; = (t,s,...,s) majorizes the decreasingly ordered veckr=
(y1,99, - --,¥;), by Karamata’'s inequality for convex functions we have

f@O) + @ —=1)f(s) = fly) + flyz) + -+ f(wi)-
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Adding this inequality to Jensen’s inequality for the convex function

pf(z) + (L =p)f(s) > f(B),
the conclusion follows.

B. CaseS > s. The functionf(u) is convex foru > S, u € I. According to the
result from Case A, it suffices to show that

Jensen Type Inequalities

f(l‘) + kf(y) Z (1 + k?)f(S), With Ordered Variables
Vasile Cirtoaje
foranyz,y € I suchthatt < S <y andx + ky = (1 + k)S. vol. 9, iss. 1, art. 19, 2008

Forx > s, this inequality follows by Jensen’s inequality for convex function.
Forxz < s, letz be defined by: + kz = (1 + k)s. Sincek(z —s) =s—z >0

andk(y — z) = (1 + k)(S — s) > 0, we have Title Page
Contents
r<s<z<y, s<S<uy.
Sincer + kz = (1 + k)s andz < z, we have by hypothesis « >
4 >
f@) +kf(2) > (1+k)f(s).
Page 6 of 28
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Go Back
k[f(y) — f(2)] =2 L+ E)[f(S) = f(s)],
Full Screen
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The left inequality and the right inequality can be reduced to Jensen’s inequalities

for convex functions,

(y—2)f(s)+(z=s)f(y) = (y — s)f(2)
and

(S =s)f(y)+ (y = 9)f(s) = (y — 5)f(5),
respectively. O
Remarkl. In the particular cask =n — 1, if f(z) + (n — 1) f(y) > nf(s) for any
x,y € I suchthatr < y andz + (n — 1)y = ns, then the inequality in Theorefin1,

(@) + fx2) + -+ f(xn) = nf(5),

holds for anyzy, z3, ..., x,, € I which satisfy?222F2n — § > 5. This result has
been established ii[p. 143] and 2].

Remark2. In the particular casé = 1 (whenn — 1 of x1, x5, ..., z, are smaller
than or equal t&), the hypothesig(x) + kf(y) > (1 + k) f(s) in Theoreml.1has
a symmetric form:

f@) + fly) = 2f(s)
foranyzx,y € I such thatc + y = 2s.

hypothesisf(z) + kf(y) > (1+ k) f(s) in Theoreml..1 by the equivalent condition:
g(z) < g(y) foranyz,y € I suchthatr < s <y andx + ky = (1 + k)s.

Remark3. Let g(u) = =10 |n some applications it is useful to replace the

Their equivalence follows from the following observation:
f@) +kf(y) = L+ k) f(s) = fz) = fs) + k(f(y) = f(5))
= (z—s)g(x) + k(y — s)g9(y)
= (z—5)(9(z) — 9(y)).
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Remark4. If f is differentiable on/, then Theoreni..1 holds true by replacing the
hypothesisf(z) + kf(y) > (1 + k) f(s) with the more restrictive condition:

f'(x) < f'(y) foranyz,y € I suchthatr < s <y andz + ky = (1 + k)s.

To prove this assertion, we have to show that this condition imglies+ & f (y) >
(1+k)f(s) forany z,y € I suchthatt < s <y andz + ky = (1 + k)s. Letus
denote

s+ks—z
Flo) = ) + K = (04 050) = )+ 8 (5=0) = 0w
SinceF'(z) = f'(z) — f'(y) <0, F(x) is decreasing for € I, z < s, and hence
F(z) > F(s) = 0.
Remark5. The inequality in Theorem.1 becomes equality far; = z, = -+ =
x, = S. In the particular cas® = s, if there arex,y € I such thatr < s < y,
r+ky=(k+1)sandf(x)+ kf(y) = (1 + k)f(s), then equality holds again for
TN =T, Ty =" =Tpp=s5aNAxy 11 =" =z, =Y.
Remark6. Let: be an integer such that— & < i < n — 1. We may rewrite the
inequality in Theoreni..1 as either

f(S —ar+an_ip1) + f(S —ag + an_iva) + - + f(S — @y + an_y) > nf(95)
witha; > ay > --- > a,, Or

f(S —ap + ai+1) + f(S — Qg + Cli+2) + -+ f(S — an + Gi) > nf(S)
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function on(0, co) such thatf(u) = g(e*) is convex for: > 0, and

g(x) + kg(y) > (1+k)g(1)
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for any positive real numbers andy with z < y anday® = 1. If a1, a0, ..., a,
are positive real numbers such thata,a,---a, = r > 1 and at leastn — £ of
ai, as, .. .,a, are smaller than or equal te, then

glar) + glaz) +--- + glan) > ng(r).

Proof. We apply Theoreni..1 to the functionf(u) = g(e*). In addition, we set
s = 0,5 = Inr, and replace: with In z, y with In y, and eachx; with In «;. ]

Remark7. If f is differentiable or(0, o), then Corollaryl.2 holds true by replacing
the hypothesig(z) + kg(y) > (1 + k)g(1) with the more restrictive condition:

zg (z) < yg'(y) forall z,y > 0 such thatr < 1 < y andzy” = 1.

To prove this claim, it suffices to show that this condition impl¢s) + kg(y) >
(1+ k)g(1) forall z,y > 0 with x < 1 < y andzy”* = 1. Let us define the function
G by

G(x) = g(x) + kg(y) — (1 +k)g(1) = g(x) + kg (’{/g) — (14 k)g(1).

Since . ) )

() = ¢'(z) — mg,(y) _ zg'(z) - yg'(y) <0,
G(z) is decreasing for < 1. ThereforeG(z) > G(1) = 0 for z < 1, and hence
g9(x) + kg(y) > (1 + k)g(1).
Remark8. Leti be an integer such that— £ < ¢ < n — 1. We may rewrite the
inequality forr = 1 in Corollary 1.2 as either

Lp—i Tn—i Tn—i
T T T
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forO0< o, <y <---<a,.

Theorem 1.3.Letn > 2 and1 < k < n — 1 be natural numbers, and lgt(u) be a
function on a real interval, which is concave fou < s, s € I, and satisfies

kf(x)+ f(y) < (k+1)f(s)

foranyxz,y € I such thatr <y andkx +y = (k+ 1)s. If xq,29,...,2, € I such
that #t22ttin — § < s and at leasth — k of zy, 2, ..., z, are greater than or
equal toS, then

f(@) + fxa) + -+ flwn) <nf(S).

Proof. This theorem follows from Theorern1 by replacingf(u) by — f(—u), s by
—s, 5 by —S, x by —y, y by —x, and each; by —z,,_;; for all . O

Remark9. In the particular cask = n — 1, if (n — 1) f(z) + f(y) < nf(s) for any
x,y € I suchthatr < y and(n — 1)z +y = ns, then the inequality in Theorefin3,
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Remarkll Letg(u) = % The hypothesig f(z) + f(y) < (k+1)f(s) in
Theoreml.3is equivalent to

g(x) > g(y) foranyz,y € I suchthatr < s <y andkz +y = (k+ 1)s.

Remarkl2. If f is differentiable or/, then Theoreni.3holds true if we replace the
hypothesis: f(z) + f(y) < (k + 1) f(s) with the more restrictive condition

f'(z) > f'(y) foranyz,y € I suchthatr < s <y andkx +y = (k+ 1)s.

Remarkl13. The inequality in Theorem.3 becomes equality far; = 2z, = --- =
x, = S. In the particular cas® = s, if there arex,y € I such thatr < s < y,
kr+y = (k+1)sandkf(z) + f(y) = (1 + k) f(s), then equality holds again for
Ty =" =Tp =0, Tk =+ = Tp_1 = sandz, =y.

Remarkl4. Leti be an integer such that< i < k. We may rewrite the inequality
in Theoreml.3 as either

(S — a1+ ain) + (S —as+ aip2) + -+ (S — an + a;) <nf(S)
witha;, <a, <---<a,, Or
fOS —ar+an_ip1) + f(S—ax+an_izo) + -+ f(S —an + an—) <nf(S)
witha; > a9 > -+ > a,,.

Corollary 1.4. Letn > 2and1 < k£ < n — 1 be natural numbers, and lgtbe a
function on(0, co) such thatf(u) = g(e*) is concave for < 0, and

kg(z) + g(y) < (k+1)g(1)

for any positive real numbers andy with < y andz*y = 1. If ay, a9, ..., a,
are positive real numbers such thata,a, ---a,, = r < 1 and at leastr — k of
ay,as, . ..,a, are greater than or equal te, then

g(ar) +glaz) +--- 4+ glan) < ng(r).
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Proof. We apply Theoreni..3 to the functionf(u) = g(e*). In addition, we set
s = 0,5 = Inr, and replace: with In z, y with In y, and eachr; with In ;. ]

Remarkl5. If f is differentiable on(0, o), then Corollaryl.4 holds true by replac-
ing the hypothesigg(z) + g(y) < (k + 1)g(1) with the more restrictive condition:

zg' (z) > yg'(y) forall z,y >0 suchthatr <1<y andz"y = 1.

Remarkl6. Leti be an integer such that< i < k. We may rewrite the inequality
for r = 1 in Corollary 1.4 as either

g( “)Jrg( +2)+--~+g(—)§n9(1)
T i) T

forO0<az;, <z <--- <z, 0r

Tn—i Tn—i Tp—i
T T2 e

forey > a9y >--->a, > 0.
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2. Applications

Proposition 2.1. Letn > 2 and1 < k£ < n — 1 be natural numbers, and let
x1,Z2,...,T, be nonnegative real numbers such that+ x5 + - - - + x,, = n.

(a) If atleastn — k of xy,x»,...,x, are smaller than or equal td, then
k(xd + a5+ 4+ 22)+ (1+k)n > (1+2k) (23 + 25 + -+ + 22);
(b) If at leastn — k of z,xo,...,x, are greater than or equal td, then
a4 4+ (k+D)n < (k+2)(a]+ a5+ +22).

Proof. (a) The inequality is equivalent tf(z1) + f(x2) + -+ + f(z,) > nf(S),
whereS = ft2ztotin — 1 and f(u) = ku® — (1 + 2k)u®. Foru > 1,

F"(u) = 2(3ku — 1 — 2k) > 2(k — 1) > 0.

Therefore,f is convex foru > s = 1. According to Theorem.1and Remarks, we
have to show thag(z) < g(y) for any nonnegative real numbetrs< y such that
x+ ky =1+ k, where

— f(1
g9(u) :Mzku2—(l+k)u—l—k.
u—1
Indeed,
9(y) —g(x) = (k — Da(y —x) > 0.

Equality occurs forz; = 2o = --- = z, = 1. On the assumption that; <
Ty < --- < x,, equality holds again fox; = 0, xo = --- = z,_, = 1 and
Tpkt1 = "= Tp = 1+%
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(b) Write the inequality ag‘(:rl) + f(xa) + -+ + f(zn) < nf(S), whereS =
ntrebedtn — 1andf(u) = u® — (k + 2)u? From the second derivative,

u) =
it follows that f is concave fon < s = 1. According to Theorem.3and Remark
11, we have to show that(z) > ¢(y) for any nonnegative real numbers< y such
thatkx + y = k + 1, where

w? — (k+1u—k— 1.

It is easy to see that

g(z) —g(y) = (k = 1)z(y —x) > 0.

Equality occurs forr; = 25 = --- = x, = 1. On the assumption that < z, <
- < x,, equality holds againfar; = --- =2, =0, 2341 = --- = 2,1 = 1 and
T, =k+ 1. O

Remarkl?7. Fork = n — 1, the inequalities above become as follows
(n—D(}+as+-+23)+n>>2n—1)(z] + a5+ +22)

and
ol ay+ a0t < (A )(@] +ag e o),

respectively. By Remarkand Remark, these inequalities hold for any nonnegative
real numberg, xo, ..., x,, which satisfyz; + x5 + --- + z,, = n (Problems 3.4.1
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@Qfe; <<z, ,<1<2x,,then
Tyt 420 2 (e a4 1)
) Ifr;<1<2,<---<z,,then

Il b2t o <3l a2+ 22).

Proposition 2.2. Letn > 2 and1 < k£ < n — 1 be natural numbers, and let

x1,Za,...,T, be positive real numbers such that+ =, + - - - + =, = n. If at least
n — kof xy,zs,...,x, are greater than or equal to, then
1 1 1 4k
4> (y? 24 ... 2 _n).
x1+$2+ +xn n_(k+1>2(x1—|—x2+ o —n)

Proof. Rewrite the inequality ag(z1) + f(z2) + -+ + f(xn) < nf(S), where
S:W:landf(u):%—%. For0 < u < s = 1, we have
, 8k 2 8k —2(k — 1)
P =g~ e S e Grip =V

therefore,f is concave or{0, 1]. By Theoreml.3and Remarki.1, we have to show
thatg(z) > g(y) for any positive real numbers < y such thattx +y = k + 1,

where F - f) Ak(ut1) 1
=TT T
Indeed,
1 4k (y —z)(2kx — k — 1)?
9(x) = g(y) = (y - )L,—y— (k+1)2] = (h t 1ry > 0.
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Equality occurs for; = o = --- = z,, = 1. Under the assumption that < z, <
-+ < z,, equality holds again far; = -+ = o, = B gy = =1, =1

andz,, = &1 O

Remarkl9. Fork = n — 1, the inequality in Propositio.2 becomes as follows:
11 1 4(n —1)

—+ =+t ——n>——
n

2 2 2
(xf+ x5+ -+ x5 —n).
Ty X2 Tn

By Remark9, this inequality holds for any positive real numbers z», ..., z,
which satisfyz; + 22 + - - - + x,, = n (Problems 3.4.5 froml], p. 158]).

Remark20. For k = 1, the following nice statement follows:

If x1,29,...,x, are positive real numbers suchthat< 1 <z, < --- <z, and
r1+x2+ -+ x, =n, then
1 1 1 9 9 9
—+ =+t —2ata+ o,
T i) Tn

Proposition 2.3. Letn > 2 and1 < k < n — 1 be natural numbers, and let

x1, T, ..., T, be nonnegative real numbers such that x5 + - - - + x,, = n.
(a) If atleastn — k of z,z»,...,x, are smaller than or equal td, then
1 1 1 n

IRy e g o S TR iy T R

(b) If at leastn — k of xq, s, ..., x, are greater than or equal to, then

| 1 1 n
< .
R T ey e A Ty A Ry T R TRy A Ry TR (b
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Proof. (a) We may write the inequality af(x1) + f(z2) + -+ + f(z,) > nf(S),

_ xitxot-tmn _ 1 i R R
whereS = #tt22tin = 1 and f(u) = 5.2+ Since the second derivative,

v 2k(3ku? —k— 1)
f(w__(k+1+kﬁﬁ’

is positive foru > 1, f is convex foru > s = 1. According to Theorem.1 and
Remark3, we have to show thaj(z) < g(y) for any nonnegative real numbers
x < ysuchthat + ky = 1 + k, where

gy = S0 =SW) k)

u—1 2k + 1)(k+ 1+ ku?)
Indeed, we have

k*(y — x) 1

— — —1-=]>0
9W) = 9@) = G T+ D (15 k) (my”“’ k:) =5
since ) o 1
a;y—ir:c—l—y—l—zzwzo.

Equality occurs forr; = 29 = -+ = x, = 1. On the assumption that; <
rg < --- < x,, equality holds again fox; = 0, 2o = --- = x,, = 1 and
Tn_kil :-~~:xn:1—|—%.
(b) We will apply Theoremil.3to the functionf(u) = m fors =5 =1.

Since the second derivative,

) = 2h(3ku? — k2 — k — 1)
(K24 k+ 1+ ku2)?
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is negative fol0 < u < 1, f is concave fo) < u < 1. According to Remark 1,
we have to show that(z) > ¢(y) for any nonnegative real numbers< y such that
kx +y=k+ 1, where

u—1 (k+1)2(k2+ k+ 1+ ku?)
We have
K (y — )

g(‘]:)_g(y): 2(1.2 ) 2 2

(k+1)2(k2+k+1+ka?)(k2+ k+ 1+ ky?)

1
x(k+E+1—xy—x—y)20,

since )

k—i—l—i-l—x —z—y=k x—l >0

k J 4= k) =

Equality occurs forr; = 25 = --- = x,, = 1. On the assumption that < z, <
-+ < z,, equality holds again far; = --- =z, = % Tpp1 =+ =x,_1 = 1 and
z, = k. O

Remark2l. Fork = n — 1, the inequalities in Propositich 3 become as follows:

1 1 1 n
>
n+(n—1)x%+n+(n—1)x%+ +n+(n—1)x%_2n—l
and
! + ! ERpp ! <
n2—n+1+n-122 n2—n+1+(n—1)z3 n?—n+1+(n-—1)22 ~

1
n

Y
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respectively. By Remarkand Remark, these inequalities hold for any nonnegative
numbersey, xs, . . ., x, Which satisfyx; + x5 + - -- + z,, = n (Problems 3.4.3 and
3.4.4 from L, p. 156)).
Remark22. Fork = 1, we get the following statement:

Letzq, zs, ..., x, be nonnegative real numbers such that 5+ - - -+, = n.

@< <z,1<1<2z,,then
1 1 1

2+:L’%+2+:1:§+.“+2—|—x2 -

) <1< <---<x,,then
1 n 1 . . 1 <n
3+a2? 342 3+a2 ~ 4

Remark23. By Theoreml.land Theorem .3, the following more general statement
holds:

Letn > 2andl < k£ < n — 1 be natural numbers, and let, z»,...,x, be
nonnegative real numbers such that+ x5 + - - - + 2, = nS.

(@ If S > 1andatleast — k of x,x,...,x, are smaller than or equal 19,
then
1 1 1 n
Py e e B PRy e Py N

(b) If S < 1andatleast—k of zq,z,,...,x, are greater than or equal & then
1 1 1 n

< '
T T Ry o Ty G G ot L TR I G e Ry TR 2
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Proposition 2.4. Letn > 2and1 < k < n — 1 be natural numbers, and let

ai,as, .. .,a, be positive real numbers such that; - - - a,, = 1.
(a) If atleastn — k of xy,x9,...,x, are smaller than or equal td, then
1 1 1 n

1+ka1+1—|—k5a2+ +1+k5an_ 14+ k'

(b) If at leastn — k of z,xo,...,x, are greater than or equal td, then
1 n 1 N N 1 < n
ai+k  ax+k an+k ~ 14+k

Proof. (a) We will apply Corollaryl.2to the functiong(z) = ——, forr = 1. The

1+kx?
function f(u) = g(e*) = = has the second derivative
ke"(ke* — 1)
" -
filu) = (1 + kev)s

which is positive foru > 0. Therefore,f is convex foru > 0. Thus, it suffices to
show thatg(z) + kg(y) > (1 + k)g(1) for anyz,y > 0 such thatry* = 1. The
inequalityg(z) + kg(y) > (1 + k)g(1) is equivalent to
k
Y k
>1
T ey

or, equivalently,
vk —1>ky.

The last inequality immediately follows from the AM-GM inequality applied to the

positive numberg*, 1, ..., 1. Equality occurs forn;, = ay = --- = a,, = 1.

W

&< *
*
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(b) We can obtain the required inequality either by replacing each numlbeth its
reverseali in the inequality in part (a), or by means of Corolldryi. Equality occurs
fora, =ay=---=a, =1. O

Remark24. Fork = n — 1, we get the known inequalities

1 1 1
B |
1+(n—1)a1+1+(n—1)a2+ +1—|—(n—1)an_
and )
+ +o <,
ai+n—1 ay+n—1 a,+n—1
which hold for any positive numbers, as, . .., a, such that,as - - -a,, = 1.
Remark25. Using the substitution; = xjgl, ay = ”C;—;Q, Loy Gy = 75, we getthe
following statement:
Letn > 2andl < k < n — 1 be natural numbers, and let, z», ..., z, be
positive real numbers.
@Ifxy >a9>--->ux, then
e X T2 4 + Tn n .
T+ kxk—&-l To + ]Cl’k+2 Ty + k’:L’k 14 k’

(b) |ffL‘1 <ag < --- Sl’n,then
T i i) i i T < n
kry + xpp1 ko + a0 kx, +x, — k+1

In the particular cask = 1, we get

X1 X2 L,

+ + -+
r1+ 22  To+ T3 Tn + 21
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fore; > a9 >--->2x, >0,and
s} T2 T
+ +o
1+ Ty X9+ T3 Tn + T1
forO0<z; <z <---<ua,.

n
< 2
-2

Remark26. By Corollary1.2and Corollaryl.4, we can see that the following more

general statement holds:
Letn > 2 andl < k < n — 1 be natural numbers, and let, as, ...,a, be
positive real numbers such thafa,a, - - a,, = .

(@ If r > 1,and atleast — k of ay,ao,...,a, are smaller than or equal tothen
1+1+”.+1>n;
14+ ka; 1+ kas 1+ ka, — 1+kr
(b) If » <1,and atleast — k of ay,ao,...,a, are greater than or equalitpthen
1 1 1 n
T S A e
Proposition 2.5. Letay, ao, . . ., a,, be positive numbers such thata, - - - a,, = 1.
@lfa <---<a, 1 <1<a,,then
1 1 1

+ >
=2

+ + :
VI+3a; 1+ 3as V1+ 3a,

b)Ifa;, <1<ay, <---<a,,then

1 1 1 n
+ to < .
V1+2a; 1+ 2ay V1+2a, ~ /3
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Proof. (a) We will apply Corollaryl.2 (casek = 1 andr = 1) to the function

9(x) = - The functionf(u) = g(e") = 1= has the second derivative

f(u) = %e“(&e“ —2)(1 + 3e") 3.

Sincef” > 0 foru > 0, f is convex foru > 0. Therefore, to finish the proof, we
have to show thaj(z) + g(y) > 2¢(1) foranyz,y > 0 with zy = 1. This inequality

is equivalent to
! + TS 1
Vitsr Vz+3= 7

Using the substitution~— = ¢, 0 < ¢ < 1, transforms the inequality into

vV 1+3x
[ 1—t2
— >1—t.
8t2+1 —

By squaring, we get(1 — ¢)(2t — 1)? > 0, which is clearly true. Equality occurs for
a1 =ag =+ =a, = 1.

(b) We will apply Corollaryl.4(casek = 1 andr = 1) to the functiory(z) =

1

Vitaz®
The functionf (u) = g(e") = == is concave fou < 0, since

"= (" — 1)(142¢")"F < 0.

Thus, it suffices to show that(x) + g(y) < 2¢(1) for anyz,y > 0 with zy = 1.
This inequality follows from the Cauchy-Schwarz inequality, as follows
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Remark27. Using the substitutiom; = i—f, ay = B ..., a, = jj—; we get the
following statement:
Letxy, 2o, ..., x, be positive real numbers.

@Ifxy>a9>--->x, then

Y e
.I’1—|—3372 LU2+33?3 $n+3$1 - 27

L) Ifzy <z <--- <, then

31’1 3%2 3$n
+ Fo g <
1 + 279 Ty + 273 Ty + 271

Remark28. By Corollary 1.2 and Corollaryl.4, the following more general state-
ment holds:

Letay,as, ..., a, be positive real numbers such thgt,as - a, = 7.

@Ilfr>1anda; <---<a,1 <r <a,,then
1 1 1 n
+ ot > :
V1+3a; 1+ 3as V1+3a, — 1+ 3r
() Ifr<landa; <r<ay; <---<a,,then

1 1 1 n
+ RIRER < :
V1+2a; 14+ 2a V1+2a, — V/1+2r

Proposition 2.6. Letay, ao, . . ., a,, be positive numbers such thata, - - - a,, = 1.
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@Ifa <---<a, 1 <1 <a,, then the following inequality holds for< p <
po, Wherep, = 1.5214 is the positive root of the equatigi — p — 2 = 0:

1 1 1 n
+ + > ;
(p+a1)?  (p+ as)? (p+an)? ~ (p+1)?

(b) Ifa; <1< ay <--- < a,, then the following inequality holds fer> 1+ /2:
1 n 1 . L 1 < n
(P+a)*  (p+a2)? (P+an)® ~ (p+1)*

Proof. (a) We will apply Corollaryl.2 (casek = 1 andr = 1) to the function

g(x) = 12 Notice that the functiorf (u) = g(e") = ¢ is convex foru > 0,
because 09
f//(u) — € ( € _4p> > 0.
(p+ev)

Consequently, we have to show that:) + g(y) > 2¢(1) for anyz,y > 0 with
xy = 1; thatis
1 1 2

+ > .
(p+z)? (p+y? ~ (p+1)?
Using the substitution + y = 2¢, ¢t > 1, the inequality transforms into

2t2 + 2pt +p? — 1 L1
2pt+p2+1)2 ~ (p+1)*

or, equivalently,

t—D[1+2p—p*)t+ 1 -p)(p*+1)] >0
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It is true, becauseé + 2p — p? > p(2 — p) > 0 and
L+2p—p)t+ (1 =p)(p*+1) = (1 +2p—p*) + (1= p)(p* + 1)
=24+p—p° >0
for 0 < p < po. Equality holds foru; = a; =--- =a, = 1.
(b) We will apply Corollaryl.4(case: = 1 andr = 1) to the functiory(z) =
The functionf (u) = g(e*) = W is concave fou < 0, since
2e"(2e" —
I'(w) = —(p(+ eu)f)

By Corollary 1.4, it suffices to show thaj(x) + g(y) < 2¢(1) for anyz, y > 0 with
xy = 1; thatis

1
(ptz)?”

< 0.

1 1 2
+ < .
(p+z)? (p+y? =~ (p+1)?
Using the notatior + y = 2¢, t > 1, the inequality becomes
(t=1D[p*=2p-1)t+(-1)EP*+1)] >0.
Itis true, since? —2p—1 > 0forp > 1+ /2. Equality holds fora; = a, = -+ - =

a, = 1. OJ
Remark29. Using the substitutiom; = g—f, s = ;—2,..., a, = g—; we get the
following statement:

Letxy,zs, ..., x, be positive real numbers.
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D) Ifp>1++v2andz; < xy < --- < x,, then

T 2 ) 2 Tn 2 n
— )+ — ) + | ——) £ ——5
Py + To PT2 + T3 PTyp + 71 (p+1)

Remark30. By Corollary 1.2 and Corollary!.4, the following more general state-
ment holds:

Letay,as, ..., a, be positive real numbers such thgtas -~ a, = 7.

@Ifr>1anda; < --- < a,1 <r < a,, then the following inequality
holds for0 < p < po, Wherep, = 1,5214 is the positive root of the equation
pPP—p—2=0:

LSS SRR SNSRI
(p+a)*  (p+az)? (p+an)? ~ (p+7)*

(b) If r <landa; <r <ap; <--- < a,, then the following inequality holds for
p>1+4+V2

1 1 1 n
+ 4o F < .
(p+a1)?  (p+az)? (p+an)* ~ (p+1)?
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