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Abstract

By means of a certain extended derivative operator of Ruscheweyh type, the
authors introduce and investigate two new subclasses of p-valently analytic
functions of complex order. The various results obtained here for each of these
function classes include coefficient inequalities and the consequent inclusion
relationships involving the neighborhoods of the p-valently analytic functions.

2000 Mathematics Subject Classification: Primary 30C45.
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Let.4,(n) denote the class of functiorf§z) normalized by

(1.2) f(z)=2P — Z a2 (ax 20; n,p e N:={1,2,3,..}),

which are analytic ang-valent in the open unit disk

U={z:2eC and |z] <1}.

Inclusion and Neighborhood

i . i Properties of Some Analytic
The Hadamard product (or convolution) of the functjps .A,(n) given by and Multivalent Functions

(1.2) and the functiory € A, (n) given by

R.K. Raina and H.M. Srivastava

o0

— P _ k > ().
k=n+p
is defined (as usual) by Contents
00 <44 44
(1.3) (f*9)(2) =2+ Y awbp 2 =: (g% [)(=). < >
k=n+p
. . o Go Back
We introduce here an extended linear derivative operator of Ruscheweyh
t . Close
ype:
DM A, — A, (A, = A1), Quit
which is defined by the following convolution: Page 3 of 15
P
(14) ,D)\7pf<z> = * f(Z) ()\ > _pﬂ f € Ap) . J. Ineq. Pure and Appl. Math. 7(1) Art. 5, 2006
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In terms of the binomial coefficients, we can rewrited] as follows:

= A+k—1
(1.5) DMvgy:f—-Ej( ey

k=1+p

)akzk (A>—p; feA,).

In particular, whem\ = n (n € N), it is easily observed froml(4) and (L.5)
that

2 ("7 f(2)"

(1.6) D"Pf(z) = (n e Ng:=NU{0}; peN),

n!
so that
) D S(z) = (1= p) () +2(2),
a8 s = CCI ) o)+ D),

and so on.
By using the operator

DMf(z) (A>—p; peN)

given by (L.5), we now introduce a new subcla®g , (A, b) of the p-valently
analytic function classi,(n), which includes functiong(z) satisfying the fol-

lowing inequality:
P (m+1)
1 ( z(DA f(z)) (- m)>

1
b (’D)\,pf(z)) (m) <

(1.9)
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(z€U; peN; meNy; A€ R; p>max(m,—\); be C\{0}).

Next, following the earlier investigations by Goodmati, [Ruscheweyhi]
and Altintaget al. [ 7] (see also]], [4] and [5]), we define thén, §)-neighborhood
of a functionf(z) € A, (p) by (see, for details, ], p. 1668])

[e.e]

(1.10) N,s(f) == {g € A,(n) 1 g(z) = 2P — Z b, 2¥ and

k=n+p
> k|ak—bkl§(5}.

k=n-+p

It follows from (1.10) that, if
(1.11)

then

(1.12) N,s(h) = {g € A,(n) : g(z) = 2P — Z by 2 and

imbkyga}.

k=n-+p

Finally, we denote by’? (A, b; 1) the subclass aofl, (n) consisting of func-
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tions f(z) which satisfy the inequalityl(13 below:

% (p(l — 1) (%)(m)

1 (D) = (p—m)) | <p—m
(z€U; peN; meNyg; AeR; p>max(m,—A); p=0; be C\{0}).

(1.13)

The object of the present paper is to investigate the various properties and Inclusion and Neighborhood

L. . . . P ti fS Analyti
characteristics of analytie-valent functions belonging to the subclasses e Multvalont Fumetons.

’)—(%m()\’ b) and £§l’m()\7 b; M)7 R.K. Raina and H.M. Srivastava

which we have introduced here. Apart from deriving a set of coefficient bounds

for each of these function classes, we establish several inclusion relationships
involving the(n, §)-neighborhoods of analytjevalent functions (with negative Contents
and missing coefficients) belonging to these subclasses.

Title Page

o : <44 44
Our definitions of the function classes
< >
P p .

HE (A b) and L (A b; ) Go Back
are motivated essentially by two earlier investigationjsgnd [/], in each of Close
which further details and references to other closely-related subclasses can be _
found. In particular, in our definition of the function clas, (A, b; 1) involv- Quit
ing the inequality {.13), we have relaxed the parametric constraint ;, < 1, Page 6 of 15
which was imposed earlier by Murugusundaramoorthy and Srivasiaya B,
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In this section, we prove the following results which yield the coefficient in-
equalities for functions in the subclasses

H2,.(\B) and L2, (\b: ).

Theorem 1. Let f(z) € A,(n) be given by(1.1). Thenf(z) € H: (A, b) if
and only if

en > (TN (B wrm-mazi (7).

k=n+p

Proof. Let a function f(z) of the form (L.1) belong to the clas${? (), b).
Then, in view of (L.5), (1.9) yields the following inequality:

Sy (i) () 0 — R)*7

CORD ) [ E

Puttingz = r (0 < r < 1) in (2.2), we observe that the expression in the
denominator on the left-hand side Gf %) is positive forr = 0 and also for all
r (0 < r < 1). Thus, by letting- — 1— throughreal values, £.2) leads us to
the desired assertiog.() of Theoreml.

Conversely, by applying?(1) and settingz| = 1, we find by using {.5) that

(2.2) %( >>—w (z€U).

p (D)\,pf(z)) (m+1)
(DM f(2))"™

—@—mw
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Yoty (i) () (0 = B)2A
()2 = 3y, (R () 2
l ) - iy ( ) §m>ak} u

() = Xk (55, ) () aw

Hence, by the maximum modulus principle, we infer tifigt) € H?. (A, b),
which completes the proof of Theorem O

Inclusion and Neighborhood
Properties of Some Analytic

Remark 1. In the special case when e Multivalont Functions

(2.3) m=0,p=1, and b=y (0 <pB<1; ~veC \ {0}) , R.K. Raina and H.M. Srivastava
Theoreml corresponds to a result given earlier by Murugusundaramoorthy and Sy —
Srivastava {, p. 3, Lemma 1].
Contents
By using the same arguments as in the proof of Thedramwe can establish
Theorem2 below. « dd
Theorem 2. Let f(z) € A,(n) be given by(1.1). Thenf(z) € L (X, b; p) if ¢ >
and only if Go Back
Close
= (A+Ek—1\ (k-1 _
(2.4) Z k—p m [ (k= 1) + 1] a Quit
ke |b| 1 Page 8 of 15
<o-m P2 (1)
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Remark 2. Making use of the same parametric substitutions as mentioned
above in(2.3), Theorem2 yields another known result due to Murugusun-
daramoorthy and Srivastava[p. 4, Lemma 2].
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In this section, we establish several inclusion relationships for the function
classes
Hym(Ab) and L7 (A, b; )

involving the(n, §)-neighborhood defined byL (12).

Theorem 3. If

(n+p) [0l (7)

then
(3.2) Hﬁ,m(% b) C Nus(h).

Proof. Let f(z) € HE (A, b). Then, in view of the assertio (1) of Theorem
1, we have

63w (T () S wz (D).

k=n-+p
This yields
N ol ()
(3.4) ay < e
k;p CT ) (TR (0)

Inclusion and Neighborhood
Properties of Some Analytic
and Multivalent Functions

R.K. Raina and H.M. Srivastava

Title Page
Contents
44 44
| >
Go Back
Close
Quit
Page 10 of 15

J. Ineq. Pure and Appl. Math. 7(1) Art. 5, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:rainark_7@hotmail.com
mailto:
mailto:harimsri@math.uvic.ca
http://jipam.vu.edu.au/

Applying the assertion2( 1) of Theoreml again, in conjunction with3.4), we
obtain

An+p—1\[/n+p) —
) 32 e

k=n+p

<o (D) +o-m (TN () Y w

< b (Z) +(p — []) (A+n:p_1) (n;rbp)

. bl ()
(n+1b1) () ()

n m

-1 () (i)

ZOO bl (n +p) (7)
3.5 ka < Ee =0 b ’

n m

Hence

k=n+p

which, by virtue of (.12, establishes the inclusion relatiod.Z) of Theorem
3. O

In an analogous manner, by applying the assertiof) 6f Theoren? instead
of the assertion4.1) of Theoreml to functions in the clasg? , (), b; 1), we
can prove the following inclusion relationship.
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Theorem 4. If

0s  so TmET [+ ()] e
' B e e G G0 N
then

‘sz,m()‘a ba lu) - Nn,é(h)

Remark 3. Applying the parametric substitutions listed iA.§), Theorems3 e e s e
and4 would yield the known results due to Murugusundaramoorthy and Srivas-  Properties of Some Analytic
tava [4, p. 4, Theorem 1; p. 5, Theorem 2]. Incidentally, just as we indicated 2" Mfivalent Functions
in Section2 above, the conditiop > 1 is needed in the proof of one of these R.K. Raina and H.M. Srivastava
known results 4, p. 5, Theorem 2]. This implies that the constrdint p < 1

in [4, p. 3, Equation (1.14)] should be replaced by the less stringent constraint Title Page
w0 Contents
<4< 44
< >
Go Back
Close
Quit
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In this last section, we determine the neighborhood properties for each of the
following (slightly modified) function classes:

Hym(A ) and L35 (X, b; ).

Here the clas$t?, (), b) consists of functiong(z) € A,(n) for which there
exists another function(z) € HZ, (A, b) such that

f(Z) Inclusion and Neighborhood
(4.1) —Z —1ll<p—a (zeU;05a<p). Properties of Some Analytic
g(z) - and Multivalent Functions
Analogously, the clas£?: (A, b; 1) consists of functiongf(z) € A,(n) for R.K. Raina and H.M. Srivastava
which there exists another functigiiz) € L%, (A, b; i) satisfying the inequal-
ity (4.1). - _ _ _ _ Title Page
The proofs of the following results involving the neighborhood properties
for the classes Contents
Hum(A0) and L35 (A, b; ) 4« »»
are similar to those given inJ and [/]. We, therefore, skip their proofs here. < >
Theorem 5. Letg(z) € H?. (A, b). Suppose also that Go Back
R + b An+p—1 n+p cl
(42) a=p-— (TL | D)\( n - ) ( m ) . os-e
(n+p) [(n+ Jol) (M) () = el (2)] Quit
Then Page 13 of 15
(43) Nnﬁ (g) C Hfﬁ%()\, b) . J. Ineq. Pure and Appl. Math. 7(1) Art. 5, 2006

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:rainark_7@hotmail.com
mailto:
mailto:harimsri@math.uvic.ca
http://jipam.vu.edu.au/

Theorem 6. Letg(z) € LF, (A, b; ). Suppose also that

4.4) a=p—

Then

(4.5)

8 [ (n+p—1)+1) (*#) (

rrip-1

Nus(g) C Lh5 (A bs ).

(np) alo+p— D) +1) () (") = (p—-m){ B¢
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