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Abstract

Two subclasses P (%) and P’/ (%) of certain analytic functions having pos-
itive real part in the open unit disk U are introduced. In the present paper,
several properties of the subclass P (=) of analytic functions with real part
greater than *-" are derived. For p(z) € P (%) and ¢ > 0, the §—neighborhood
Ni(p(2)) of p(z) is defined. For P (2=™), P' (=), and Nj(p(z)), we prove that

if p(z) € P' (=), then Ngs(p(z)) C P (%)

2000 Mathematics Subject Classification: Primary 30C45.
Key words: Function with positive real part, subordinate function, §—neighborhood,
convolution (Hadamard product).
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Let 7 be the class of functions of the form
(1.1) p(z) =14 pa",
k=1

which are analytic in the open unit didk = {z € C: |z] < 1}. A function
p(z) € T is said to be in the clasB (=) if it satisfies

a—m

Re{p(z)} > (z€U)

n
forsomem <a<m+n,meNy=0,1,2,3,...,andn e N=1,2,3,....
For anyp(z) € P (¢=2) andé > 0, we define thei—neighborhoodV;(p(z))
of p(z) by

Ns(p(2)) = {Q(z) =1+ @ eT: ) Ip—al < 5}-

The concept of—neighborhoodsV;( f(z)) of analytic functionsf(z) in U with
f(0) = f'(0) — 1 = 0 was firstintroduced by Ruscheweyh’] and was studied
by Fournier [, 6] and by Brown P]. Walker has studied th& —neighborhood

N, (p(2)) of p(z) € Pi(0) [1]. Later, Owa et al. {] extended the result by

Walker.

In this paper, we give some inequalities for the clRs*="). Furthermore,
we define a neighborhood ¢fz) € P’ (2=2) and determiné > 0 so that
Nss(p(z)) C P (4=2), wheref = mtn=c

n n
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Our first result for functiong(z) in P (=) is contained in

Theorem 2.1.Letp(z) € P (2=2). Then, forlz| = r < 1,m < a < m+
n,m € Ngandn € N,

2r a—m
1_r2Re{p(z)— - }

For eachm < a < m + n, the equality is attained at = r for the function

a—m a—m\1l—z 2
p(z) = - +<1— - ) =l——Mn—a+m)z+---

(2.1) 12p'(2)] <

Proof. Let us consider the case pfz) € P(0). Then the functiork(z) defined
by
1—p(z)
k(z) = — 227
=1 +p(2)
is analytic inU and|k(z)| < 1(z € U). Hencek(z) = 2®(z), whered(z) is
analytic inU and|®(z)| < 1 (z € U). For such a functio®(z), we have

(1—[2(=)])

= mz+me’ 4

~—

2.2 P'(z)| < > e U).
(2.2) |[2(2)] < 1= =P) (z€T)
Fromz®(z) = iggg we obtain
(i)
: 1 |1=p() |
’@(Z)l _7”2 1+p(2> )
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0
o 1220 (2) + (1 = p*(2))
YO =G T e |

where|z| = r. Substituting (i) and (ii) into Z.2), and then multiplying by

|1+ p(z)|* we obtain

r2[14p(2)]° = |1 = p(2)|*
1—r2 ’

|22/ (2) + (1 = p*(2))] <
which implies that

2|1+ p(2)* = |1 = p(z)|”
1—1r2 '

Thus, to proveZ.1) (with o = m), it is sufficient to show that

[22p'(2)] < [(1 = p*(2))| +

r2 |1+ p(2)]* — |1 — p(2)|? < 4rRep(z)
1—1r2 - 1—-r2

23) |1-p(2)|+

Now we expressl + p(z)[,

From2®(z) = {744 we obtain that

(i) [1=p(2)]> = [1 = p*(2)|[2®(2)]
and

(V) |1+ p(2)|* |2@(2)| = |1 — Re?(2)|.

1 —p(z)° andRep(z) in terms of |1 — p?(2)|.
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From (iii) and (iv) we have

(v)

“%p@%=ﬂ+pwﬂ”—u—pun%=u—p%@lFﬁgﬁg?Ll

Substituting (iii), (iv), and (v) intoZ.3), and then cancellingl — p?| we obtain

L2l 1 (o)) a(2)
(1= p?(2))| + 1— 2
4Rep(z) + (1 —r?) |1 — p*(2)] (1 - ﬁ)
1—1r2
- 4r Rep(z)
- 1=y

which gives us that the inequality.() holds true whenv = m. Further, con-
sidering the functionu(z) defined by

in the case ofr ## m, we complete the proof of the theorem. H

Remark 1. The result obtained from Theoreiml for n = 1 andm = 0 coin-
cides with the result due to Bernardi]f
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Lemma 2.2. The functionw(z) defined by

_ 1—-L{2a—2m+n)}z

11—z

w(z)
is univalentinU, w(0) = 1, andRew(z) > “== form < a < m+n,m € N,
andn € Nfor U.
Lemma 2.3. Letp(z) € P (2=2). Then the diskz| < r < 1 is mapped by

n

p(z) onto the diskp(z) — n(A)| < £(A), where

n(a) = LA gy = A D

Now, we give general inequalities for the claBg2—").

A_2m+n—2a
1—7r2"7 a n ’

Theorem 2.4. Let the functiorp(z) be in the clas? (<=2, k > 0, andr =
|z| < 1. Then we have
2/ (2)
(2.4) Re {p(Z) ot k}
(a—m) (k+1)+2(2—=m)r 4 ((1— k) —2(2=2)) r?
> +
" (k+1) =2 (1—m)r+ ((1—k) —2(%m)) r2

x Re [p(z) . (O‘ ;m)} .

Proof. With the help of Lemma&.3, we observe that

1+ Ar? r(A+1)
= k— —~.
1—172 1—172

p(2) + k| = |n(A) + k| — £(A)
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Therefore, an application of Theoreirl yields that

SPERECN

zp'(2)
> Rei{p(z)} — | ————
> Re {p(a)) - |,
2r
177.2 a—1m
> Re{p(2)} - 14+ Ar2+k(1—r2)—r(A+1) Re [p(z) - < n )}
1-r2 On Neighborhoods of Analytic
a—m 27"2 a—m Functions having Positive Real
1—r Part
> ( n ) =91 1+ Ar2+k(1—r2)—r(A+1) Re {p(z) o ] )
1—r2 Shigeyoshi Owa, Nigar Yildirim
and Muhammet Kamali
which proves the assertio.d). O
Remark 2. The result obtained from this theorem for= 1, andm = 0 Title Page
coincides with the result by Pashkouleval. .
44 44
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Let the functionsf(z) andg(z) be analytic inU. Then f(z) is said to be sub-
ordinate tog(z), written f(z) < g(z), if there exists an analytic function(z)
in U with w(0) = 0 and|w(z)| < |z| < 1 such thatf(z) = g(w(z)). If g(2) is
univalent inU, then the subordinatiofi(z) < ¢(z) is equivalent tof (0) = ¢(0)
and

f(U) Cc g(U) (cf. [11, p. 36, Lemma 2.1]).

For f(z) andg(z) given by

f(z) = Zakzk and g¢(z Zbkz
k=0
the Hadamard product (or convolution) pfz) andg(z) is defined by
(3.1) (fx9)(2) = apbpz".
k=0

Further, letP’ (¢=) be the subclass @f consisting of functiong(z) defined
by (1.1) which satisfy

(3.2) Re {(zp(2))'} >

for somem < a < m + n,m € Ny, andn € N. It follows from the definitions
of P (2=) andP’ (¢=2) that

(z € U)

m —2a— (2m+n)}z

(3.3) p(z)eP (%) & ple) < ——— (z € 1)
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and that

3.4)  p(z) P’ (O‘ - m)

n

1-1{2a—2m+n)}z

& (20(2) < - zeU)
- (z;(oz()zl))/ . 1— %{Qal—_(QZm +n)}z (zel).

Applying the result by Miller and Mocanw/[ p. 301, Theorem 10] for3(4),
we see thatip(z) € P’ (2=2), then

n

1—-L{2a—2m+n)}z
(3.5) p(z) < -

which implies thatP’ (2=2) c P (2=2). Noting that the function

n

(z € 1),

—2{2a—(2m+n)}z
1—=2
is univalent inU, we have thag(z) € P (=) if and only if

— 1 {2a— (2m +n)}e?

(3.6) q(z) # o (0<0<2m2zel)
or
(3.7) (1—e")q(z) - {1 - % (20 — (2m +n)) eie} #0

(0<0<2mzel).
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Further, using the convolutions, we obtain that
(3.8) (1-— ew) q(z) — {1 1 (2cc — (2m +n)) ew}
n
» 1 1 .
= (1 - ew) (E * q(z)) — {1 - [2a — (2m + n)] ew} *q(2)

- {11__6;9 - {1 - %(204 —(2m + n))e”] } xq(2).

Therefore, if we define the function(z) by

2 — r:— n)ei? { 11_—6,:9 N {1 N %(20‘ —(@m+ n))ew} } ’

thenhy(0) =1 (0 < 6 < 2m). This gives us that

(3.9) ho(z) =

(3.10) ¢(z) € P (O‘ ;m>
311) o % (0= m —n) e {ho(2) # q(=)} £0 (0< 0 < 2m: 2 € U)

(3.12) & ho(z) *xq(z) #0(0 < 8 < 2m; 2z € D).
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In order to derive our main result, we need the following lemmas.

Lemma 4.1.If p(z) € P’ (=) withm < a < m+n;m € No,n € N, then
z(p(2) * hg(z)) is univalent for eaclt (0 < 6 < 27).

Proof. For fixedd (0 < 0 < 27), we have

[2(p(2) * ho(2))]'

J— L L L oa ame e V) )] S
= . —<¢1——=(Q2a—(2m+n))e * p(z
2 —m —mn)e? \ 1—2z n b Part
[ n ; 1 ; / Shigeyoshi Owa, Nigar Yildiri
~ e (- o) - {1- Sea - @n e mpe} )
B /
zn 4 {1-1(2a - (2m + n))e’} _
= (1 — " — L , Title Page
2(a—m — n)e“’( ") (p(z) 1 —e ?
- { } , Contents
(1—¢') n 1—= (2m + n))e?
= . 4« 44
et 2(a¢ —m —n) wp(z) = 1 — et ©
{ ) 2
n 1——20z— (2m +n))e’ 1 — et
- 2(a —m —n) {(zp(z))’ 1 — et } it Go Back
o , L Close
By the definition of P'(="), the range ofzp(z)) for |z| < 1 lies inRe(w) > _
e=m_On the other hand Quit
. P 12 of 20
{1—l{2a—(zm+n)}ele} 14 1 {20 — (2m +n)} 298 220
Re & - = & .
1 — ¢ 2 J. Ineq. Pure and Appl. Math. 7(3) Art. 109, 2006
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Thus, we write

(4.2) [2(p(2) * ho(2))]'
_ n . e~ {(zp(z))/— {1-1(2a - (2m + n))é’ }}

1 — e

where

and

et sin 0
= . =0 —tan ! | —— |.
¢ arg{ew—l} an (Cosé’—l)

Consequently, we obtain that
Re {Ke"(2(p(z) x hy(2)))'} >0 (2 € U),

because(z) € P’ (“=). An application of the Noshiro-Warschawski theorem
(cf. [3, p. 47]) gives that(p(z) = hy(z)) is univalent for eacl (0 < 0 < 27).
O

Lemma 4.2.1f p(z) € P’ (&) withm < o < m +n,m € Ny, andn € N,
then

(4.2) [{2(p(2) * ho(2))}'] >

for |z| =r < 1and0 < 6 < 2.
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Proof. Using the expressiont(1) for [{z(p(z) * he(2))}'|, we define

(2m +n — 2a)e®
1— et Y

F(w) — e—ie(l - eié’) { 1+ %

where

14+ L12m+n—2a]ret
w = n , ) (0 <t <2m).
1 — ret

Then the function¥’(w) may be rewritten as

Functions having Positive Real

On Neighborhoods of Analytic
) } Part

F(w) =e" { (1 + %(Zm +n—2a)e? — (1 —e?)w

) 1 , Shigeyoshi Owa, Nigar Yildirim
_ e—z(ﬂ {(1 . w) 4 {—(Qm +n— ZOz) + w} 619} and Muhammet Kamali
n
1 —if l-w i0 -
:{E(2m+n—2a)+w]e {%(2m+n—2a)+w+e } Title Page
Contents
for 0 < 6 < 2x. Thus we see that
44 44
1 1—w )
Flw)=1-2m+n—2«a)+w + e
[£(w) n< ) L@2m +n—2a) +w 4 >
1 ‘ .
= [=(2m+n —2a) + w| e’ — re”| Go Back
n
. Close
= H(2m +n—2a)+w|[1—ret=?| Quit
1 Page 14 of 20
> 1—2m+n—2a)+w|(1—r1).
n
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Since

1+ 2(2m+n - 2a)re

1 1
ﬁ(2m+n—2a)+w = ﬁ(2m+n—2a)+

1 —rett

1+ 1@2m+n - 2a)
N 1—reit

- 1+ 2(2m+n - 2a)
iy 1 +T b
it is clear that

(1—r) 1
|F(w)| > e [1+;(2m+n—2a)].

—~

Sincep € P’ (2= and ¢.1) holds, by lettingw = [zp(z)]’, we get the desired

inequality, That is,

HZP(Z)H > 2(m +nn _ a) ‘ 1+ E(ZT_:-TTL — 206) (1 . T‘)
(1-v)
(1+7r)

Therefore, the lemma is proved.

Further, we need the following lemma.

Lemma 4.3.1f p(z) € P'(*=™) withm < a < m +n, m € Ny, andn € N,

then

(4.3) Ip(2) x he(2)| >0 (0 <6 <2m2e),
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where
L9
6:/—dt—1:2ln2—1.
o 141

Proof. Since Lemma4.1 shows thatz(p(z) * hye(2)) is univalent for eaclhd
(0 < 6 < 2m) for p(z) belonging to the clasg’ (¢=), we can choose a point
2o € U with |zy| = r < 1 such that

g‘llzr; |Z(p(2) * he(Z))’ = |Zo(p(20) * he(Zo))l

for fixedr (0 < r < 1). Then the pre-image of the line segment from to
20(p(20) * he(20)) is an arc insidéz| < r. Hence, for{z| < r, we have that

#00(2)  ha(2)] 2 laalplz) * o))
SR ACCORENIIEE

An application of Lemma!.2 leads us to

1
> —— dt —
b <) 2 3 [ =1 [P
Note that the functio)(r) defined by
=+ [ a1
rJo 141

is decreasing for (0 < r < 1). Therefore, we have

1
2
Ip(2) % hg(z)| > 52/0 1—+tdt_ 1=2In2-1,
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which completes the proof of Lemnda3. O

Now, we give the statement and the proof of our main result.

Theorem 4.4.1f p(z) € P’ (2=2) withm < a < m+ n,m € Ny, andn € N,
then

Nz < P (22

n
where3 = m+1=2 and

1 2) On Neighborhoods of Analytic
(4_4) ) = —dt—1=21n2 — 1. Functions having Positive Real
o 1+t Part
The result is sharp. Shigeyoshi Owa, Nigar Yildirim

and Muhammet Kamali

Proof. Letg(z) = 1+ -, ¢xz". Then, by the definition of neighborhoods, we
have to prove that if(z) € N3s(p(2)) for p(z) € P’ (2=2), theng(z) belongs

to the class? (2=). Using Lemmat.3and the inequality M e
00 Contents
k=1
we get < >
|ho(2) * q(2)] > |he(2) * p(2)| = |he(2) * (p(2) — q(2))| Go Back
Close
n(l — e ) .
20 - kz n)e (Px — ax)2 Quit
> Page 17 of 20
n
>0— —— —
m4+n—a ; Pk — |
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S5 n {m—l—n—a}(s

m4+n—a«o n
>§—0=0.

Sincehy(z) * q(z) # 0for 0 < § < 2r andz € U, we conclude thaf(z)
belongs to the clasB (2=™), that is, that\ss(p(z)) C P(2=2).
Further, taking the functiop(z) defined by

—+{2a—(2m+n)} 2

(2p(2)) = — ,
we have
ma=%@a—@m+m»+ﬂmff_®{A:f¢“}

If we define the functio(z) by

() =ple) + (0 o

n

theng(z) € Njss(p(z)). Letting z = €™, we see thay(z) = g(e'™) = 22,

This implies that if !
1
5>/ icht—l,
o 1+t

theng(e'™) < 2=, ThereforeRe {q(z)} < 2= for z neare’™, which contra-

n

dictsq(z) € P(2=™) (otherwiseRe {¢(2)} > ¢=™; z € U). Consequently, the

n

result of the theorem is sharp. O
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