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Abstract: Ratios involving incomplete gamma functions and their monotonicity properties play Go Back

important roles in financial risk analysis. We derive desired monotonicity properties

either using Pinelis’ Calculus Rules or applying probabilistic techniques. As a con- Full Screen

sequence, we obtain several inequalities involving conditional expectations that have

been of interest in actuarial science. Close
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1. Introduction

The gamma functiofi(u) = [~ 2*~'e "dx and its numerous variations (e.g., upper
and lower incomplete, regularized, inverted, etc., gamma functions) have played
major roles in research and applications. The ratio of two gamma functions has
also been a prominent research topic for a long time. For a collection of results,
references, notes, and insightful comments in the area, we refeg]to [

When working on insurance related problems (see Seé&)iare discovered that
solutions of these problems hinge on monotonicity properties of the functions
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Re(u,v) = —F(u tov) and Q.(u,v) = —Rc(u,v)7
F(u,v) U .
Title Page

wherec > 0 is a constant andl(u,v) = [~ 2" ‘e "dx is the upper incomplete S
gamma function. Note that when= 0, then the function®.(u,v) and Q.(u, v)
reduce, respectively, to the ratibsu + ¢)/I'(u) andI'(u + ¢)/T'(u + 1). We refer « 44
to [9] and [10] for monotonicity properties, inequalities, and references concerning p >
the latter two ratios and their variations. Monotonicity results and inequalities for
upper and lower incomplete gamma functions have been studi®}f sef also the Page 3 of 14
references therein. Y

Note that the monotonicity oR.(u,v) and Q.(u, v) with respect tov follows
immediately from Pinelis’ Calculus Rules, which have been reported in a series of Full Screen
papers in thelournal of Inequalities in Pure and Applied Mathemateiging the .

period 2001-2007. Indeed, both the numerator and the denominator of the ratio

R.(u,v) converge td) whenv — oo, and the ratid”, (v + ¢, v) /I, (u, v), which is
equal tov®, is increasing, wher€’ (u, v) is the derivative of'(u, v) with respect to
v. Hence, according to Proposition 1.1 B},[we have that
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(1.1) Re(u,v +€) > R.(u,v) forevery e>0.

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

The same argument applies to the function> Q. (u,v), and thus the same mono-
tonicity property holds for this function as well.

Pinelis’ Calculus Rules, however, do not seem to be easily applicable for deriving
monotonicity properties of the functions— R.(u,v) andu — Q.(u,v). There-
fore, in the current paper we use ‘probabilistic’ arguments to arrive at the desired
results. The arguments are based on so-called weighted distributions, which are of
interest on their own. We also present a description of insurance related problems
that have led us to the research in the present paper.
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2. Monotonicity of u — R.(u,v) and u — Q.(u,v)

The following general bound has been provedih(kee also §] for uses in insur-
ance)

(2.1) E[o(X)5(X)] = Ela(X)]E[5(X)]

for non-decreasing functions(z) and5(x). We shall see in the proof below that
the bound 2.1) is helpful in the context of the present paper.

Proposition 2.1. For any positiver, v andv we have that
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(2.2) Re(u+€,v) > Re(u,v) forevery e>0.
Title Page

Proof. Statement4.2) means that the functiop(u) = R.(u,v) is increasing. To
verify the monotonicity property, we check thétu) > 0, which is equivalent to the Contents
inequality < »
(2.3) / log(x)xcq(x)dx/ q(z)dz > / log(x)q(x)dx/ xq(x)dx

v v v v Page 5 of 14
with ¢(z) = 2~ 1e~*. (Itis interesting to point out, as has been noted by a referee of Go Back
this paper, that inequality?(?) is equivalent to .3) with log(z) replaced by:; the
proof that follows is valid with this change as well.) L&}, be a random variable [l s
whose density function is — ¢(z)/ [ q(y)dy on the intervalv, co). We rewrite Close

bound ¢.3) as
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(2.4) E[log(Xq)Xg] > E[log(Xq)]E[Xg].

With the functionsa(z) = log(z) and5(z) = 2¢, we have from £.1) that bound
(2.4) holds with >’ instead of &', which is a weaker result than desired. Therefore,
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we next show that the equalily{log(X,) X:] = E[log(X,)|E[X¢] is impossible. To
this end we proceed with the equation (due to W. Hoeffding; Spe [

Ellog(X, — Ellog(X,)|E[X{]
// log ) <z, X; < y] P[log(Xq) < IB}P[X(‘; < y])d:z:dy.
We have thalP[log(X,) < =, X < y] > Pllog(X,) < z]P[X; < y], which is Ecward Furman and
the so-called ‘positive dependence’ between the random variaile¥,) and X Rigardas Zitikis

when one of them increases, the other one also increases. Hence, in order to have the  vol. 9, iss. 3, art. 61, 2008
equalityE[log(X,) X¢] = E[log(X,)|E[X{], we need to hav®[log(X,) <z, X¢ <
y] = Pllog(X,) < ]P[XC < y| for all x andy. But this means independence of

log(X,) andX¢, which is possible only ifY, is a constant almost surely. The latter, Tite Page
however, is impossible since, by construction, the random varigpleas a density. Contents
This completes the proof of Propositian. m « "
Proposition 2.2. Whene < 1, for any positivex andv we have that p R
(2.5) Q.(u+¢€,v) < Q.(u,v) forevery e> 0. Page 6 of 14
Proof. Sincel'(u, v)u = I'(u + 1,v) — v"e~", we have that Go Back
I'u+c,v 1
Qelu,v) = ['(u —i-(l v) — Z“e” a a(u) — (v=ce=v)/b(u)’ e
’ Close
where ( 1) I )
_tlu+lv _ Mu+tcv) journal of inequalities
a(u) = Tuteo) and b(u) = — in pure and applied
mathematics

Note thata(u) = Ry_.(u + ¢, v), which is constant it = 1 and an increasing func-
tion of u if ¢ < 1 by Proposition?.1. Note also the equality(u) = [~ z“e *"dx.

issn: 1443-575k
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The latter integral is increasing with respectitdHenceu — Q. (u,v) is a decreas-
ing function. This finishes the proof of Propositiary. ]

It is natural to ask whether the conditien< 1 in Proposition2.2 is necessary.
Computer aided graphics indicate that when 1, the functionu — Q.(u,v) is
initially decreasing and then increasing either concavely or convexly, depending on
the magnitude of > 1. The problem of finding the minimum point of the function
u — Q.(u,v) and deriving its monotonicity patterns for> 1 are interesting prob-
lems, whose resolutions would aid in risk measurement and management. Indeed,
valuesc > 1 do show up when considering tail moments of higher orders than those
considered in the next section: the applications we consider there reguiteonly.
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3. Applications

Assume that an insurance portfolio consistgsofisks, which are non-negative ran-
dom variablesXy, ..., Xk. Let the random variables be independent but possibly
not identically distributed. In fact, assume that eaghhas the gamma distribution
Ga(~yg, o) with parameters, > 0 anda > 0, that is,

T at Ratios of Gammas
M Edward Furman and

b
r (’Yk ) Ricardas Zitikis

(31) FXk(t) =1-
wherel'(y;,) = ['(,0) is the complete gamma function. We note in passing that vol 9. 1ss. 3, art. 61, 2008
the gamma distribution is natural and thus frequently utilized in actuarial science.
Indeed, many total insurance claim distributions have roughly the same shape as the Title Page
gamma distribution: they are non-negatively supported, unimodal, and skewed to the
right. For applications of the gamma distribution, we refer, e.g.2l@hd [4], as

well as to the references therein. P >

Consider the situation when an insurer is concerned with the overall portfolio risk

Contents

< »
K
S:ZXj Page 8 of 14
J=1 Go Back
that exceeds a certain threshold. Such situations arise when dealing with policies in- Full Screen

volving deductibles and reinsurance contracts. That is, given a pre-specified thresh-

old ¢, we are concerned with those risks for whish> ¢ holds. We are then Close
interested in the total risk and also in the average contribution of eachXrsk
or the unions of severak,’'s, to the total risk of the portfolio. Mathematically,
these problems can be formulated as the conditional expect&ishs > t| and
E[X| S > t], or the sum oE[X}| S > t] over allk € A forsomeA C {1,..., K}.
In particular, we are interested in comparing the expectatlofi§ S > ¢] and
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E[Sa| Sa > t], and alsdE[SA| S > t] andE[Sa| Sa > t], where

SA - ZXJ
JEA
A motivation for such comparisons arises when testing theoretical properties of risk
capital allocation procedures. For related discussions, we refé}.to [
The following proposition, which generalizes Proposition 1 2htp arbitrary
random variables, is particularly useful in quantifying the above noted conditional

expectations. The presented proof of the proposition below is also much simpler
than that in g].

Proposition 3.1. Let&y, ..., & be independent (but not necessarily identically dis-
tributed) non-negative random variables with positive and finite means. Then, for
everyl <k < K,

— Iy

1= FZ;K:1 & (t) 7

e (D)

(3.2)

gk{ Zgj >t

where; > 0 is an mdependent dfi, ..., &k random variable whose distribution

function is
E[£:1{& < x}]
E[&] '

Sk]

Fi(x) =

Proof. The equations

N _E[fkl {Eﬁékfj+€k>t”
E | &| ;51 > 1 E[1{2£1§j>t}]

prove the proposition. O

P06+ 6 >t

1- FZJK:1 &j (t>

= E[&
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A notable property of the gamma distribution is that of ‘closure under convo-

lutions’, meaning that the distribution of the sum’, . X; has again a gamma

distribution, which isGa <ZJEA 7]»,04). Another useful property is the ‘closure

under the size-biased transform’, which we explain next.
To start with, note that the distributidf (x) of X} is a special case of the more
general weighted distribution (se@] pnd [11], as well as the references therein)

E[w(Xy)1{X}, < x}]

Elw(Xy)] ’
wherew(x) is a non-negative function such that the expectalign( X} )| is positive
and finite. Whenu(x) = z* for a constant: > 0, the distributionF’ is called ‘size-
biased’. We check (seé]) that in this case the distributiafi} is Ga(yx +¢, «), pro-
vided of course thak'y, is Ga(vx, «), as assumed ir8(1). In particular, when = 1,
thenX; « Ga(y, + 1,a) and so, in turny_",, X; + Xj ~ Ga (Z]K:l v + 1, a).
Combining these notes with equatioislj and (3.2), and also utilizing the fact that
E[X:] = v/c, we have that

Fi(a) =

K
T (ijl v + 1,at)
K
)oY T (Z]K:l Vs> at)

O‘Z] 17 <] 1

whereR, is R, with ¢ = 1. Hence,

(3.4) E[S|S > 1] (Z Vi, at)

(3.3) E[X,]S > ] =
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Likewise, we derive the equation

(3.5)

To compare the right-hand sides of equatiohs)(and (3.5), we apply Proposition

[SA’ SA > lf

2.1and arrive at the following corollary.

Corollary 3.2. We have that

(3.6)

with the strong inequality>" holding if 3, ¢x v > 0, wherel A is the complement
of Ain{1,...,

Inequality (3.6) is intuitive from the actuarial point of view since it implies that

= (Z)

E[S| S > t] > E[Sa| Sa > 1]

K).

more risks mean higher expected losses.

It is also important to compare the expectati®is | S > t] andE[Sa| Sa > t].
Loosely speaking, the former expectation refers to the risk contribution of the risk-
setA to the total risk when the risk-séX is a part of a portfolio. The expectation
E[Sa| Sa > t] refers to the risk contribution when the risk-gktis a stand-alone
risk. To derive an expression f&{SA| S > t|, we use equatior3(3) and obtain

(3.7)

E[SA| S > t]

Z]EA ny

” (Z v at)

Zw) Q (Z Vi at)

«

!

Jj= 1

JEA
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whereQ; is Q. with ¢ = 1. Next we rewrite equatior3(5) in terms of the function
Q; and have that

(3.8) E[SA|Sa > ] = é (Z ’Yj) 9, (Z ’Yjﬂt) ~

JEA JEA

Using Propositior?.2, we compare the right-hand sides of equatichs)(@nd (3.9),
and obtain the following corollary.

Corollary 3.3. We have
(3.9) E[SA| S > t] < E[SA‘ Sa > t]
with the strong inequality<’ holding if Zje ca Y > 0.

Inequality 3.9) means that risks, or their unions, are more ‘dangerous’ when they
stand alone than when being a part of a portfolio.
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