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1. INTRODUCTION

The study of integral inequalities involving functions of one or more independent variables
is an important tool in the study of existence, uniqueness, bounds, stability, invariant manifolds
and other qualitative properties of solutions of differential equations and integral equations.
During the past few years, many new inequalities have been discovered!(see [1,[3, 4, 7, 8]). In
the qualitative analysis of some classes of partial differential equations, the bounds provided
by the earlier inequalities are inadequate and it is necessary to seek some new inequalities in
order to achieve a diversity of desired goals. Our aim in this paper is to establish some new
inequalities inn independent variables, meanwhile, some applications of our results are also

given.

2. PRELIMINARIES AND LEMMAS

In this paper, we suppod®, = [0, c0), is subset of real numbeR, 0 = (0,...,0), a(t) =
(ai(t1),...,on(ty) € RY, t = (t,...,t,) €RY, 5 = (51,...,8,) € R}, 7 = (1r1,...,70),
7?6: (Tlo,...,Tn()),Z: (21,...7271),26: (Zu),...,Zno),T: (Tl,...,Tn) GR:L_

If f:R} — R, we suppose

Q) s<tes; <t (i=1,2,...,n);
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2 XUEQIN ZHAO AND FANWEI MENG

@) [29 f(s)ds = [0 Lo f(sy, L s)ds . dsy;
B)D;i=+L,i=12...,n
3. MAIN RESULTS
In this part, we obtain our main results as follows:

Theorem 3.1. Lety € C'(R,, R, ) be a nondecreasing function with(«) > 0 on (0, o0), and
let c be a nonnegative constant. Lete C'(R,, R, ) be nondecreasing with; (¢;) < ¢; onR,.
(i=1,...,n). Ifu, f € C(RY,R;) and

a(t)

(3.1) ult) <c+ | f(s)yuu(s))ds,
0
for0 <t < T, then
a(t)
(3.2) u(t) < G| Gle) —l—ﬁ f(s)ds|,
0
where -
* ds
G(z) = _— zZ >z > 0.

) 2 V(s) "
G~ listheinverse o7, T € R is chosen so that

a(t) _
(3.3) G(c) +l f(s)ds € Dom(G™), 0<t<T.

0
Define the nondecreasing positive functigi) and make
a(t) B
(3.4) Z(t)=cH+e¢ —i—[ f(s)(u(s))ds, 0<t<T,
0

wheree is an arbitrary small positive number. We know that
(3.5) u(t) S =(t),  DiDy--- Dy(t) = F@)0(u(@)aal - al.

Using (3.5), we have

(3.6) Sy S @iy al,
For
D1Ds -+ Dy_12(t)
G.1) D"( MED) )
_ DiDy-- Dyz(t)i(x(t)) — DiDy -+ Dy 2()y! Dyz(t)
V2(2(t)) ’

usingD; Dy - - - D,,_12(t) > 0, 4" > 0, D,z(t) > 0in (3.7), we get

D1D2---Dn_1z(t)> DngDnZ(t) ~ 7 ’
3.8 D, < < fla)ajasy - - - a,.
&9 ( v () TEO A
Fixingt,,...,t,_1, Settingt,, = s, integrating frony,, to oo, yields
D1D2 s anlz(t) /an(tn) N /
. < . _ _ e .
(3 9) ¢(Z<t>) = o f(al (tl)a y Oy, 1(tn 1)7 Sn)a1a2 an—ldsn
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Using the same method, we deduce that

D Z(t) a2(t2) an(tn)
(3.10) @D(lz(t)) < /o /0 f(t1,82,...,8,)ads, ... dss,

and integration off¢, o) yields

at(t1) an(tn)
(3.11) G(z(t)) SG(0+€)~I—/ / f(s1,82, .., 8,)ds, .. .ds1, t e R},
0 0
From the definition of7 and lettings — 0, we can obtain inequality (3.2).

Remark 3.2. If we let G(z) — oo, z — oo, then condition[(3]3) can be omitted.
Corollary 3.3. If we lety) = 57,0 < r < 1in Theoren 3], then farc R", we have

[cl_’” +(1—-7) faa(t) f(s)ds] T0<r<1;
(3.12) u(t) <

cexp (faa(t) f(s)ds) : r=1.

Remark 3.4. If we letn = 1, r = 1, &(t) = ¢, in Corollary[3.3, we obtain the Mate-Nevai
inequality.

Theorem 3.5.Let ¢ € C(R,,R,) be an increasing function witlp(co) = oo. Lety €
C(R., R, ) be anondecreasing function and égte a nonnegative constant. lete C'(R,R.)
be nondecreasing with; (¢;) < t; onR (i =1,...,n). Ifu, f € C(R},R;) and

a(t)
(3.13) pu)) <c+ [ fs)v(uls))ds,

0
for0) <t < T, then

a(t)
(3.14) u(t) Sgol{Gl[G(C)-l-/a f(s)ds]},

whereG(z) = fzf; m, 7> 2 >0, ¢!, G7! are respectively the inverse ofand G,

T € RY} is chosen so that

a(t)

(3.15) Ge)+ [ f(s)ds € Dom(G™"), 0<t<T.
0
Proof. From the definition of the, we know [3.1B) can be restated as
at)
(3.16) pult) <c+ [ Fowle elue)ds, e R,
0
Now an application of Theoren 3.1 gives
a(t) B
(3.17) e(ut) <G |G+ [ f(s)ds] : 0<t<T.
0
So,
a(t) ~
(3.18) u(t) < o1 d GG () + / fo)ds) b, G<t<r
0
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Corollary 3.6. If we lety = s, ¢ = 57, p, ¢ are constants, angl > ¢ > 0 in Theorenj 35, for
0<t<T,then

[01*% + (1 - %) fﬁa(t) f(s)ds} v ., when p>¢;
(3.19) u(t) <
cr exp (% faa(t) f(s)ds) : when p=gq.

Theorem 3.7. Letwu, f and g be nonnegative continuous functions definedkdn let c be a
nonnegative constant. Moreover, let,w, € C(R,,R,) be nondecreasing functions with
w;(u) > 0(i =1,2)on(0,0). Leta; € C1(R,, R, ) be nondecreasing with; (t;) < ¢; onRR .
(i=1,...,n).If

(3.20) <c+/ f(s)w(u )ds+/0 g(s)wa(u(s))ds,

for0 <t < T, then
() for the casaws(u) < wi(u),

a(t) t
(3.22) <Gy 1{G1 —|—[ f(s)ds+ﬁg(s)ds},
0 0

(71) for the casew (u) < ws(u),

a(t) ¢
3.22 < G5t Gole d ds b
(3.22) { +/6 f(8)8+/69(8) }
where
(3.23) Gi(3) = / wfl—(ss), T>%>0, (i=1,2)

andG; ' (i = 1,2) is the inverse of7;, T € R" is chosen so that
a(t) t B
(3.24) Gi(e) +[ f(s)ds +[ g(s)ds € Dom(G; 1), (i=1,2), 0<t<T.
0 0

Proof. Define the nonincreasing positive functieft) and make

(3.25) 2(t) =c+e+ ;(t) f(s)wi(u(s))ds + /6tg(s)w2(u(s))ds,

wheree is an arbitrary small positive number. From inequality (8.20), we know

(3.26) u(t) < z(t)

and

(3.27) DDy -+ Dnz(t) = [f(@)wy (u(@))aal - - - o, + g(H)wa(u(t))]-

The rest of the proof can be completed by following the proof of Thedgrein 3.1 with suitable
modifications. O

Theorem 3.8. Letu, f and g be nonnegative continuous functions definedénand lety €
C(R,,R,) be an increasing function witl»(co) = oo and letc be a nonnegative constant.
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Moreover, letw;, ws, € C(R,,R,) be nondecreasing functions with (u ) > 0(i =1,2) on
(0,00), a; € CY(R,,R,) be nondecreasing with;(¢;) < t; onR, (i = 1,...,n). If

(3.28) <c—|—/ f(s)w(u )d5+/0 g(s)wa(u(s))ds,

for0 <t < T, then
(1) for the casavs(u) < wy(u),

(3.29) u(t) < ¢! {G;l [Gl(c) +/6a(t)f(s)ds+/6tg(s)ds] };
(ii) for the casew; (u) < ws(u),
(3.30) u(t) < 7! {G21 [Gg(c) +/6a(t)f(s)ds+/6tg(s)ds] }
where i
o= -5 _ x5 (=12

5 wile(s))’
andy—, G (i = 1,2) are respective e inverse 6f, o, T € R" is chosen so tha
de ', Gt (i=1,2 pectively th 6f,p, T € R" isch that

a() ¢
(3.31) Gi(e) —i—[ f(s)ds +[ g(s)ds € Dom(G; 1), (i=1,2), 0<t<T.
0 0
Proof. From the definition ofp, we know [3.28) can be restated as
a()
@32 plu) et [ sl elul)ds

+ [ ool pluts)lds, e R

Now an application of Theorem 3.7 gives

a(t) t B
plu(t)) < G {G@-(C)Jr/6 f(S)dSJr/ﬁg(S)dS}, 0<t<T,

whereT satisfies|[(3.31). We can obtain the desired inequalities|(3.29] and (3.30). O

Theorem 3.9. Let u, f and g be nonnegative continuous functions definedRgnand letc
be a nonnegative constant. Moreover, {ete C(R.,R,) be an increasing function with
p(o0) = o0, v € C(Ry,Ry) be a nondecreasing function with(z) > 0 on (0,00) and
a; € C'(R,,R,) be nondecreasing with; (¢;) < t;onR, (i=1,...,n). If

a(t)
(3.33) p(u(t)) <c +/6 [f(s)u(s)(u(s)) + g(s)u(s)]ds,

() ()
Gt (G[Q(c) +/6 g(s)ds] +/6 f(s)ds)] } ,
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where

T ds
Q(r :/ , r>1r9>0,
0= 7 "

ds
CB= | e e

Q-1 o=t G tare respectively the inverse 9f ¢, G. AndT € R, is chosen so that

zZ > 25 >0,

a(t) a(t) ~
G |Qc) +[ g(s)ds —i—[ f(s)ds € Dom(G™1), 0<t<T,
0 0

G! {G

Proof. Let us first assume that> 0. Defining the nondecreasing positive functief¥) by the
right-hand side of[(3.33)

a(t)
) =c+t / F(s)uls)pu(s)) + g(s)u(s)ds.

and

a(t)
Qe) + /6 g(s)ds

a(t) ~
—|—ﬁ f(s)ds} € Dom(Q™1), 0<t<T.
0

we know

(3.35) u(t) < go_l[z(t)]

and

(3.36) DDy -+ Dyz(t) = [f(@)u(@)(u(@)) + g(@)u(a)]ajay - - - af,.

Using (3.35), we have

(3.37) < [f(@(e™ (2(a))) + g(@)]aty - -~ o,

e(2(1))
For
DiDsy -+ Dy (1)
(3.39) D"( o1 (0) )

_ DiDs- - Duz(t)p ' (2(t)) — DiDs -+ Duoaz(t) (¢ (2(1))) Duz(t)
(v~ (2(1))) ’
usingD; Dy - - - Dy, _12(t) > 0, Dp2(t) > 0, (971(2(2))) > 0in (3.38), we get

DlDQ cee Dn_lz(t)> D1D2 cee DnZ(t)
3.39 D, <
(859) S 0
< [f@)e(e™"2(@)) + g(@)]ejay - - af,.

Fixingty,...,t,_1, settingt,, = s,, integrating fron0 to ¢,, with respect tos,, yields

DlDQ tee anlz(t)
3.40
G40 = =Gy

an(tn)
S/ [flea(ts), s an1(taa), sn)P(@  (2(ea(tr), - -, an1(En1), 50)))
0
+g(ai(ty), ..., an_1(tn_1), sn)]alay -l ds,.
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Using the same method, we deduce that

Dy z(t) az(t2) an(tn)
(3.41) m < /0 e /0 [f(aq(ty), s2, ..y sn)W(p(z(a1(ty), S2, -5 Sn)))

+ g(a1<t1)a 8§25, Sn)}a/ldsn s d52-
Settingt; = s, and integrating it frond) to ¢; with respect tos; yields

a(t) a(t)
(3.42) QMMSQ@+A f@w¢%4mw+é o(s)ds

Let7} < T be arbitrary, we denotg(T}) = Q(c) + foa(Tl) g(s)ds, from (3.42), we deduce that

a(t)
MAWSp@n+A fs)le ' =(s)lds,  O<t<Ti<T

Now an application of Theorem 3.5 gives

2(t) < Q7! {G_l

IN

Tl STv

a0 _
G(p(T1)) + : f(S)dS”, 0<t

SO

u(t) < o {Q—l G! (G(p(Tl)) + /:(t) f(s)ds)] } : 0<t<T,<T.

Takingt = T} in the above inequality, sincg is arbitrary, we can prove the desired inequality
(B39 0

If ¢ = 0 we carry out the above procedure with- 0 instead ot and subsequently let— 0.

Settingf(t) = 0, n = 1, we can obtain a retarded Ou-lang inequality.

Letu, f andg be nonnegative continuous functions definedtdnand letc be a nonnegative
constant. Moreover, let € C(R,, R, ) be a nondecreasing function witl{x) > 0 on (0, co)
andq; € C'(R,,R,) be nondecreasing with; (¢;) < ¢, onR, (i =1,...,n). If

a(t)
ﬁ@s8+é [F(s)u(s)(u(s)) + g(s)u(s)]ds,

for0 <t < T, then

1 [aw 1 e
u(t) <O Q| e+ —/ g(s)ds | + = f(s)ds|,
2.J5 2.J5
where N
* ds
Q>Z) = zZ > Zo,
&) % V() ’

Q! is the inverse of2, andT € R, is chosen so that

a(t) a(t) _
Q&+%ﬂ g@“)*éf f(s)ds € Dom(@Y),  0<i<T.
0 0

Corollary 3.10. Letu, f and g be nonnegative continuous functions definedtgnand letc
be a nonnegative constant. Moreover, jey be positive constants with > ¢, p # 1. Let
a; € CY(Ry,R,) be nondecreasing with;(¢;) < t;onR, (i =1,...,n). If

a(t)
M@Sc+é F()ui(s) + g(s)u(s)ds,  £>0
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for0 <t < T then

(19 4 =L 50 g(a)ds) ™ exp [1 70 f(s)as] . when p=g
u(t) <

pP—q

P—q .
{(c(l_ +21 fo‘(t) ds) g ’%fg‘(t)f(s)ds} , when p>q.
Theorem 3.11.Letu, f and g be nonnegative continuous functions definedrgn and let
¢ € C(R4, R, ) be anincreasing function with(co) = oo and letc be a nonnegative constant.

Moreover, letw;, w, € C(R,, R, ) be nondecreasing functions with}(u) > 0 (i = 1,2) on
(0,00), anda; € C*(R,, Ry ) be nondecreasing with;(¢;) <t; (i=1,...,n). If

(643 gl <w+/ (s <»m+AEummmmmw,

for0) <t < T, then

(i) for the casevs(u) < wi(u),
(3.44) { _G; ( / f(s ds+/g ) }

(i1) for the casew (u) < wy(u),
(3.45) { _G; ( / f(s ds+/g ) }

where _

T ds

Qr) =

r>ry>0,

=15}
Gi(3) = [wwwl G o0 =12

Q71 o=t G are respectively the inverse 9f o, G, andT" € R, is chosen so that

0

<%(Q@w3£m?@m&+42@wﬂ

Proof. Let ¢ > 0 and define the nonincreasing positive functigh) and make

a(t) t
G; (Q(c) + f(s)ds + [ g(s)ds) e Dom(G;Y), 0<t<T,
0

and

G!

e Dom(Q7Y), 0<t<T.

a(t)

(3.46) z(t)=c+ | f(s)u(s)wi(u(s))ds —I—/6 g(s)u(s)wsy(u(s))ds.

0
From inequality|[(3.43), we know

(3.47) u(t) < 7 '2(1)],
and
(3.48) DyDs -+ Dpz(t) = [f(a)u(@)w: (u(@)) oy - - af, + g(t)u(t)w(u(t))].

J. Inequal. Pure and Appl. Math?(3) Art. 111, 2006 http://jipam.vu.edu.au/
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Using (3.47), we have

(3.49) < f(@)w (u(@))aray - - af, + g(Hw(u(t)).

e (2(1))
For
D1D2 cee anlz(t)
@50 . (P25

_ DiDy -+ Dypz(t)~ ' (2(t)) — D1Ds - - - Doz () (97 (2(t))) D(t)
(p=1(2(2)))? ’
usingD; Dy - -- D,,_12(t) > 0, (¢71(2(¢)))’ > 0, D,2(t) > 0in (3.50), we get
DDy D, _12(t) DDy ---D,z(t)
o (PP ) <P
< f(@)aqay - aqwi (9™ (@(t))) + g(H)wa (™ (1)),
Fixingty,...,t,_1, settingt,, = s,, integrating frony,, to oo, yields

D1D2 cee Dn_lZ(t)
P 1(2(1))

an(tn)
< / flar(ty), .oy an 1 (tn1), s)wi(e N ar(t), - s an1(tn1), 80))addy - - - al,_1ds,
0

ln
+ / g(tla oy tn, Sn)WZ(SD_l(tla s tn, Sn))dsn-
0
Deductively

DIZ( )
¢ 1(=(t)

OéQ(tQ) Oén(tn)
< / / flar(ty),s2, ..., sp)wi(p Hay(ty), so, ..., 80))ads, . . . dsy
0 0

to tn
+/ / g(tl,Sgy---,Sn)wQ(SO_l(thSQw--;Sn))dsn-"dSQ'
0 0

Fixing t,, ..., t,, settingt; = s, integrating from0 to ¢, with respect tos; yields

(3.51)

(3.52) Q(=(t /‘ £t s (o~ (2(5)

+ [ ouate eonas, rery.

From Theorem 318, we obtain

() ¢
Gt <G1(Q(c)) +/6 f(s)ds+/69(s)ds>] ,

using [3.47), we get the inequalify (3]44).
If ¢ = 0 we carry out the above procedure with- 0 instead ot and subsequently let— 0.

(i) whenw; (u) < wq(u).
The proof can be completed with suitable changes. O

z(t) < Q7!

J. Inequal. Pure and Appl. Math?(3) Art. 111, 2006 http://jipam.vu.edu.au/
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4. SOME APPLICATIONS

Example 4.1. Consider the integral equation:

4.1) wP(ti,... 1)

()
= ft1,...,tn) + [ K(s1y-+,80)9(81, -+, Snyu(S1, ..., 8p))dsq ... dsp,
0

wheref, K : R} — R, g : R x R — R are continuous functions and> 0 andp # lis
constanty;(t) € C'(R,,R,) is nondecreasing with;(t) < t; onR, (i = 1,...,n). In [8]
B.G. Pachpatte studied the problem when) = ¢, n = 1. Here we assume that every solution
under discussion exists on an interi&l. We suppose that the functiofisK’, g in (4.1) satisfy
the following conditions
4.2) |f(tr, .. )| <, |K(t1,...,t,)| < ¢,

lg(t1, ... ta,w)| < r(ty, ... to)|ul?+ h(ty, ... t,)|ul,
wherec,, cp, are nonnegative constants, gnd ¢ > 0, andr : R} — R, h: R} — R, are
continuous functions. From (4.1) and usipg [4.2), we get

a(t)
4.3)  JuP(ty,... tn)| < cl—l—[ [car (81, -+ -y Sp)|ul? 4+ cah(s1, ..., sn)|uldsy ... ds,.
0

Now an application of Corollatfy 3.10 yields

( p—1

_1 ~ D -
(Cil v) 4 02(1%1) fao‘(t) h(s)ds . .. dsn) ’ exp [% faa(t) r(s)ds; .. .dsn]
when p =g,
lu(t)| < - 1
(1-3) | ep-1) @ P a—q) (@ o
[(cl P4 % fs “ h(s)ds; ... dsn> + % s O (s)ds, ... dsn]
when p > gq.

\

If the integrals ofr(s), h(s) are bounded, then we can have the bound of the solutionof
(4.7). Similarly, we can obtain many other kinds of estimates.

Example 4.2. Consider the partial delay differential equation:

@.4 D) — (oo, e~ )y — haly)
(4.5) uP(x,0) = a1 (x) uP(0,y) = az(y)
(4.6) a1(0) = a2(0) =0, a1 () + az(y)| < ¢,

wheref € C(R, x R, x R R), a; € C'(R,R), ay € C*(R,,R), c andp are nonnegative
constantsh; € C'(R,,R,), hy € C'(R,R,), such that

x — hy(r) >0, y —ha(y) >0,
hy(z) <1, hy(y) < 1.

Suppose that
(4.7) |z, y,u,v)| < alz, y)|v]* + b(z,y)|v],

J. Inequal. Pure and Appl. Math?(3) Art. 111, 2006 http://jipam.vu.edu.au/
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wherea,b € C(Ry x R, R) and let

1 1
(4.8) Mi=max sy M= maxgTo s

If u(x,y) is any solution of[(414) 4 (4]7), then

@) if p = q, we have

(4.9) |u(z,y)| < (c =) ]\41]\42—_1/(;51 /¢1 (o, T d0d7>

M, M- $1(z)  ré1(y)
Xexp[ ! 2/ / a(o, T)dodr
0 0

p—aq
p—1

(i) if p > ¢, we have

M:Mo(p — 1 #1(z)  por(y)
(4.10) |u(z,y)| < A=) 4 &/ / b(o, T)dodr
p 0 0
1

M1M2(p /¢1(1‘ /¢1 (o, 7)dodT o .
p
)=

Inwhich ¢, (z) =2 — hi(x), x € R}, ¢2(y) =y — ha(y), y € R} and

b(0,7) = b(o + ha(s), 7+ ha(t)),@(0,7) = a(o + hu(s), 7 + ha(t)),

foro,s,7,t € R
In fact, if u(z, y) is a solution of[(4.4) - (4]7), then it satisfies the equivalent integral
equation:

(4.11) [u(z,y)]’ = a1(z) + a2(y / / f(s,t,u(s, t),u(s — hi(s), t — ho(t)))dtds.

forz,y € (R x R}, R).
Using (4.5),[(4.J7) in[(4.71) and making the change of variables, we have

¢1 $1(y) ~
(4.12)  Ju(x,y)|P < c+ MM, / / a(o, 7)|u(o,7)|? + b(o, 7)|u(o, 7)|dodr.
0 0

Now a suitable application of the inequality in Corollary 3.10/to (#.12) yi¢lds (4.9) and
@.10).
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