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ABSTRACT. In this short note, the author solves an inequality problem which was posed by H.
Alzer with difference substitution.
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1. THE PROBLEM

In 1993, H. Alzer posed the following inequality problem iin [1]. In 2004, Ji-Chang Kuang
reposed the problem in his monograph [2].

Problem 1.1. Letay, ..., a, (n € N*) be real numbers with; € (0, 3], then prove or disprove
- Ak > ke 9

@) (%) < 5=
,E 1 —ag Yo (I —ag)m

wheren =4 orn = 5.

In 1995, Michael Vowe pointed out that the inequality {1.1) holds wheh3 (n € N*) and
does not hold when > 6 (n € N*) in [3].

2. SOLUTION OF THE PROBLEM
In this section, we show the reader the proof of the inequality (1.1) whited.
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Proof. We seta, = % (k = 1,2,3,4), whereu > 0 and0 < a; < % (k = 1,2,3,4), then
0 < by < tu(k=1,2,3,4). So the inequality (I]1) is equivalent to the inequality as follows.

- by, > Zi:l bi
2.1 < )
&) 1_[1 <“ —be) T Yoy (u— by

k=

Inequality [2.1) is equivalent to the following inequality.

(2.2) (b3" + byt + bo" 4+ byt — Abibobsby)u® + (—bibst — b1° + 4 bybobsby® — babs' — bybs*
— byby* — bsby* — by® — baby® — byby* — bg® — boby® — biby* — boby* — bgby?
+ 4 b1babs®by — bbo" — by® + 4 b1 2babzby + 4 bibybzby)u® 4 (babs® + bybs® + by °bs
+ b1bs® + b1°by + by°bg — 6 bybobsby® — 6 bybobs®by — 6 bybobsby — 6 b12babsby
+ bobaby* + b3baba® + b3baby® 4 biboby® 4 bibabs® + bibsby® + bibsby® + bybyby
+ bybyby® + bobsby® 4 babsby® + bybabs® + babs® + bo°by + b3bs® + b3°by + b1 by
+ byby®)u — bybsby® + 3 b1bobybs® — bibsby® — b1bs®by + 3 b1bsbyby® + 3 b1bobsby®
— by °bgby — babs®by — by°bsby — bibo®by + 3 babsbyby* — by °bobs — byboby”
— bybabs® — b1°baby — byby"by > 0.

Inequality [2.2) is symmetrical fdy, (1 < k < 4, k € N*), so there is no harm in supposing
thatb, < by < b3 < by. Then we can set

by = by + c1;

bs = by + 1 + co;

by =by +c1 + o+ c3;
u=2(by +c1 + o+ c3) + ¢4,

(2.3)

wherec; >0 (1 <i<4,i € N*).
The substitution (2]3) was called a difference substitutionlin [4] (seelalso [5]). Substifutihg (2.3)
in (2.4), we obtain the result (3.1) (see Appendix). Since every monomial on the leftlof (3.1) is
nonnegative, the last inequality obviously holds, then the inequlity (1.1) holdsaheh

Thus, the proof of the inequality (1.1 & 4) is completed. O

3. REMARKS

Remark 3.1. In the same manner, we can also prove the inequlity (1.1) holds whkeb.

Remark 3.2. The operations in this paper were implemented using mathematics software Maple
9.0.
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APPENDIX

(3.1) 30b1cs%cr* + 10 b1c1® 4 120 e4bi®crcacs + 720 cabrcr®cacs® + 9 sy
+ 824 cybycr e’ cs + 10 c400% + 498 cybicr®eacs + 13 b1%¢1° + 51 by 2es®
+44b1%0° + 8b1 %t + 4013 + 32b1° x4+ 120 ¢4br *croacs + 10 byt
+ 20 by e + 15201312903 + 208 by crea?es + 200 by eqcqacs?
+ 346 by %13 o003 + 624 b2 1205 + 600 by 2eq2eacs® + 550 by 2eicacs®
+ 556 by 2c1e93e3 4+ T80 by %cre0?es® + 904 bycyco®es® + 318 byeyteaes
+ 696 byci2co’es + 652 bycyPeacs? 4 756 bycy2eacs® 4+ 824 by ?co’cs
+ 1128 bycy 2023 + 490 bycycacs® + 504 bycyeates + 912 byeyes®es?
+2b1% e 4+ 80y o + A b2y ey + 40 b3 ¢ 3 ey + 801 120y
+10by%c1%e3 + 1201 cre0? + 10 by *eres® + 20 bt eo?es + 20 by eges?
+48b1°cr’cs + 801 ci’er” + 80 b1 i’ es® + 80 by ey cp®
+ 8001 cres® + 120 b1’ cacs® + 112 b1 cr’cs + 160 by °cp’ ey
+ 158 b1 %crcp* + 165 b1 °cres® + 83 b1 et es + 178 by cr°
+ 180 b1%cr’es® + 232b1 1 r® + 220 by i es® + 210 by *cacy
+ 370 b1°ca’cs® + 194 b1 o’ 3 + 360 b * o’ c3® 4+ 112 by ey c5”
+ 116 bycio” + 236 i *co* + 210 byeres® + 62 byer’cp + 64 biey s
+ 168 bycr e + 158 bycytes® + 260 byci e + 224 by e
+122b1c9es® + 3¢ + 4" 4 356 byea’es® + 124 byey’ ey + 276 by ey 5
+ 280 ¢12cocs 4 534 ¢12¢5%c5® + 24 b169% + T2 ¢1%¢5° + 61 ¢1%¢5” + 20 ¢,%¢4
+ 26 ¢169% + 59 %1 4+ T2 ¢0%¢3° + 110 ¢3¢ + 85 ¢1%es® + 19 ¢,%¢5
+50¢1°c3* + 102 ¢1%eo® + 781 es® + 110 ¢’ 3™ + 104 ¢2cs® + 24 ¢,%¢5
+ 64 5”32 4+ 22b1¢5% + 24 1035 + 26 c903% + 107 15 cocs + 268 ¢ s’y
+ 242 1o 4 133 creacs® + 380 ¢ 23 es + 508 ¢ co?es? + 310 exteq ey
+ 552 cy3ci2es? 4 280 ¢o2byest + 46 cabi?e + 84 cubi eyt + 78 c4b12c34
+6esbier? + 8eybtey® + 6 C4b14032 + 56 cyc109° + 42 cqci05” + 28 cac1ob?
+ 48 cye9e1® 4 45 cheaes® + 192 chc1bi®es® + 326 ¢13caes® + 305 102 es?
+ 386 ¢109%e3® 4+ 134 195 + 298 creates? + 44 eubi3es® + 33 eubier®
+ 52 ¢4bics® + 39 eybycs® + 168 cabi?ci®cs + 8 eybiteios + 4 c4b14clc3
+ 8 eabitegcs + T2 eabi e ey + 60 cabiBer?es + 88 cubider ey’
+ 60 cybi3cre3 + 104 eabi 30?5 + 96 cubi®eacs® + 150 cucybico
+ 152 cqe13b1 %03 4 276 4012012052 + 208 cqc2bi?cs? + 187 cqcrenes
+ 376 cye13e?es + 320 cyer®eacs? + 214 cherbies® + 169 cqcibycs?
+ 252 cycabr®es® 4 306 caca®bier® + 240 cuca®bi?cq + 264 caco®by ey

+ 352 c409%b1 2032 + 404 cycoci?e3 + 516 caco®er2es? + 182 cqcobyics™
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+ 436 cy012b1 203 + 552 che1bi e’ es 4+ 496 che1biZeacs® + 48 ¢ue0’by?
+ 130 cyer?e0 4+ 91 cqer?es® + 42 cuci’cs + 115 cqcten® + 82 cher 5
+ 160 cyc1®eo® 4 104 cqer®es® + 105 cqeo?es® + 130 eqco®cs® + 46 cqer’cq
+ 98 cycotes? 4+ 135 cabiertes + 228 cybyci®es? + 352 cabicy’cs®

+ 252 c4bier?es3® + 338 eybica’es® 4+ 202 eqbicot e + 344 cqbyco® s’

+ 196 cacrcacs® 4 364 cacica’es® + 216 cacieates + 368 cucica’cs?

+ 338 cycrcacs® 4 590 cabicicacs® + 668 cabicica’cs + 868 cubrcrca’cs?
+ 16 ¢4’bi’cren + 8 ea’br’cres + 80 ¢a’bi’er’cr + 58 ¢s’bi’ci e

+ 96 ¢42b1% ¢y 0% + 62 ¢42bi2cres? 4 16 ¢42b13eacs + 96 ¢42b1 % eo2es

+ 88 ¢4%b1 23 4 12 ¢4%b1% 1% + 34 ¢42b1% ¢ + 16 ¢4%by 3y

+ 48 ¢4%b1% ¢ + 12 c4®bic3® + 96 bica®crPes + 148 brey® i ey’

+ 120 byca’eres® + T2 bica’eiPes + 88 bica®ei®es® + 196 bica’c 1% cacy
+ 240 bycg®eie0?cs + 208 bycy®ercacs® + 9¢’e® + 8 ¢ei’ey’

+ 36 4% 1e0t + 38 cicie0t + 36 c2ertes + 68 423 e
+72¢4%c1%05% + 838y + 5 ca?e3® + 4 es” + 38¢4%by 25
+22¢,2b1c3* 4+ 92 ci?ci3cocs + 144 e 2o e + 120 4212 coc5?

+ 23 c2cie3t 4 27 e’ es + 38 i’ es?® + 42 e’ 2es® + 24 ¢4’ eacs®
+ 46 ci2c%e3% 4 26 ¢4%co ey + 44 4o cs® + 80 eabyc 1c5°

+ 84 cs%bicacs® + 96 c’brcr’es + 120 ¢4”bico’cs” + 88 ¢4’ crcacs®

+ 100 cilcreo’cs + 126 ca’cqe 923 + 3eler* + 6 ¢4°b %y ?
+8¢bier® + 2¢ Pt + el + 8¢4’h 12eien + 4 e®bileies
+8¢2b1%cacs + 12 4312 cocs 4+ 16 ¢43bycr2eo + 8 ¢43b1cy%es

+ 20 ¢s3brc109 + 12 ¢42brcres? + 12 e4bres®es + 12 e4bycacs?
+12¢3c109%c3 + 12 e®cr09e32 4+ 20 e43bi 1903 + 8 ¢43b1 252
+6c43b12e32 + 8¢ + 4 ¢,®bies® + 8¢’ es

+4deledes + 12¢e3c1%e% + 6 ¢e3c1%e3® + 8¢eie o®

+dederes® + deley es® + deBerdes + 6e4’c’es® > 0.
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