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ABSTRACT. The reverse Minkowski’s integral inequality:(∫ b

a

fp(x)dx

) 1
p

+

(∫ b
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gp(x)dx

) 1
p

≤ c

(∫ b

a

(f(x) + g(x))p
dx

) 1
p

, p > 1,

wherec is a positive constant, and the following Hardy’s inequality:∫ ∞
0

(
F1(x)F2(x) · · ·Fi(x)

xi

) p
i

dx

≤
(

p

ip− i

)p ∫ ∞
0

(f1(x) + f2(x) + · · ·+ fi(x))p
dx, p > 1,

where

Fk(x) =
∫ x

a

fk(t)dt, wherek = 1, . . . , i

are proved.
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1. THE REVERSE M INKOWSKI I NTEGRAL I NEQUALITY

In [1, 3, 4], the well- known Minkowski integral inequality is given as follows:

Theorem 1.1.Letp ≥ 1, 0 <
∫ b

a
fp(x)dx < ∞ and0 <

∫ b

a
gp(x)dx < ∞. Then

(1.1)

(∫ b

a

(f(x) + g(x))p dx

) 1
p

≤
(∫ b

a

fp(x)dx

) 1
p

+

(∫ b

a

gp(x)dx

) 1
p

.

In this section we establish the following reverse Minkowski integral inequality
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Theorem 1.2.Letf andg be positive functions satisfying

(1.2) 0 < m ≤ f(x)

g(x)
≤ M, ∀x ∈ [a, b].

Then

(1.3)

(∫ b

a

fp(x)dx

) 1
p

+

(∫ b

a

gp(x)dx

) 1
p

≤ c

(∫ b

a

(f(x) + g(x))p dx

) 1
p

,

wherec = M(m+1)+(M+1)
(m+1)(M+1)

.

Proof. Sincef(x)
g(x)

≤ M , f ≤ M (f + g)−Mf . Therefore

(1.4) (M + 1)p fp ≤ Mp (f + g)p

and so,

(1.5)

(∫ b

a

fp(x)dx

) 1
p

≤ M

M + 1

(∫ b

a

(f(x) + g(x))p dx

) 1
p

On the other hand, sincemg ≤ f. Hence

(1.6) g ≤ 1

m
(f(x) + g(x))− 1

m
g(x).

Therefore,

(1.7)

(
1

m
+ 1

)p

gp(x) ≤
(

1

m

)p

(f(x) + g(x))p ,

and so,

(1.8)

(∫ b

a

gp(x)dx

) 1
p

≤ 1

m + 1

(∫ b

a

(f(x) + g(x))p dx

) 1
p

.

Now add the inequalities (1.5)and (1.8) to get the desired inequality (1.1).
Thus, (1.1) is proved. �

2. HARDY I NTEGRAL I NEQUALITY I NVOLVING M ANY FUNCTIONS

Hardy’s inequality [2, 5] reads:

Theorem 2.1.Letf be a nonnegative integrable function. DefineF (x) =
∫ x

a
f(t)dt. Then

(2.1)
∫ ∞

0

(
F (x)

x

)p

dx <

(
p

p− 1

)p ∫ ∞
0

(f(x))p dx, p > 1.

Our purpose in this section is to prove the Hardy inequality for several functions.

Theorem 2.2.Letf1, f2, . . . , fi be nonnegative integrable functions. DefineFk(x) =
∫ x

a
fk(t)dt,

wherek = 1, . . . , i. Then

(2.2)
∫ ∞

0

(
F1(x)F2(x) · · ·Fi(x)

xi

) p
i

dx

≤
(

p

ip− i

)p ∫ ∞
0

(f1(x) + f2(x) + · · ·+ fi(x))p dx.
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Proof. By using Jensen’s inequality [6, 7]

(2.3) (F1(x)F2(x) · · ·Fi(x))
1
i ≤

∑i
k=1 Fk(x)

i
,

and so,

(2.4) (F1(x)F2(x) · · ·Fi(x))
p
i ≤

(∑i
k=1 Fk(x)

)p

ip
.

Divide both sides of (2.4) byxp and integrate resulting the inequality to get

(2.5)
∫ ∞

0

(
F1(x)F2(x) · · ·Fi(x)

xi

) p
i

dx ≤ 1

ip

∫ ∞
0

(
F1(x) + F2(x) + · · ·+ Fi(x)

x

)p

dx.

Applying inequality (2.1) to the right hand side of (2.5) we get (2.2). �
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