ON A GENERALIZATION OF THE
HERMITE-HADAMARD INEQUALITY Il

Hermite-Hadamard Inequality

MATLOOB ANWAR J. PE"ARI’C M. Anwar and J. Pecari¢

vol. 9, iss. 4, art. 105, 2008
1- Abdus Salam School of Mathematical Sciences University Of Zagreb

GC University, Lahore, Faculty Of Textile Technology
Pakistan Croatia Title Page
EMail: matloob_t@yahoo.com EMail: pecaric@mahazu.hazu.hr
Contents
44 44
Received: 01 November, 2007
< >
Accepted: 12 November, 2007
Communicated by: W.S. Cheung Page 1 of 7
2000 AMS Sub. Class.: Primary 26A51; Secondary 26A46, 26A48. Go Back
Key words: Convex function, Hermite-Hadamard inequality, Taylor's Formula.
Full Screen
Abstract: Generalized form of Hermite-Hadamard inequality f@n)-convex Lebesgue
integrable functions are obtained through generalization of Taylor's Formula. Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au
mailto:matloob_t@yahoo.com
mailto:pecaric@mahazu.hazu.hr
mailto:wscheung@hkucc.hku.hk

The classical Hermite-Hadamard inequality gives us an estimate, from below and
from above, of the mean value of a convex functfon|a, b — R (see L, pp. 137]):

() (1) < H@+10)

x)dr <

In [2] the first author with Sabir Hussain proved the following two theorems
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Theorem 1. Assume thaf is Lebesgue integrable and convex(anb). Then

%a/abf(y)dwf;(x) <x— a;b) — f(z)
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Theorem 2. Assume thaf : [a,b] — R is a convex function. Then < >
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Remarkl. Forx = QT% in Theorem!l andz = a orz = b in Theorem?, we obtain in pure and applied
improvements of inequality-{H). mathematics
In this paper we will prove further generalizations of these results. pssn AAH3S7se
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Theorem 3. Assume thaif : [a,b] — R is a (2n — 1)-times differentiable and
(2n)—convex function. Then

b 2n—1 )R (g — )kt
eI RUCRORIERD Ve == = il
2 gy [ s = S )
_ |-, (b—2) —(a—x)™
V ) enie—a

forall x € (a,b).

Proof. It is well known that a continuou&n)—convex function can be uniformly
approximated by d2n)—convex polynomial. So we can suppose that we have
(2n)—derivatives off. By Taylor’s formula,

~z)?

) = F@) + (- 2) f'(2) + D )
U s e

forx,y € [a,b], £ € (a,b). Sincef is (2n)—convex, we havg?™ (z) > 0.
So

(y —x)? )

and we can write
1)~ 1)~ (=) )~ Ly U e 5
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R e e T
= ‘f(y) —flz)=(y—a)f'(z) - y ;!x)2f”(x) = %Jc@nl)(@
Now by using the triangle inequality
1) fly) - (@)= (y—2)f(z) - (y;—!x)zf”(x) e %Jcm—l)(w)
> (s - 50~ - - O ey
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Now integrating the last inequality with respecttand using the triangle inequality

for integrals, we get

2n—1
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Theorem 4. Assume thaf : [a,b] — R is a (2n — 1)—times differentiable and
(2n)—convex function. Then

2n—1

o= [ - g D0 )

(z =y

1 ’ (2n—1)
_b—a/a (2n—1)!f (y)‘dy.

Proof. Integrating () with respect tar and by using the triangle inequality for inte-
grals, we get

2 (b—a)f /f /b% - { (k)(x)dx

2n—2 k
y—x
> | [ o) - s - > %f@m i
b 2n—1
(y B ‘T) (2n—1)
—/a o1 f (x)|dx|.
By replacingr andy we obtain the required result. O

Corollary 5. Suppose thaf : [a,b] — R is a (2n — 1)—times differentiable and
(2n)—convex function. Then

ﬁ/f Wdy=(b=a)f (a;b) _Z (_uf) ><b(—_)>f v (“ib)
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Proof. Setr = “T“’ in Theorems.

Corollary 6. Suppose thaf : [a,b] — R is a (2n — 1)—times differentiable and
(2n)—convex function. Then

2n b T o —k 1
)= gy [ S = 3 a0
> [ = s - 32 )y
(a—y)*

S| ]

Proof. Setz = a in Theoreny. ]
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