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Abstract: The aim of this paper is to continue the studies about convergerc&morm of
the Fourier series based on representative product systems on the complete prod-
- . . ; Close
uct of finite groups. We restrict our attention to bounded groups with unbounded
sequence&l. The most simple example of this groups is the complete product of ; . -
Ss. In this case we proved the existence oflar p < 2 humber for which ex- journal of inequalities
ists anf e LP such that its n-th partial sum of Fourier serisdo not converge in pure and applied
to the functionf in LP-norm. In this paper we extend this "negative” result for mathematics

all 1 < p < oo andp # 2 numbers. Tt

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:toledo@nyf.hu
http://jipam.vu.edu.au
mailto:toledo@nyf.hu
mailto:sever.dragomir@vu.edu.au

Contents

1 Representative Product Systems 4
2 The Sequence of Functiond(p) 7
3 Negative Results 13

Title Page

Contents

Page 2 of 16
Go Back
Full Screen

Close



http://jipam.vu.edu.au
mailto:toledo@nyf.hu
http://jipam.vu.edu.au

Introduction

In Sectionl we introduce basic concepts in the study of representative product sys-
tems and Fourier analysis. We also introduce the system with which we work on the
complete product ofs, i.e. the symmetric group on 3 elements (s8¢ [Section2
extends the definition of the sequenkdor all p > 1. Finally, we use the results of
Section2 to study the convergence in t&-norm (p > 1) of the Fourier series on
bounded groups with unbounded sequew¢esupposing all the same finite groups
appearing in the product @f have the same systemat all of their occurrences.
These results appear in Sectioand they complete the statement proved by G. Gat
and the author of this paper ig@][for the complete product a$;. There have been
similar results proved with respect to Walsh-like systemégljrapd [5].

Throughout this work denote Ly, P, C the set of nonnegative, positive integers
and complex numbers, respectively. The notation which we have used in this paper
is similar to [3].
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1. Representative Product Systems

Letm := (my, k € N) be a sequence of positive integers such that> 2 and

Gy, a finite group with ordemy, (k € N). Suppose that each group has discrete
topology and normalized Haar measure Let G be the compact group formed by
the complete direct product 6f; with the product of the topologies, operations and
measuregu). Thus eachr € G consists of sequences:= (zg,x1,...), where

xr € Gy, (k € N). We call this sequence thexpansiorof z. The compact totally
disconnected grou@ is called abounded grougif the sequence. is bounded.

If My := 1 and M, := mpyMy, k € N, then everyn € N can be uniquely
expressed as =Y -, np M, 0 < ny, < my, ny, € N. This allows us to say that the
sequencéng, ny, ... ) is the expansion of with respect ton.

Denote byY; the dual object of the finite grou@, (k € N). Thus eacly € X is
a set of continuous irreducible unitary representations,oivhich are equivalent to
some fixed representatidi(?). Letd, be the dimension of its representation space
and let{(y, (s, . . ., (4, } be a fixed but arbitrary orthonormal basis in the representa-
tion space. The functions

w7 (z) == (UG, ()

are called the coordinate functions fGf*) and the basig(;, (o, ..., (g, }. In this
manner for eaclr € ¥, we obtaind? number of coordinate functions, in totad,
number of functions for the whole dual object®f. The L?-norm of these functions
is1/vd,.

Let {¢f : 0 < s < my} be the set of alhormalized coordinate functioref the
group G, and suppose that) = 1. Thus for everyd < s < my, there exists a
o€ X i,7€{l,...,d,} such that

eilr) = Vo) ()

(1,7 €{1,...,d,}, z € Gy)

($ € Gk)
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Let+ be the product system gf;, namely
Un() = [[ el (@) (v eq),
k=0

wheren is of the formn = Y77 ny M, andz = (xo, z1, .. .). Thus we say thap is
therepresentative product systashy. The Weyl-Peter’s theorem (se@) ensures
that the systeny is orthonormal and complete dit(G).

The functions),, (n € N) are not necessarily uniformly bounded, so define

Ui = max f[gullif[Ynlle (K €N).

It seems that the boundedness of the sequénalays an important role in the norm
convergence of Fourier series.

For an integrable complex functiofhdefined inG we define the Fourier coeffi-
cients and partial sums by

fk::/ fordp (keN),  Sof:=> fity (neP).
Gm k=0

According to the theorem of Banach-Steinhauss, — f asn — oo in the L”
norm for f € L?(G) if and only if there exists &', > 0 such that

1Snflle < Gollfll,  (f € LP(G)).

Thus, we say that the operat8y, is of type (p,p). Since the systenp forms an
orthonormal base in the Hilbert spaf&(&), it is obvious thatS,, is of type(2, 2).

The representative product systems are the generalization of the well known
Walsh-Paley and Vilenkin systems. Indeed, we obtain the Walsh-Paley system if
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J

my = 2 andGy := 2,, the cyclic group of order 2 for ak € N. Moreover, we ||\' M
obtain the Vilenkin systems if the sequeneeis an arbitrary sequence of integers *
greater than 1 an@;, := Z,,, the cyclic group of ordem,, for all £ € N.

Letm, = 6 forall k € NandS; be thesymmetric groupn 3 elements. Let, .=
S; for all £ € N. S; has two characters and a 2-dimensional representation. Using
a calculation of the matrices corresponding to the 2-dimensional representation we
construct the functiong;. In the notation the indek is omitted because all of the Negative Results Concerning
groupsG), are the same. Fourier Series

R. Toledo
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2. The Sequence of Function®(p)

We extend the definition of the sequenkdor all p > 1 as follows:

11
= > — - =
Ui (p) = max [|yfn ]|l (p 21 o+ =L ke N>

(if p = 1theng = oo). Notice that¥, = (1) for all £ € N. Clearly, the functions
U, (p) can be written in the form

k—1
Wi(p) = ] [ max |5l 1195
=0

k-1

3 R

=0

1 1
(le,——}-—:l,kEN).
p q

Therefore, we study the produtt||, || f||, for normalized functions on finite groups.
In this regard we use the Holder inequality (s8egd. 137]). First, we prove the
following lemma.

Lemma 2.1. Let G be a finite group with discrete topology and normalized Haar
measureu, and let f be a normalized complex valued function@n(|| f||2 = 1).
Thus,

L. £ ]1ll = 1. then|[£],]lfll, = 1forall p > Land® + L = 1.

2.1 | /111 flloo > L, then|[ £, [lf]l, > Lforall p> 1, p #2and! 4+ 1 = 1.
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Proof.

1. The conditions imply the equality

du - o =1= 2 du.
/Gm w11 /Gm "

Let fo = =" Then Negative Results Concerning
o Fourier Series
(2.1) lfo(x)] <1 (z€@) R. Toledo
vol. 9, iss. 4, art. 99, 2008
and
(2.2) / | fol du = / | fol? dp. Title Page
¢ ¢ Contents
Thus by ¢.1) we obtain|fy(z)| — |fo(z)]* > 0 (x € G) and by £.2) we have « o
[ 16 =16 dn = <>
G
Page 8 of 16

Hencel fo(z)| = | fo(z)|? for all z € G. Thus, we havéfy(x)| = 1 or|fo(x)| =
0 for all z € G, therefore|f(z)| = ||f]lo OF |f(x)| = 0 for all z € G. For Go s
this reason we obtain an equality in the Holder inequality fol all p < oo,

Full Screen
L+ 1= 1and the equality
Close
1= [ 1P du =171l joural of inecualies
G in pure and applied
holds. mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:toledo@nyf.hu
http://jipam.vu.edu.au

2. Suppose there ish< p < 2 such that

1Al fllg =1 = /G P du.

Then the equality in the Holder inequality holds. For this reason there are
nonnegative numberd and B not both 0 such that

Negative Results Concerning

A|f([17)|p = Blf($>|q (517 S G) FO:ie-Il-'IS:ies
Thus, thereis @ > 0 such thatf| = cor|f| = 0forallxz € G (¢ = || f|lo0)- voll | 55! 4, art, 99,2008

Then|f| - || fll<« = |f|*>. Integrating boths part of the last equation we have
/1111 fll-c = 1. We obtain a contradiction.
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Lemma 2.2. Let G be a finite group with discrete topology and normalized Haar < >
measure., and letf be a complex valued function ¢h Thus, the functiod (p) :=
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Sinceq = Iﬁ, we have

g _ v _ &
dp (p—1)2 p*
Therefore,
ov 1 “ 1Y alloga;
— =U(p) |—=log at Zlm—l
e =0 | (S50t )+ ERE |

1 i 137" alloga; q°
——log al —|——11m—Z <—— .
¢ <; ) ¢ 2ilia p’

The conditionl < p < 2 ensures that
1 1 1
e P -1 p
from which we have

1 oow - -
— |log al | —log al
N 1 [Zznl tloga; 3 7, afloga,
p D > iy af

Both addends in the sum above are not positive. Indeed, thedacts1 for all
1 <i<mandp < ¢qimply thata! < a forall 1 <i < m, from which it is clear
that

(2.3) log <i &‘Z) — log <i af) <0

Negative Results Concerning
Fourier Series

R. Toledo
vol. 9, iss. 4, art. 99, 2008

Title Page
Contents
44 44
< >
Page 10 of 16
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:toledo@nyf.hu
http://jipam.vu.edu.au

Secondly, s |
i—1 @; log a;
Do af

is a monotone increasing function. Indeed,

h(z) :=

W(x) = (Z?; af log? ai) Doy af _2 (Do, af log ai)2
(S0 af)
:ZZ}:I ajaf(loga; —loga;)? .-
(0, af)” T
Consequently, we have
>imiafloga; 30T, alloga;

< 0.
221 a; Z?ll a;

By (2.9 and @.4) we obtain%—‘;j < Oforall 1 < p < 2, which completes the proof
of the lemma. n

(2.4)

We can apply Lemma.1and Lemma2.2 to obtain similar properties fof ;. (p)
andV¥,(p) because these functions are the maximum value and the product of finite
functions satisfying the conditions of the two lemmas. Consequently, we obtain:

Theorem 2.3. Let G, be a coordinate group ofs such that||¢;||; = 1 for all
s < mg. ThenT,(p) = 1. Otherwise, the functiof('(p) is a strictly monotone
decreasing function on the intervl, 2].

The function(p) = 1if ||¢f]|, = 1 forall s < m; andi < k. Otherwise, the
functionW,(p) is a strictly monotone decreasing function on the intefva].
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It is important to remark that the functiofs,(p) and ¥, (p) are monotone in-

creasing ifp > 2. It follows from the propertyY,.(p) = Yi <ﬁ) In order to

illustrate these properties we plot the value§'¢p) for the groupsSs.
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3. Negative Results

Theorem 3.1. Letp be a fixed number on the intervdl, 2) and]lj + é =1.IfGis
a group with unbounded sequengg(p), then the operatos,, is not of type(p, p)
or (g, q).

Proof. To prove this theorem, choosg < m, the index for which the normalized

Negative Results Concerning

coordinate functiomoﬁf of the finite group’,, satisfies Fourier Series
i i s R R. Toledo
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both equalities hold in Holder’s inequality. For this reason <« >
—i i i i < >
1) [ gt i, = U i, e,
Gl Page 13 of 16
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1251l = Ui ()| Erllp-

k—1
=H /fﬂjduj
j=017¢

On the other hand, if,, is of type(p, p), then there exists @, > 0 such that

[Sn1Fk = SnFillp < 1Sns1 Fillp + [1SnFrllp < 2G| F% |l

for eachk > 0, which contradicts¥.2) because the sequengg(p) is not bounded.
For this reason, the operatdfs are not uniformly of typép, p). By a duality argu-
ment (see@]) the operatorss,, cannot be uniformly of typéq, ¢). This completes
the proof of the theorem. O

By Theorem3.1 we obtain:

Theorem 3.2.LetG be a bounded group and suppose that all the same finite groups
appearing in the product af have the same systepmat all of their occurrences. If
the sequenc® is unbounded, then the operat6y, is not of type(p, p) for all p # 2.

Proof. If the sequenc&, = ¥, (1) is not bounded, there exists a finite gratipvith
system{y® : 0 < s < |F|} (| F| is the order of the group’) which appears infinitely
many times in the product @f and

T(1) := max [|*[[1]|¢" [l > 1.
s<|F|

Hence by Theorerfi.3we have

T(p) = S\ 1o%|], > 1
(p) g;cgll!so 1p11°|lq

for all p # 2. Denote byi(k) the number of times the group appears in the first

Negative Results Concerning
Fourier Series

R. Toledo
vol. 9, iss. 4, art. 99, 2008

Title Page
Contents
44 44
< >
Page 14 of 16
Go Back
Full Screen

Close

journal of inequalities

in pure and applied
mathematics
issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:toledo@nyf.hu
http://jipam.vu.edu.au

coordinates of7. Thusl(k) — oo if Kk — oo and

L(k)
Uy (p) > HT(p) — 00 if & — oo,

=1

for all p # 2. Consequently, the grou satisfies the conditions of Theoréiril for
all 1 < p < 2. This completes the proof of the theorem. m

Corollary 3.3. If G is the complete product &; with the systenp appearing in
Section?, then the operatof,, is not of type(p, p) for all p # 2.
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