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Some inequalities in normed algebras that provides lower and upper bounds for
the norm on?:1 ajx; are obtained. Applications for estimating the quantities

(1=~ = = [ly="|| ]| and][||y~"[| = % [|=~"|| »]| for invertible elements:, y
in unital normed algebras are also given.
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1. Introduction

In [1], in order to provide a generalisation of a norm inequality fiovectors in a
normed linear space obtained bycBec and Raje in [2], the author obtained the
following result:

Z%
E 05T
i=1

ke{l,...,n

Inequalities in Normed
Z |aj - ak| ”xJ” Algebras

(1.1) max {|ak|
7=1
> +Z|O‘j_ak”|$j”}a
=1 =1
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< min {|ozk|
ke{l,...,n}

Title Page
wherez;, j € {1,...,n} are vectors in the normed linear spdcg, ||-||) over K
while o;, j € {1,...,n} are scalars i (K = C,R). Contents
Foray, = Hw_lkn’ with z;, # 0, k € {1,...,n} the above inequality produces the <« >
following result established by Baric and Rajt in [2]: p R
u Page 3 of 19
(1.2)  max zill = > sl = llxll]
ke{l,...,n} kaH Z ! g ’ Go Back
- X ) Full Screen
=1 " K Close
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equality due to M. Kato et al.3]:

.....

n
<> Ml -
j=1

The other natural choicey, = ||zx||, k € {1,...,n}in (1.1) produces the result

< max {Ilwkll}[

ke{l,...,
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n Contents
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ke{l,...,n} o]

n

+ 3 Ml =l H%H}, «“« >

j=1
S N . : . < >

which in its turn implies another refinement and reverse of the generalised triangle

inequality: Page 4 of 19

!%H%’

2 Go Back
S el = || S Nl
(1.5) (0 <) Full Screen
max ([}
e{Ln Close
n 2 n
< zn: ||z — zn:xj < 2z Il sz_l sl 2 , journal of inequalities
= = e l{fmn {llkll} in pure and applied
""" mathematics
providedzy, # 0,k € {1,...,n}. issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:sever.dragomir@vu.edu.au
http://jipam.vu.edu.au

In[2], the authors have shown that the case 2 in (1.2) produces thdaligranda-
Mercer inequality

H [z =yl + [ll=]l =yl
Izl Tyl max {[|z], [[y[l}

I

e — ol — lllzll - 1ol '
S LI

foranyz,y € X\ {0}.

We notice that Maligranda proved the right inequality3hyhile Mercer proved
the left inequality in §].

We have shown in]]] that the following dual result for two vectors is also valid:

= = el = vl
(1.7) (0<)— -
min ([l o[}~ e (el [T}
O
ol Tl = masc (e, o} min {1}

foranyz,y € X\ {0}.

Motivated by the above results, the aim of the present paper is to establish lower
and upper bounds for the norm E?zl ajr;, wherea;, z;,j € {1,...,n} are el-
ements in a normed algeb(d, ||-||) over the real or complex number field. In
the case wheréA, ||-||) is a unital algebra and, y are invertible, lower and upper
bounds for the quantities

iz = £y ol and |[lly™ ][ = == y]

are provided as well.
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2. Inequalities for n Pairs of Elements

Let (A, ||-||) be a normed algebra over the real or complex numberHeld
Theorem 2.1.1f (aj,z;) € A%, j € {1,...,n}, then

n n
ag <Z (13j> ‘ — Z HCLJ' — CLkH HJJJH} Inequalities in Normed
j=1 j=1

Algebras

(2.1) max {

ke{l,...,n}

n Sever S. Dragomir
< max ay, E T E l(a e vol. 9, iss. 1, art. 5, 2008
ke{l,...,n} -
Jj=1
zn: Title Page
S CL]'[B]'
j=1 Contents

-----

. B < >
§k€?111n }{ ay (Z@) +Z|| F— ag :BJ||}
=1

< >
- Page 6 of 19
. age 6 0
< Jnin { a (Z ) 3l al ||asj||} .
o j=1 j=1 Go Back
Proof. Observe that for ang € {1,...,n} we have Full Screen
Close

Z%fak (Zx])+z )

Taking the norm and utilising the triangle inequality and the normed algebra proper-
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ties, we have

n
> e <
j=1
<
<

foranyk € {1,...
Observing that

7j=1

+ZH ax) ;|

+ Z lla; — axl {1z
j=1

,n} , which implies the second part ii.().

Zaj:vj = qg (Z@) —Zl ap — a;) T,

and utilising the continuity of the norm, we have

v

Y]

()

(Zxa) > (-

7=1
n

> (a—ay)

j=1

n
= @k —ay) ]|
j=1
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(%)

n
' = > llax = ajll 1z
j=1

foranyk € {1,...,n}, which implies the first part in4 1). O
Remarkl. If there exists > 0 sothaflla; — ax|| < r |lax|| foranyj, k € {1,...,n},
then, by the second part di.()), we have

(2.2) ]Zlaﬂj < emin | llaxl} [ 2. + rjzl H%II] :

Corollary 2.2. If z; € A, j € {1,...

(2.3) max {

ke{l,...,n}

n
<  min Tk E x;
ke{l,...n} -
J=1
n
< min Ty E x;
ke{l,...n} —1
]:

Corollary 2.3. Assume that! is a unital normed algebra. If; € A are invertible

,n},then

(Z %) || Z [l — | H%’H}
< )

n

2
Z%‘

J=1

—zu - xju}

+zu o as]u}

+Z |z — x| ||$j||}-
j=1
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foranyj € {1,...,n}, then

(2.4) o[l [ZHIJH— ]
<3 el - |3
< o] [z ol -

.....

] |

Proof. If 1 € A is the unity, then on choosing, = kalH 1in (2.1) we get

@9 k;{%axn}{!!w?H 2 —Z\Ilzﬂ\—Hw,;lmnxju}

-----

—1
j H%

<k€?111nn}{ ’mle ij +Z‘Hx 1”_ \fﬂ121||\||xg||}

Now, assumethat?lnn {l|lz:*]|} = [|='|| - Then

,,,,,

Z% + Z 257 = Nl 1]l

‘Iko
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— e (zuxm

Utilising the second inequality ir?(5), we deduce

n n
o (Z = 50, ) < 3 syl -
=1 =1

and the first inequality inA.4) is proved.
The second part of2(4) can be proved in a similar manner, however, the details
are omitted. n

n
2
j=1

> + 3 a1l
j=1

—1
j H%

Remark2. An equivalent form of £.4) is:

>y Nl | sl = HZ? |5t
(2.6) o o
k
ked{1,...,
n Sy Nt sl = HZ? et 2
< il — <
2 Il ] |

which provides both a refinement and a reverse inequality for the generalised triangle
inequality.
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3. Inequalities for Two Pairs of Elements

The following particular case of Theoreml is of interest for applications.
Lemma 3.1. If (a,b), (x,y) € A%, then

(3.1) max{lla(z+y)| —l[(b—a)yl,l[b(x+y)l = (- a)zl}
< [laz £ by[| < min {|Ja (z )| + [[(b = a)yll, |[b(x £ y)| + (b — a) z[|}

or, equivalently,
(3.2) %{Ha(:viy)HJrHb(ﬂsiy)!l—[H(b—a)y|l+|l(b—a)wH]}
+%|I|a(xiy>|| — oz £yl + 10— a)yl — (b —a)
laz =+ by
< %{Ha(x £yl + 10 £ I+ 1[0 —a)yll+ (b —a) [}
—%|||a(wiy)|| ozl =1 —a)yl —[[(b—a)z|].
Proof. The inequality 8.1) follows from Theoren?.1forn = 2, a; = a, ay = b,

r1 = x andzy = +y.
Utilising the properties of real numbers,

IN

A

. 1 1
min{a, 8} = S la+ 8~ la - 8], max{a,f}=5la+B+la—pl aBeR;
the inequality 8.1) is clearly equivalent with3.2). O

The following result contains some upper bounds|fier + by|| that are perhaps
more useful for applications.
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Theorem 3.2.1f (a,b), (x,y) € A%, then

(3.3) [laz £ by|| < min{la(z £y)[, |6 (z x|} + [[b — al| max {||z]], [[y[|}
< [lo £yl min {[[a]l, [[6]]} + 1|6 — all max {{|z||, [[y]|}

and

(3.4) lax £by| < ||z £yl max {[la, |} + min {[|(b = a) x|, |(b — a) y[[}
< [l £yl max {{lall , [[6]]} + 16 — af| min {2, f[y]l} -

Proof. Observe thaf(b — a) z|| < ||b — a|| ||=|| and||(b — a) y|| < ||b — a]| ||y||, and
then

(3.5) 1(b—a) [, [[(b — a) yl| < [[b— al| max {[[z]|, [|y[|},
which implies that
min {[ja (z £ y)[| + [(b —a) yl|, [b(z £ y)[| + [|(b — a) | }
< min{[la(z £ y)[|, |6 (z £ y)[[} + b — al max {[[z]], [ly[|}
< [l yllmin {{lal, [0} + {16 — alf max {{l2][, f[y]|} -

Utilising the second inequality ir3(1), we deduceq.3).
Also, sincel|a (z £ y)|| < |lal| [z £ y[ and||b (z £ y)|| < |[bl| = + y||, hence

la(z+y)ll, 1oz £ )| < llz+ y[ max {|la]l, 6]},
which implies that
min {[|a (z £ y)|| + [[(0 — a) yl[ . b (z £ y)|| + [|(b — a) x|}

< [l + gy max {{|all , [|6]]} + min {[|(b — a) ][, [[(b — a) y][}
< [lz £+ ylf max {{lal[, [[6]} + [1b = al| min {[l2][, [[y[},

and the inequalityd.4) is also proved. O
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The following corollary may be more useful for applications.
Corollary 3.3. If (a,b), (z,y) € A%, then

Jall + 1 2] +
i | | R AP T R Ll I R A1
T o —af -

Proof. Follows from Theoren®.2 by adding the last inequality ir8(3) to the last
inequality (3.4) and utilising the property thatin {«, 5} + max{«, 5} = a + £,
a, € R. O

(3.6) lax + by|| < [|z £yl -

The following lower bounds fojfax + by|| can be stated as well:
Theorem 3.4.For any(a, b) and(x,y) € A%, we have:

3.7) max {[[jaz(| = llay[l[ , [[bx]] = l[byll[} =116 — all max {{l=]|, ly]l}

< max {[la (z £ y)[, [|b(z £ )} — b — alf max {|[z[], ly[l}
< [laz + by||

and

(3.8) min {[[Jaz|| = llayll[, [[|bx[| = [oy[l[} — {16 — al| min {{lz[] [ly[}

< min {[[Jaz|| — [Jay|l], [[[bz]| — [byl[[} — min {[|(b — a) 2|, (b — a) y[|}
< |laz £ by| .

Proof. Observe that, by3.5) we have that

max {[|a (z £ y)[| = [|(b = a)yll, [|b(z £ )| = [[(b—a) x|}
> max {||az £ ay|, [|bx + by[|} — [|b — af| max {[|=[, [|y[}
> max {|[laz|| = {lay|[| , [[b=[] = [Ibyl[[} = [[b = al max {|[=[], [ly[|}
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and on utilising the first inequality ir8(1), the inequality £.7) is proved.
Observe also that, since

la (£ y)ll, [1b(x+ )| = min {[[Jaz]] = layll], [[[b=]] = loy]l[},

then

max {[|la (z £ y)[| = [|(b = a) yll, [Ib(z £ y)| = [|(b—a) [}
> min {[jaz|| = [lay]||, [[|bz]| = |[by[l[} = min {[|(b = a) =[], |(b — a) ][}
> min {|||az|| — llayll|, [[[bx[] = 1y} — b — al| min {[l=]|, fly]]}

Then, by the first inequality in3(1), we deduce{.9). O
Corollary 3.5. For any(a,b), (z,y) € A%, we have

1 z| + ||y
39) 5 - lax] — eyl + ] — [oull ]~ 16— all - I < oy sy

The proof follows from Theoren3.4 by adding 8.7) to (3.8). The details are
omitted.
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4. Applications for Two Invertible Elements

In this section we assume thdtis a unital algebra with the unity. The following
results provide some upper bounds for the quaniity *|| = & ||y || || , wherez
andy are invertible inA.

Proposition 4.1. If (z,y) € A? are invertible, then

SONIEaEES N V]
< |lz £ y| min {||z~*

y = 113+l =y e {2l Dyl

)

and

4.2) |ll="" ==y~ vl

<l £ yllmax o=l 13 + [l =l | min L] flyll}
Proof. Follows by Theoren®.2on choosing: = ||z} - 1andb = ||y~ - 1. O
Corollary 4.2. With the above assumption ferandy, we have

@3) |l = = vl wll

==+ My~
2

Lower bounds fot|||z || = & ||y~ y|| are provided below:

2]+ llyll

<zl N [ [

Proposition 4.3. If (z,y) € A? are invertible, then

@.4) oyl max [ [lyH [} = [l =y [ max {2l yil}
< |[ll="H == v~ o]
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and

(4.5) |z +y| min {||z~"

y = I3 = [l = ™ I min g1l Jlyil}
Sl Ea EES 7 VIR

9

Proof. The first inequality in 4.4) follows from the second inequality ir8(7) on
choosingz = ||z~ || - 1andb = ||y - 1.
We know from the proof of Theorem 4 that

(4.6)  max{lla(z+y)ll - [[(6—a)yl, o +y)l-I[I(b—a)z|}
< |lax £ by|| .
If in this inequality we choose = ||z~ !|| - 1 andb = ||y || - 1, then we get
Wz = [y~ | ]
> masc{ [Jo™![| o £ g1l = [[la= | = ||| I1v]
= e == = = = ™ e }
> |l £yl min |27, [y} = [[Ja7H ] = [y~ || min {ll]l Iy ]}

and the inequality4.5) is obtained. O

9

Corollary 4.4. If (z,y) € A? are invertible, then
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Remark3. We observe that the inequalities ) and ¢.7) are in fact equivalent with:

=0+ lly ="l
2

@8) lll=" ==y~ 9]l =z £yl -

Sy ey el
<l =l =

Now we consider the dual expansipjty ' || = & ||= || y||, for which the follow-
ing upper bounds can be stated.

Proposition 4.5. If (z,y) are invertible inA, then

@.9) lly™" == [l="" 4]
< ||z £ y| min { ||z~

I

y I e =y mas {Jl 0] flyll}

and

4.10) [lfly |z = [l=7"] 4]
< ||z £ y|| max {||z~"

™ 1 Tl 1= ™[ min £l gl

In particular,

@.18) [lfly™ |z =l |l

The proof follows from Theorerfi.2on choosing: = ||y !||-1 andb = ||z ~||-1.
The lower bounds for the quantityiy || = & ||=~|| y|| are incorporated in:
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Proposition 4.6. If (z,y) are invertible inA, then

(4.12) o £ yllmasx {{laH ] g1} = e 1 =y~ 1] masc {llll, lyll}
< Myl fl=={l ]

and

(4.13) ||z £ y|| min {[[z"

y = I3 = [l = ™ 1 min {111 Tyl
SIEES Ea VIR

9

In particular,

“1| 4 [ly~2 - B n
4.14) ||z +y|- [Ecad ; ly~]| . |Hx 1H . Hy 1H| |z ; [yl

< g™ = £ [l {| ]l

Remarkd. We observe that the inequalities { 1) and ¢.14) are equivalent with

_ _ ||yt

@15) ([l o]~ o 1 - ]
- . el £ Dyl
<l =l .

2
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