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Abstract

In this short note, the author solves an inequality problem which was posed by
H. Alzer with difference substitution.
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In 1993, H. Alzer posed the following inequality problem if.[ In 2004, Ji-
Chang Kuang reposed the problem in his monograph [

Problem 1. Letay,...,a, (n € N*) be real numbers with; € (0, 3], then

prove or disprove

o ()«

k=1

D ke AR
Zk 1(1 — ay)"

wheren =4 or n = 5.

In 1995, Michael Vowe pointed out that the inequalityl) holds whem <
3 (n € N*) and does not hold when> 6 (n € N*) in [3].
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In this section, we show the reader the proof of the inequadlity) (vhile n. = 4.

Proof. We seta, = % (k = 1,2,3,4), whereu > 0 and0 < a; < 2
(k = 1,2,3,4), then0 < b, < tu (k = 1,2,3,4). So the inequality 1.1)
is equivalent to the inequality as follows.

4 4
bk Z =1 b4
(2.1) [1 (u - bk> = Ziju —kbk)!

k=1

Inequality @.1) is equivalent to the following inequality.

(2.2) (bs* 4 by + by* + byt — 4bybybgby)u® 4+ (—bibs* — by® + 4 bybybsbs®
— bobg® — bybs® — byby* — bgby* — by’ — bybo* — biby* — bg°
— boby® — biby* — boby* — bsby® + 4 b1bobs’by — b3by! — by”
+ 4 by 2bybsby + 4 b1by*bsby)u® + (babs® 4 bybs® 4 by bs + byb,”
+ b1°by + Dy°by — 6 bybobsby® — 6 b1bobs>by — 6 b1by3bsby
— 6 by°babsby + bobsby* + bsbaby® + bsbyby® + byboby®
+ bibobs® + bibsby® + bibsby® + bibabs* + bibybo* + bobsby®
+ bbby 4 babybs® 4 boby® + by’by + bsby® 4 bs®by + b1°by + biby”)u
— bobsby® + 3b1bobsbs — bibsbs® — bybs by + 3bybsbaby?
+ 3 b1babsby® — b1°bsby — bobs®by — by’b3by — biboby + 3 bobsbsby?
— b1%Doby — b1bobs® — bibabs® — b1 baby — byby"by > 0.
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Inequality @.2) is symmetrical for, (1 < k < 4, k € N*), so there is no
harm in supposing that < b, < b3 < by. Then we can set

by = by + ¢1;

bs = by + 1 + cy;

by =b1 4+ c1+ co+c3;
u=2(by +c1 + o+ c3) + ¢4,

(2.3)

wherec; >0 (1 <i<4,i€ N*).
The substitutionZ.3) was called a difference substitution if] [see also }]).
Substituting 2.3) in (2.2), we obtain the result3(1) (see Appendix). Since
every monomial on the left oB3(1) is nonnegative, the last inequality obviously
holds, then the inequalityi.(1) holds whem = 4.

Thus, the proof of the inequality. (1) (n = 4) is completed. O
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Remark 1. In the same manner, we can also prove the inequélity) holds
whenn = 5.

Remark 2. The operations in this paper were implemented using mathematics
software Maple 9.0.
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(3.1) 30bicsc1* + 10b1cy® + 120 eabi3cicacs + 720 cabier®cacs?
+ 94018 + 824 cubicr? o’y + 10 cacy® + 498 c4biciBeqcs
+13b1%c;” + 51b1%cs” 4+ 44 b1%c® + 8b ey + 40 by °c3?
+ 320,30 + 120 ¢42b1%cre905 + 10 bytes® + 20 by  ereaes
+ 152b1°crcacs + 208 by crea’es 4+ 200 b Pcreacs® + 346 by i eacy
+ 624 by%¢1%05% e + 600 by %1% eacs? + 550 by 2cqcocs®
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+ 556 by 2cie03es 4+ T80 by %crea®es® + 904 bycyco®cs® + 318 byeyteacs Yu-dong Wu
+ 696 byci2co’es + 652 bycyPeacs? 4 756 bycy2cacs® 4+ 824 by ey’ ey
+ 1128 byci%ea’es® + 490 by cacs® + 504 bycycates + 912 byeyeaes? Title Page
+2b1% 3 4+ 8by e + TAb2er ey + 40 b13¢13 ey + 801 120y Contents
+ 100" cr%es + 120y erco® + 100y ercs”® + 20 by ea’es + 20 b cacy? <4 >
+48b1%ci ey + 80 b1 1’ cr” 4+ 80 b1 ci’ ey + 80 by cicy? < >
+ 80 b1 cres” + 120 by cacs® + 11201 % cr s + 160 by o cs? Go Back
+ 158 bi%cree* + 165 b1 cres® + 83 b1 e e + 178 by *cr ) ——
+ 180 b12613032 + 232, %¢1 %053 + 220 b12012033 + 210 b1202034 Quit
+ 370 b1°ca’cs® + 194 b1 a3 + 360 b’ co’cs® 4+ 112 by ey c5”
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+ 116 b101025 + 236 b1012024 + 210 b1012034 + 62 6101502 + 64 b1015€3
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+ 276 byca’cs® 4 280 ¢1%cacs® + 534 1%y’ cs® + 24 b1ea® + T2¢1% ¢y’ + 61 ¢ %cs”
+20 1% + 26 ¢105° + 59 ey + 72 022035 + 110 ¢ %o + 85 013034 + 19 01603
+50¢1°c32 + 102 1 ep® + 78 ¢t es® + 110 cpcs? + 104 e es® + 24 ¢5%¢5

+ 64 co’cs® +22b1¢3% + 24 ¢163° + 26 cac3® + 107 ¢ °cacy + 268 ¢1 M ex’cs

+ 242 01402032 + 133 0102035 + 380 01302303 + 508 013022032 + 310 02401203
+ 552 co’ci%cs® + 280 ¢a®bies” + 46 cabi it + 84 cybi ey + T8 cabi ey’
+6eabier? + 8eybtey® + 6 c4b14032 + 56 cyc109° + 42 cqcie5” + 28 cac1ob?
+ 48 cye0e1® 4 45 cyeaes® + 192 cucrbi®es® + 326 ¢13caes® + 305 10 es?

+ 386 ¢1e0%e3® 4+ 134 19 cs + 298 creates? + 44 eubi3es® + 33 eubier®

+ 52 c4b1es® 4 39 eubies® + 168 cabri®ci®co + 8 cabiteres + 4 c4b140103

+ 8 c4b140203 + 72 c4bi3ci%cy + 60 c4b13012c3 + 88 cubiPcrcy?

+ 60 cybi3ere3? 4 104 egbi 30’5 + 96 cubi®cacs® + 150 cucybico

+ 152 cqe13b1 %03 4 276 4012012052 + 208 cqcr2bi2cs? + 187 cucrenes

+ 376 cac1’ca’cs + 320 caci®cacs® + 214 cacrbicr® + 169 caerbics®

+ 252 cacabi?es® + 306 cacabier® + 240 caca®bieq + 264 cuco’bi ey

+ 352 c4c02b1 232 + 404 cyca’ci®es + 516 cucocr2e3? + 182 cycabycs?

+ 436 cyc12by2eacs + 552 cperbi s’ ey + 496 cucibiZeacs® + 48 cacy®by®

+ 130 cyci e 4+ 91 cqer®cs® + 42 che1Pes + 115 eqcr e + 82 cpeqtes®

+ 160 cyci®eo® 4+ 104 cqeq®cs® + 105 cheo’es® + 130 eqcocs® + 46 cqes’cq

+ 98 cyetes? 4+ 135 eubrertes + 228 eabicr®es® + 352 eabicr®ey®

+ 252 csbici®cs” + 338 cabrea®es® 4 202 cabicot ez 4 344 cabicr’cs”
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+ 196 c4cqcacs® 4 364 cacrca’es® + 216 cacieates + 368 cucica’cs?

+ 338 cyc12e9e3® + 590 eybycicacs® + 668 cubicica’cs + 868 cubycycyes?

+ 16 c4”bi cren + 8 ea’bi’crcs + 80 ca®bi’ci®cs + 58 ca’bici ey

+ 96 c42b1%¢1 0% + 62 c4?b12cres® + 16 ea?bi3eacs + 96 ¢42b1% o cq

+ 88 ¢4%b1 203 4 12 ¢4%b13¢1% + 34 ¢42b1%cr® + 16 ¢4%b13 ey

+ 48 ¢4%b1 %% + 12,2013 5% + 96 bycs’cr ey + 148 bycy?er %y’

+ 120 byca’eres® + T2 bica’eiPes + 88 bica®ei’es® + 196 bica’c 1% cacs

+ 240 byesciea’cs + 208 bycg2eieacs? + 9ey2e® + 8 cy’ey’

+ 36 ¢42b 1ot + 38 4210t + 36 c4crtes + 68 cie3 ey + T2 4% %y’
+8¢30cs + 5 cics® + des” + 38¢,2b1%¢s® + 22 ¢4?biest + 92 e %13 eacs

+ 144 c42ci%c%cs + 120 e4ci%cae3® + 23 e4’cres™ + 27 ca’ertes + 38 ¢4%e13es?
+ 42 ¢,2%c1%e3% 4 24 ci’eqcs® + 46 2% es® + 26 ¢4t es + 44 ci’eydes?

+ 80 c®bic 1¢5° + 84 c4®brcacs® + 96 ca?brca’cs + 120 c42byco’ s’

+ 88 0420102033 + 100 0420102303 + 126 ¢4%¢qc 22032 +3clcr +6 c43b12012
+8¢bier® 4+ 2¢ et + el + 8¢4’h 12eies + 4 e Pbi%eies
+8¢s3b12cacs + 12 ¢3c1 %93 4+ 16 ¢4°bicr 2o + 8 ¢4°biei%es

+ 20 c®bicrea? + 12 ¢43bicres? + 12 ¢43bi o’ cs + 12 ¢43bicacs®
+12¢3c109%e3 + 12 e3cr09032 + 20 ¢43by i3 + 8 ¢43b1 252

+ 6 c4’b1%c3® + 8 ca’biea® + 4 es’bics® + 8 ci’ei’ey

+4deledes + 12¢e43c1%0% + 6 e3c1%c3® + 8¢,cie 5®

+4 04301033 + 4 C43€2 C33 +4 04362303 + 6 043622032 Z 0.

On One of H. Alzer's Problems

Yu-dong Wu

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 9 of 10

J. Ineq. Pure and Appl. Math. 7(2) Art. 71, 2006

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:zjxcwyd@tom.com
http://jipam.vu.edu.au/

[1] HORST ALZER, Problem 10337Amer. Math. Monthly 10Q(8) (1993),
798.

[2] JI-CHANG KUANG. Applied Inequalitiegin Chinese), Shandong Science
and Technology Press, 3rd. Ed., 2004, p. 156.

[3] M. VOWE, An unsettled problemAmer. Math. Monthly 102(7) (1995),
659-660.

[4] L. YANG, Solving harder problems with lesser mathematisceedings
of the 10th Asian Technology Conference in Mathemgailesember 12-16,
2005, Cheong-Ju, South Korea.

[5] BAO-QIAN LIU, The generating operation and its application in the proof
of the symmetrical inequality in variablesJournal of Guangdong Educa-
tion Institute(in Chinese)2%3) (2005), 10-14.

On One of H. Alzer's Problems

Yu-dong Wu

Title Page

Contents
44
<
Go Back
Close
Quit
Page 10 of 10

J. Ineq. Pure and Appl. Math. 7(2) Art. 71, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:zjxcwyd@tom.com
http://jipam.vu.edu.au/

	The Problem
	Solution of The Problem
	Remarks

