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Abstract

In this paper, we extend the Ky Fan inequality to several general integral forms,
and obtain the monotonic properties of the function % with a,a,b €
(0,+00) and s € RR.
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The following inequality proposed by Ky Fan was recorded’ling. 5] : If
0<az; <sfori=1,2,...,n,then

1
[ @ " D i T
Hi:l(l - x,) Zi:l(l - x,)
unlesse; = 29 = -+ = ,,.

With the notation
1
(5 2oii2i) s r#0;
1

(H?:l xi)E ) r= 07
whereM,.(z) denotes the-order power mean of; > 0 fori =1,2,...,n, the
inequality (L.1) can be written as
Mo(ilf) < M1 (1’)
Mo(1—2z) = My(1—2)

(1.2) M, (z) =

(1.3)

In 1996, Zh. Wang, J. Chen and X. Liif] found the necessary and sufficient
condition for

M, (2)
(1.4) M,(1—2) = My(1- 1)

whenr < s. Recently, Ch.-P. Chen proved that the functi 4 T_‘Z:?_b) is
strictly increasing fof) < a < b < 1 and strictly decreasing fdr < a < b < 1,
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wherer € (—oo,00) and L,(a, b) is the generalized logarithmic mean of two
positive numbers, b, which is a special case of the extended mdafiss; z, y)
defined by Stolarskyl[’] in 1975. For more information about the extended
means please refer t¢,[6, 8, 11] and references therein.

Moreover, we have,

L.(a,b) = a, a = b;

br—i—l _ ar+1 T
L’I‘ ) b) = —7— ) b; _17 07 izati
(a ) ((7" T 1)(b — a)) a 7é r 7é Generallzaltr:c;r;suglfitt;e Ky Fan
b—a
L_ =—=1L ; Ai-Jun Li, Xue-Min W d
{00 = §p g — M) e s ong hen
1
1/ bb\oe
Lo(a,b) = - (—) = I(a,b), _

e \a® Title Page
whereL(a,b) andI(a,b) are respectively the logarithmic mean and the expo- SRS
nential mean of two positive numbersindb. Whena # b, L,(a, b) is a strictly P >
increasing function of. In particular, p >

rEr_noo L.(a,b) = min{a, b}, TEE,-HOO L.(a,b) = max{a, b}, Go Back
Li(a,b) = A(a,b), L_5(a,b) = G(a,b), Close
whereA(a, b) andG(a, b) are the arithmetic and the geometric means, respec- Quit
tively. Fora # b, the following well known inequality holds: Page 4 of 13

(1.5) G(a,b) < L(a,b) < I(a,b) < A(a,b).
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In this paper, motivated by inequalityL.@), we will extend the inequality

(1.4) to general integral forms. Some monotonic properties of several related

functions will be obtained.

Theorem 1.1.Let

Ls(a,b)
Lia—a,a—0b)

) = fabxsdx )i
Juls) <fab(a—a:)sdac

s € (—o0, +00) anda be a positive number. Thefy(s) is a strictly increasing
function for[a,b] C (0, %], and is a strictly decreasing function fé#, b] C

(5, a).

Corollary 1.2. If [a,b] C (0, 5] anda is a positive number, then

L G(a,b) L(a,b)
(1.6) a—b Gla—a,a—b) Lla—a,a—0)
' I(a,b) Ala,b) b
I{a—a,a—0b) A(oz—a,oz—b)<oz—a'

If [a,b] C [§, ), the inequalitieg1.6) is reversed.

bysda ° "
fozd ,$ € (—00, +00) anda be a positive

Corollary 1.3. Leth,(s) = (f“_“—f’d
a—b x x
number. Therh,(s) is a strictly increasing function fofa,b] C (0, 5], or a

strictly decreasing function fde, b] C [5, a).
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In [13], Feng Qi has proved that the function

1
b -
%f " dx
r— —a ‘26 =
+
1 f zrdx

b+d—a Ja

L,(a,b)
L.(a,b+9)

is strictly decreasing with € (—oo, +00). Now, we will extend the conclusion
in the following theorem.

Theorem 1.4.Let

A Perde)T L)
o b—a Ja _ 5
fls) = (L fcdxsdx

d—c

s € (—o0,400) anda, b, ¢, d be positive numbers. Thefs) is a strictly in-
creasing function fond < bc, or a strictly decreasing function fard > be.

Corollary 1.5. Let

b :
Lfdxsdx ’

d—a

a

s € (—oo0,+00) anda, b, d are positive numbers. Théi(s) is a strictly in-
creasing function forl < b, or a strictly decreasing function fat > b.
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In order to prove Theorem.1, we make use of the following elementary lemma
which can be found in3, p. 395].

Lemma 2.1 ([3, p. 395]). Let the second derivative of x) be continuous with
x € (—o0,00) and¢(0) = 0. Define

4GRS
(2.1) g(x) = X Generalizations of the Ky Fan
gﬁ,(()) r=0. Inequality

Ai-Jun Li, Xue-Min Wang and

Theng(z) is strictly convexconcave if and only if g(x) is strictly increasing S

(decreasinywith z € (—o0, 00).

Remark 1. A general conclusion was given ifi,[p. 18]: A functiong is convex e e
on [a, ] if and only if #2=¢(%0) is nondecreasing ofu, b] for every pointz, € Contents
b].
la, 5] «“« b
Proof of Theorenmi..1 Itis obvious that < >
fb s dw : pstl _ gstl H Go Back
fa(S) = W = ((a _ a)s+1 _ (a _ b>s+1) Close
Ly(a,b) Quit
Lia—a,a—0b) Page 7 of 13
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Define fors € (—o0, 00),

bs+1 - as+1
1 —1;
()

(2.2) p(s) =
N In(b/a) oo
]Qmm—@ﬂa—m>’ .
Then
6
(2.3) In f,(s) = ;EO)’ 7 z’
¢©'(0), s=0.

In order to prove thaln f, is strictly increasing (decreasing), it suffices to
show thaty is strictly convex (concave) ofr-oo,c0). A simple calculation
reveals that

(@ —a)(a—b)
ab ’

(2.4) o(—1—5)=p(—14+s)+sln

which implies thaty”(—1 — s) = ¢”(—1 + s), andy has the same convexity
(concavity) on botl{—oo, —1) and(—1, co). Hence, itis sufficient to prove that
 is strictly convex (concave) ofr-1, ).

A computation yields

/(s) = p*inb—a**'lna  (a—b)"'In(a —b) — (. — a)*"' In(a — a)
PS) = T — getd (@ — b))+ — (@ — )+ )
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(2.5) (s+1)%¢"(s)

12 a1 (Ing)? (- a)**(a —b)*t(In 2:2)2
=(s+1)" | = (bs+1 — gsH1)2 (o — a)*+1 — (a — b)s+1]?
(%)s+1[ln<%)s+l]2 N (S:Z)SH[IH(S%Z)SH]Q
[1 _ (%)s+1]2 [ _ (Z_:Z)s+1]2
Define for0 < t < 1, Ge”e""‘”zﬂoegi glfitt;‘e 7T
t(lnt)? o
26) “lt) = e e o=
Differentiation yields
’(t) Title Page
w
(2.7 (1-— t)tlntw<t> =(1+¢)Int+2(1 —1) COEnS
L n—1 <« >
S -t <,
“—~n(n+1) < >
which implies that./(t) > 0 for 0 < ¢ < 1. Itis easy to see that Go Back
ay s+l a—b\* a Close
(28) 0< <3> < (a_a) <1 for [a,b] C <0, 5] , s> —1, Quit
Page 9 of 13
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and thereforey”(s) > 0 for [a,b] C (0, 5] ands > —1, ©"(s) < 0for [a,b] C
[$.a) ands > —1. Thengy is strictly convex (concave) oft-1, oo) for [a, b] C
(0, 5] ([a,b] C [5,«)) respectively. By Lemma.1above, Theorem.1 holds.

O

C (0,%]

Since f,,(s) is a strictly increasing (decreasing) function faro|

([a,b] € [§,)), puts = —2,—1,0, 1 respectively. The inequalitied ©) are
deduced. )

Then, let(a — z) = ¢ and apply it to the funchor(W—i”;x) ", We get
Corollary1.3

Proof of Theoren..4. Using an analogous method of proof to that of Theorem
1.1, we get

1 Pasdy :
f<s>:<b1”fa—> =

r bs+1_as+1 %
(s+1)(b—a) ]

d s ds+lics+1

i J. v da Rezmomn
-9 - ™) L
"m0 @ e T Licd

_ (@0
Let M = =9

, and define fok € (—o0, ),
bs+1 - aerl
In <Mm> y S 7é —1,

i [pr )]

(2.10) o(s) =

s = —1.
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Then

o(s) ,
(2.11) nfs) =4 s °70
90/<0)’ s =0,

andy has the same convexity (concavity) on bothoo, —1) and(—1, co).
A computation yields

ey EIEE () ()
(s +1)%"(s) 1= (2)+1]2 + [1— (5)=+1]2
Define for0 < ¢ < 1,
_ t(Int)?
(2.12) w(t) = a—ur

Differentiation yields.'(¢) > 0 for 0 < ¢ < 1. Itis easy to see that

(2.13) 0< (%)SH < (S)SH <1 for ad<bc, s> —1,

(2.14) 0< (§>s+1 < (%)SH <1 for ad>bc, s> —1,

and thereforey”(s) > 0 for ad < be ands > —1, ¢”(s) < 0 for ad > bc and
s > —1 Theny is strictly convex (concave) of+-1, co) for ad < be (ad > be)
respectively. The proof is complete. O

In Theoreml1.4, leta = c¢. Then f(s) is a strictly increasing function for
d < b, or a strictly decreasing function fadr> 6. Thus Corollaryl.5holds.
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