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ABSTRACT. The reverse Minkowski’s integral inequality:

</abfp($)dx>})+ (/;gﬂx)dx)i §c</ab(f(a;)+g(x))pdm>;, b1,

wherec is a positive constant, and the following Hardy’s inequality:
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where "
Fy(x) =/ fe(®)dt, wherek=1,...,4

are proved.
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1. THE REVERSE MINKOWSKI INTEGRAL |NEQUALITY

In [1),13,[4], the well- known Minkowski integral inequality is given as follows:

Theorem 1.1.Letp > 1,0 < ff fP(z)dr < oo and0 < ff g°(x)dx < co. Then

wn ([ vwrer da:)’l’ <(f f”(x)daﬁ); ([ gp@)dx)’l’ |

In this section we establish the following reverse Minkowski integral inequality
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Theorem 1.2.Let f and g be positive functions satisfying

(1.2) O<m<f( ?) <M, Vzé€]lalb].
9(x)

Then

0y ([ reww) +(/abgp<x>dx)’l'gc(/ab<f<x>+g<x>>pdx)'l’,

M(m+D+H(M+1)

Whel’ec = W

Proof. Slncef ;< M, f<M(f+g)— Mf. Therefore

(1.4) (M +1)P f7 < MP(f 4 g)°
and so,

b : b :
(w5) ([ r@as) = 8 ([ )+ tarya)
On the other hand, sineeg < f. Hence
(1.6) 95— (F(2) + 9(a)) — —g(a)
Therefore,
.7 (5+1) e < (5] U@ + g7,
and so,

b : b 3
.8) ([ rei) <20 ([ v+ sy a)

Now add the inequalitie$ (1.5)ar{d ([L.8) to get the desired inequality (1.1).
Thus, (1.1) is proved.

2. HARDY INTEGRAL INEQUALITY INVOLVING MANY FUNCTIONS
Hardy’s inequality[2] 5] reads:

Theorem 2.1.Let f be a nonnegative integrable function. Defifigr) = [* f(¢)dt. Then

(2.1) /OOO (@)pm < (ﬁ)p/j (f(x))dz, p>1.

Our purpose in this section is to prove the Hardy inequality for several functions.

Theorem 2.2.Let fy, fo, ..., f; be nonnegative integrable functions. Defingz) = f; fr(t)dt

wherek = 1,...,i. Then

(2.2) /OOO (Fl(ﬁf)FQ(a:)---Fi(x)>?dx
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Proof. By using Jensen’s inequality![6), 7]

(2.3) (Fy(2)Fy(z) - Fi(z))T < M

1
and so,

N

ile x g
(2.4) (Fl(x)F2($)E($))B S <Zk7 z’pk( )> ’

Divide both sides of (2]4) by? and integrate resulting the inequality to get
o0 N i o ' »
(2.5) / (Fl(I)Fﬂﬂf? Fz(ﬂf)) dp < 1/ (Fl(l“) + Fy(z) +-- -+ E(@) .
0 0

x* P T

Applying inequality [2.11) to the right hand side f (R.5) we get](2.2). O
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