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ABSTRACT. By means of a certain extended derivative operator of Ruscheweyh type, the
authors introduce and investigate two new subclasseg-y@lently analytic functions of
complex order. The various results obtained here for each of these function classes include
coefficient inequalities and the consequent inclusion relationships involving the neighborhoods
of thep-valently analytic functions.
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1. INTRODUCTION, DEFINITIONS AND PRELIMINARIES

Let.A4,(n) denote the class of functiorf$z) normalized by

o0

(1.2) f(z)=2P — Z a2 (a2 0; n,pe N:={1,2,3,..}),

k=n+p

which are analytic ang-valent in the open unit disk
U={z:2€C and |z| <1}.
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2 R.K. RAINA AND H.M. SRIVASTAVA

The Hadamard product (or convolution) of the functipre A,(n) given by [1.1) and the
functiong € A,(n) given by

o0

(1.2) g(z) = 2" — Z bp2*  (by = 0; n,p € N)

k=n+p
is defined (as usual) by

(1.3) (fxg)(z) =2+ Z ap by 2F =1 (g * £)(2).

k=n+p
We introduce here an extended linear derivative operator of Ruscheweyh type:
DM A, — A, (A, == A,(1)),
which is defined by the following convolution:
P

In terms of the binomial coefficients, we can rewrjte [1.4) as follows:

(1.4) DM f(z) =

N ) (5 Dt 0> -mre .

In particular, whem\ = n (n € N), it is easily observed fronj (1.4) ar{d (IL.5) that
2P (z”‘pf(z)) )

(1.6) D"Pf(z) = o (neNy:=NU{0}; peN),
so that

(1.7) D'?f(z) = (1 = p)f(2) +2f'(2),

18) Do f(a) = LD ) 1o pep(e) 4 e,
and so on.

By using the operator
D*f(z) (A\>-p;p€eN)
given by ), we now introduce a new subcla#s,, (), b) of the p-valently analytic function
classA,(n), which includes functiong(z) satisfying the following inequality:

1 [ 2(Drf) " _m>
b( (Dk’pf(Z))(m) (p )

(2z€U; peN; meNy; Ae€R; p>max(m,—\); be C\{0}).
Next, following the earlier investigations by Goodman [3], Ruscheweyh [5] and Altattas

al. [2] (see alsol[1],[4] and |6]), we define the, )-neighborhood of a functiofi(z) € A, (p)
by (see, for details| [2, p. 1668])

(1.10) N,s(f) = {ge A,(n) :g(z) = 2P — i by, 2F and i klag — by| < (5}.

k=n+p k=n-+p

(1.9) <1

It follows from (1.10) that, if
(1.11) h(z) =2 (peN),
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then

o0

(1.12) A&j“ﬁ—-{gey&xn)qﬂz)—zp— > b2 oand ) ku%|§5}.

k=n+p k=n+p

Finally, we denote byC? (), b; 1) the subclass afl, (n) consisting of functiong'(z) which
satisfy the inequality[ (1.13) below:

AP £(y (m) 1
: (pu ) (ZLE) T 0rep) ™ - - m>)

z

(1.13) <p-m

(z€U; peN; meNyg; AeR; p>max(m,—N); p=0; be C\{0}).

The object of the present paper is to investigate the various properties and characteristics of
analyticp-valent functions belonging to the subclasses

H,(AB) and L2, (0 b: ),

which we have introduced here. Apart from deriving a set of coefficient bounds for each
of these function classes, we establish several inclusion relationships involving,the
neighborhoods of analytjevalent functions (with negativend missing coefficients) belonging
to these subclasses.

Our definitions of the function classes

H2,.(\B) and L2, (b )

are motivated essentially by two earlier investigations [1] and [4], in each of which further
details and references to other closely-related subclasses can be found. In particular, in our
definition of the function clasg?, (A, b; i) involving the inequalityB), we have relaxed

the parametric constrait < p < 1, which was imposed earlier by Murugusundaramoorthy
and Srivastava [4, p. 3, Equation (1.14)] (see also Refrjark 3 below).

2. A SET OF COEFFICIENT BOUNDS

In this section, we prove the following results which yield the coefficient inequalities for
functions in the subclasses

He,(A0) and L2, (A bip).
Theorem 1. Let () € A,(n) be given by[L.T)). Thenf(z) € H% (X, b) if and only if

oo

1) > (V) - paczi(2)

k=n+p

Proof. Let a functionf(z) of the form ) belong to the clag¢, (A, b). Then, in view of
(I5), (1.9) yields the following inequality:

. (z:ow CL) ()= R
()~ S (I ()7

Puttingz = r (0 < r < 1) in (2.2), we observe that the expression in the denominator on the
left-hand side of{(2]2) is positive for = 0 and also for all- (0 < r < 1). Thus, by letting
r — 1— throughreal values, [(2.R) leads us to the desired asserfion (2.1) of Thedrem 1.

(2.2)

>>—m (z € U).
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Conversely, by applying (2.1) and settixg = 1, we find by using[(1]5) that
5 (D)“pf(z))(mﬂ)
(DA f(z))™

—(p—m)

it (i) () 0= R)
COE D D G i [ )
< |b| [(72;) - Zookn+p>\(+ll:_f )]Em)ak] _ |b|

(TZI)’L) - Zk:nﬂ? ( k—p )(m) g

Hence, by the maximum modulus principle, we infer tfigt) € H% (A, b), which completes
the proof of Theorer]1. O

Remark 1. In the special case when
(2.3) m=0,p=1, and b=py (0<B=1 yeC\{0}),

Theorenil] corresponds to a result given earlier by Murugusundaramoorthy and Srivastava [4,
p. 3, Lemma 1].

By using the same arguments as in the proof of Thedqrem 1, we can establish Théorem 2
below.

Theorem 2. Let f(z2) € A,(n) be given by[L.1). Thenf(z) € L% (A, b; p) if and only if
N A+ E-1\ (k-1 lb] — 1 p
_ < (p_

(2.4) Z( e )<m>[,u(/€ D+1]ar = (p m)[ p— +(m .

k=n+p
Remark 2. Making use of the same parametric substitutions as mentioned abd@e3jjin
Theorem[J yields another known result due to Murugusundaramoorthy and Srivastava
[4, p. 4, Lemma 2].

3. INCLUSION RELATIONSHIPS INVOLVING (n,d)-NEIGHBORHOODS

In this section, we establish several inclusion relationships for the function classes
HE,,(\b) and L2 (b )

involving the(n, §)-neighborhood defined bl (1]12).
Theorem 3. If

(n+p) o] (7)

(3.1) T (et ) (p>10]),
then
(3.2) HP (A, D) C Nys(h).

Proof. Let f(z) € H% (A, b). Then, in view of the assertiop (2.1) of Theorgjn 1, we have

33) o (TN () S ez (1),

k=n+p
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This yields

- 91 ()
(34) Qe § ;Ln — o .
D I
Applying the assertiorj (2.1) of Theorérn 1 again, in conjunction Witf (3.4), we obtain
()\+n+p— 1) <n+p> =
Z k‘ak
n m
k=n-+p
P An+p—1\/n+p\ —
< _
<o (2)+o-m (T (M )Z

<o (2) e w-mn (TN

o1 (1)

C(n o+ bl (YFED) (1)

n m

“0(0) )

Hence
N bl (n +p) (3)
(3.5) ka, < T =40 (p>|b),
2 RS G e )
which, by virtue of (1.1R), establishes the inclusion relatjon|(3.2) of Thepfem 3. O

In an analogous manner, by applying the asserfion (2.4) of Theégrem 2 instead of the assertion
) of Theorem|L to functions in the clasg,, (A, b; 1), we can prove the following inclusion
relationship.

Theorem 4. If

(= m)n+p) L+ ()]
[ (n+p—1) + 1 () (0F)

m

(3.6) 5= (1> 1),
then

Eﬁ,m(/\7 ba N) - Nn,cs(h)
Remark 3. Applying the parametric substitutions listed[in (2.3), Theorgms 3 and 4 would yield
the known results due to Murugusundaramoorthy and Srivastava [4, p. 4, Theorem 1; p. 5,
Theorem 2]. Incidentally, just as we indicated in Secfiipn 2 above, the conglitior is needed
in the proof of one of these known results [4, p. 5, Theorem 2]. This implies that the constraint

0 < pu < 1in[4, p. 3, Equation (1.14)] should be replaced by the less stringent constraint
w2 0.

4., FURTHER NEIGHBORHOOD PROPERTIES

In this last section, we determine the neighborhood properties for each of the following
(slightly modified) function classes:

Hym(A ) and L35, (A, b; ).
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Here the clas$? (

m

A, b) consists of functiong’(z) € A,(n) for which there exists another
(A b

functiong(z) € H?% (A, b) such that
(4.1) f(z)—1‘<p—a (zeU; 0 a<p).
9(2)

Analogously, the clasg?: (X, b; i) consists of functiong(z) € A,(n) for which there exists
another functiony(z) € Lf (), b; p) satisfying the inequality (411).
The proofs of the following results involving the neighborhood properties for the classes
HEo (A b) and LS (A, b p)

n,m ,m

are similar to those given inl[1] and [4]. We, therefore, skip their proofs here.
Theorem 5. Letg(z) € HY (A, b). Suppose also that
5<n+ |b|> ()\+n+p71) (n+p)

(4.2) a=p— n m )
(ntp) [0+ o) (M) () = el ()]

Then

(4.3) Noslg) © HESL (M)

Theorem 6. Letg(z) € £P | (), b; ). Suppose also that
5 [/jJ (n +p— 1) + 1} ()\—&-n:;p—l) (n-l—p—l)

4.4) a=p-— o .
(n+0) [l +p =1 +1 () (M2 = o —m) {2+ (2) ]

Then

(4.5) Nus(g) C Lo (A, b; ).
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