journal of inequalities in pure and N‘
applied mathematics

http://jipam.vu-edu-au
issn: 1443-575b

Volume 8 (2007), Issue 2, Article 58, 4 pp. © 2007 Victoria University. All rights reserved.

NOTE ON AN OPEN PROBLEM

LAZHAR BOUGOFFA

AL-IMAM MUHAMMAD IBN SAUD ISLAMIC UNIVERSITY
FACULTY OF SCIENCE, DEPARTMENT OFMATHEMATICS
P.O.Box 84880, RyaDH 11681, 3.WbDI ARABIA

bougotta@hotmail.com

Received 17 December, 2006; accepted 1 April, 2007
Communicated by P.S. Bullen

ABSTRACT. The aim of this short note is to establish an integral inequality and its reverse which
give an affirmative answer to an open problem posed by QUOC ANH NGO, DU DUC THANG,
TRANT TAT DAT, and DANG ANH TUAN, in the paperotes on an integral inequality.

Ineq. Pure and Appl. Math., 7(4)(2006), Art. 120.]
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1. INTRODUCTION

Very recently, in the paper|[1] the authors studied some integral inequalities and proposed the
following open problem:

Problem 1.1. Letf be a continuous function df, 1] satisfying

(1.2) /1 ft)dt > /1tdt, Vo € [0, 1].
Under what conditions doesxthe inequalitg;

(1.2) / 1 o (x)da > / 1 z® fP(z)da
hold for o and3? : 0

This type of integral inequality is a complement, variant and continuation of Qi’'s inequal-
ity [2]. Before giving an affirmative answer to Probl¢m]1.1 and its reverse, we establish the
following essential lemma:

Lemma 1.1. Let f(z) be nonnegative function, continuous|anb] and differentiable oria, b).
If [° f(t)dt < [°(t — a)dt, Y € [a,b], then

(1.3) flz) <z—a.
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If [* f(t)dt > [°(t — a)dt, Y € [a,b], then
(1.4) flz)>x—a.
Proof. In order to prove[(1]3), set

b
G(:E):/ [f(t) = (t —a)|ldt <0, Vzx€&la,b,

we have

G(z)=z—a— f(z), Vzcla,b]

We shall give an indirect proof, we suppogér) > = — a, thenG' (r) < 0, G(x) decreases,
andG(z) > 0, because of7(b) = 0. This contradiction establishds (IL.3).

The proof of [1.4) is the same as the proof[of [1.3). O

Now, our results can be stated as follows:

2. MAIN RESULTS

Theorem 2.1. Let f(z) be a nonnegative function, continuous [enb] and differentiable on
(a,b), and leta and 5 be positive numbers.

If [° f(t)dt < [*(t — a)dt, Yz € [a,b], then

b b
(2.1) [ @< (@ o
If [° f(t)dt > [*(t — a)dt, Yz € [a,b], then

b b
(2.2) [ ez [
Proof. Set

F(x) = /x [foT2(t) — (t —a)* fP(t)dt] ,  Vz € [a,b].

We can see that

F'(z) = [**(2) — (x — a)* [’ (x),

so that

Fl(z) = [f*(z) = (x — a)*] f°().

/bf(t)dt < /b(t —a)dt, Vx € |a,b),

and from [(1.B) of Lemma 1]1, we havé(z) < (z — a), so thatf*(z) < (z — a)*. Thus
F'(z) < 0,andF(x) is decreasing ofu, b]. SinceF(a) = 0, we haveF(z) < 0, Vz € [a,b],
which gives the inequality (2.1).

When

/f dt>/ (t —a)dt, Vz € la,b,
we have from[(1J4Y*(z) > (x — a)*, and the rest of the proof is the same as that of (2.1).
Remark 2.2. If f(z) = 0or f(z) = z — a, the equality in[(2]L) holds.

Now we establish new integral inequalities similar[to {(2.1) (2.2) involuimgnctions:

fl(iﬂ), 2':1,...,71
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Theorem 2.3. Let f;(x), « = 1,2,...,n be nonnegative functions, continuous [enb] and
differentiable on(a, b), and leta;, 5;, i = 1,...,n be positive numbers.
If

/b fit)dt < /b(t —a)dt, Vzx € [a,b],

then
b n
(2.3) / H FotPi () de < / (@ —a)= = T f7 (2)dz
@ a i=1
If
b b
/fz‘(t)dtZ/(t—a)dt, Vz € [a,b),
then : :

(2.4) / Hf‘““’z )dz > / (¢ ) T] £ )

=1

Proof. As in proof of (2.]) and[(2]2), we let

/[Hfaz+ﬁz (t - a) ZlaZHfﬂz ]

thus

[Hff“ (2 — a)== Hfﬁ’

/xb fi(t)dt < /:(t —a)dt <reS|O. :fi(t)dt > /:(t - a)dt> , Vz € la,b,

using Lemma 1)1, we have
fz(:r)gx—a (reSp_fi(x)zx—a), i:1727"'7n7

when

and
fit@) < (x —a)*  (resp.f(z) = (x —a)™), i=1,2,....n,

H fii(zr) < (z — a)ZLai (resp H fii(z) > (z — a)z?—m”) .
The rest of the proof is the same as in Theofem 2.1, and we [onit (2.3) and (2.4). O

In order to illustrate a possible practical use of this result, we shall give in the following a
simple example in which we can apply Theorjem 2.1.

thus

Example 2.1.Fora=p3=1:

i) Let f(t) = cost+ton|0, 5], we see that all the conditions of Theorpm| 2.1 are fulfilled.
Indeed,

s 1 )
/2 (COSt+t)dt:1—sinx+§(%—ﬁ)

™

z/;tdt %(Z—ﬁ), V:L‘E[O,g],
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and straightforward computation yields

s
57w

3
2
v a)Yde=T4T o
/O(cosx x)" dz T

3
>/ x(cosx + x) dx
0

™ 7T3

=24+ 1
SR

/0’2’ A (z)dz > /og xf(z)dx.

i) Let f(t) =t — % + cost on [, ], all the conditions of Theorefn 2.1 be satisfied. We
see that

/Wﬁ—g+mw%ﬁ§/wﬁ——%ﬁ Vmegmy

which is equivalent to

That is,

/costdt:—sinxgo, xe[z,w],

and direct computation yields

i T 2 T
- = dr=—+ — —2
/72r (x 2+cosx> €T 4—1—24

That is i i
[f A (x)dx <[r (x— g) f(x)dx.
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