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Abstract

In the theory of minimal submanifolds, the following problem is fundamental:
when does a given Riemannian manifold admit (or does not admit) a mini-
mal isometric immersion into an Euclidean space of arbitrary dimension? S.S.
Chern, in his monograph [6] Minimal submanifolds in a Riemannian manifold,
remarked that the result of Takahashi (the Ricci tensor of a minimal submanifold
into a Euclidean space is negative semidefinite) was the only known Rieman- , .

. . . . o . . . A New Obstruction to Minimal
nian obstruction to minimal isometric immersions in Euclidean spaces. A sec- e [eens e &
ond obstruction was obtained by B.Y. Chen as an immediate application of his Real Space Form
fundamental inequality [1]: the scalar curvature and the sectional curvature of a
minimal submanifold into a Euclidean space satisfies the inequality 7 < k. We
find a new relation between the Chen invariant, the dimension of the subman-
ifold, the length of the mean curvature vector field and a deviation parameter. Title Page
This result implies a new obstruction: the sectional curvature of a minimal sub-
manifold into a Euclidean space also satisfies the inequality k < —7.
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Let (IV,g) be a Riemannian manifold)/, g) a Riemannian submanifold, and
f € F(N). To these ingredients we attach the optimum problem

(1.1)

min f(z).

The fundamental properties of such programs are given in the pagers |
[9]. For the interest of this paper we recall below a result obtained]in [

Theorem 1.1.1f zy € M is a solution of the problerfi.1), then
) (grad f)(z0) € TE M,
i) the bilinear form

a: Ty M xT, M — R,
a(X,Y) =Hess ;(X,Y) +g(h(X,Y), (grad f)(z0))

is positive semidefinite, wherfeis the second fundamental form of the
submanifoldM in N.

Remark 1. The bilinear formuo is nothing else bulless (o).

A New Obstruction to Minimal
Isometric Immersions into a
Real Space Form

Teodor Oprea

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 3 of 14

J. Ineq. Pure and Appl. Math. 7(5) Art. 174, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:teodoroprea@yahoo.com
http://jipam.vu.edu.au/

Let (M, g) be a Riemannian manifold of dimensienandz a point in /. We
consider the orthonormal frande;, es, ..., e, } in T, M.
Thescalar curvatureat  is defined by

T = Z R(ei,ej,e,;,ej).

1<i<j<n

We denote
oy = 7 — min(k),
wherek is thesectional curvaturat the pointz. The invarianty,, is called the
Chen’s invariantof Riemannian manifold/, g).
The Chen’s invariant was estimated as the following!/; ¢) is a Rieman-
nian submanifold in a real space forﬁ(c), varying withc¢ and the length of

the mean curvature vector field of in M (c).”

Theorem 2.1. Consider(}M (c),§) a real space form of dimension, M C
M (c) a Riemannian submanifold of dimensior> 3. The Chen’s invariant of

M satisfies
5 <n—2 n?
M=""9"1n-1

VHIE + (n + 1>c},

whereH is the mean curvature vector field of submanifdldn ]\7(c). Equality
is attained at a point: € M if and only if there is an orthonormal frame
{e1,...,e,} in T,M and an orthonormal framde, . 1,...,e,} in T:-M in
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which the Weingarten operators take the following form

h?lﬂ 0 0o .- 0
0o hypt 0 .- 0
Apg1 = 0 0 hg;l o 0 7
with A7 + R = pidt = ... = p7tl and
hiy hiy O - 0
th _h1{1 0 - 0
A= 0 0 0 - 0]  rentzm

0 0O 0 --- 0

Corollary 2.2. If the Riemannian manifold), ¢), of dimensiom > 3, admits
a minimal isometric immersion into a real space folf(c), then

(n—2)(n+ 1)0'

k>T1—
2

The aim of this paper is threefold:

e to formulate a new theorem regarding the relation betwegnthe di-

mensionn, the length of the mean curvature vector field, and a deviation

parameten;
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e to prove this new theorem using the technique of Riemannian program-
ming;

(n?—n+2

e to obtain a new obstructio, < —7 + 5 )C, for minimal isometric

immersions in real space forms.
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Let (M, g) be a Riemannian manifold of dimensienanda a real number. We
define the following invariants

{ T—amink, fora >0,

a __
4 =
T—amaxk, fora <o,

wherer is the scalar curvature, atds the sectional curvature.
With these ingredients we obtain

Theorem 3.1. For any real number, € [—1, 1], the invarianté}, of a Rieman-
nian submanifold M, ¢), of dimensiom > 3, into a real space forni/(c), of
dimensionn, verifies the inequality

2_n—2a)c n(a+1)—3a—1n*|H|

2 n(a+1) —2a 2
whereH is the mean curvature vector field of submaniféldin 1\7((:).

If a € (—1,1), equality is attained at the point € M if and only if
there is an orthonormal framée, ..., e, } in T, M and an orthonormal frame

(n

o0y <

Y

{ens1,---,em}in T M in which the Weingarten operators take the form
Ry 0 0 --- 0
0 hiy 0 - 0
A’I‘ — 0 0 hgg R O ,
0 0 o --- A

nn
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with (a + 1)k}, = (a+ 1)hby = his =---=h] . Yren+ 1, m.

Proof. Considerz € M, {ey,es,...
{€ns+1,€nt2,---,emn} an orthonormal frame - M anda € (—1,1).
From Gauss’ equation it follows

(n* —n — 2a)c

T —ak(eg N eg) =

2
m m
rT r r r 2
+ 303 (hphy - —a Y | (P12)°)-
r=n+11<i<j<n r=n+1

Using the fact that € (—1, 1), we obtain

_"2_2@ + Z S n—a S bk,

r=n+11<i<j<n r=n-+1

(n*

(3.1) T—ak(e1Neg) <

Forr € n + 1, m, let us consider the quadratic form

f. i R" - R,
fT(hfldla hg27 cee h’:m> = Z (h;h;]) ath'lth
1<i<j<n

and the constrained extremum problem

max f;.,
subjecttoP : hi; + hijy + -+ h,,

k",

,ent an orthonormal frame i, M,
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wherek"” is a real constant.
The first three partial derivatives of the functignare

of
(3.2) S g,
Ohi, 2<j<n
af?’ r T
(3.3) ohr Z hi; —ahyy,
2 jeTa\(2}
af;
3.4 = hh. .
JELN\{3}

As for a solution(hy,, hi,, ..., hl ) of the problem in question, the vector

» ' 'nn

(grad)(f1) being normal af, from (3.2) and (3.3) we obtain

Z h§j — hi; — ahyy = Z h;j — hyy — ahyy,
Jj=1 j=1

therefore

(3.5) hi, = hy, =b".

From 3.2) and @3.4), it follows

n n
E T T T oo__ E T T
=1 =1
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By using (.5 we obtainh}, = b"(a + 1). Similarly one gets
(3.6) W, =b(a+1), Vje3n.
Ashi, + hb, +---+ k! = k", from (3.5 and @3.6) we obtain

k?“

We fix an arbitrary poinp € P.
The 2-forma : T,P x T,P — R has the expression

a(X,Y) = Hess ;. (X, Y) + (M'(X,Y), (grad f,)(p)),

wherel' is the second fundamental form &fin R and(, -) is the standard
inner-product onk".

In the standard frame at”, the Hessian of, has the matrix

0 1-a 1 --- 1

l-a 0 1 --- 1

Hessf, = 1 L0 1
1 1 1 -0

As P is totally geodesic inkR", considering a vectoX tangent toP at the
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arbitrary pointp, that is, verifying the relatiop";" , X* = 0, we have
oX,X)=2 )  X'X/-2aX'X?

— (i Xi> — i(xif —2aX'X"?

_ _Z (X2 = a(X' + X?)? + a(X1)? + a(X?)?

_ —Z (X9)? —a(X' + X?)? — (1 —a)(X")? - (1 — a)(X?)?
<0.

So Hess sus is everywhere negative semidefinite, therefore the point
(hYy, hbs, ..., Al ), which satisfies3.5), (3.6), (3.7) is a global maximum point.

7 'nn

From (3.5 and 3.6), it follows
(3.8) [, <) 42" (n—2)"(a+1)+C% (") (a+1)*—a(b)?

— <b;)2 [n%(a+1)? —n(a+1)(5a + 1) + 6a” + 24|
- @[n(a +1) —3a—1][n(a+ 1) — 2al.

By using 3.7) and 3.8), we obtain
(k")?

~ 2n(a+1) — 2d]

(3.9) fr < [n(a+1) —3a — 1]
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_ n?(H")? nfa+1)—3a—1
2 n(a+1) —2a
The relations §.1) and 3.9 imply

(nQ—n—Qa)c+n(a+1)—3a—1 n? || H|?
2 n(a+1) —2a 2

(3.10) 7 —ak(eg Neg) <

In (3.10 we have equality if and only if the same thing occurs in the inequal-
ity (3.1) and, in addition, .5 and (3.6) occur. Therefore

(3.11) hi; =0, Vren+1,m, Vi,j €1,n, with i#j
and
(3.12) (a+1)h}, = (a+1)hiy =hiy=---=h, VYren+1,m.

The relations§.10), (3.11) and @.12 imply the conclusion of the theorem ]
Remark 2.

i) Making a to converge atl in the previous inequality, we obtai@hen’s
Inequality. The conditions for which we have equality are obtained!lin [
and [7].

i) For a = 0 we obtain the well-known inequality

n(n —1)
2

The equality is attained at the point € M if and only if z is a totally
umbilical point.

T< (1E]* +c).

A New Obstruction to Minimal
Isometric Immersions into a
Real Space Form

Teodor Oprea

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 12 of 14

J. Ineq. Pure and Appl. Math. 7(5) Art. 174, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:teodoroprea@yahoo.com
http://jipam.vu.edu.au/

iii) Makinga converge at-1 in the previous inequality, we obtain

n2—n+2c n?|H|>
( e I

6]7/[1 S 9 9

The equality is attained at the poimte M if and only if there is an or-

thonormal frame{ey,...,e,} in T, M and an orthonormal frame
{€ni1, .., em} in TEHM in which the Weingarten operators take the fol-
lowing form
T A New Obstruction to Minimal
hll 0 0 -0 Isoemvzetricslr:lunﬁé?sr,]ioﬂs i:::)m;
0 hQQ 0 0 Real Space Form
Ar = 0 0 0 -0 s Teodor Oprea
0 0 0.0 Title Page
with by, = h%,, Vr € n+ 1, m. Contents
Corollary 3.2. If the Riemannian manifolt\/, g), of dimensiom > 3, admits <« 9
a minimal isometric immersion into a real space fohf(c), then P >
7__(n—2)(n+1)c<k<_7_+(n2—n+2)c Go Back
2 -~ 2 '
Close
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