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1. INTRODUCTION

Let f : [a,b] — R (a < b) be a continuous function.
If fis convex ona,b|, then

(1.1) f <a+b> < bia/abf(x)d:cg fla) + f(b)

2 2

The inequalities in (1]1) are known as the Hermite-Hadamard inequality [1].

For some recent results which generalize, improve, and extend this classic inequality, see ref-
erences of [2] -{[7]. In order to refine inequalities[of {1.1), the author of this pager in [2] defined
the following some notations, symbols and mappings. we list these notations and symbols by

Y = (yl,yg,...,yn) c Rn’ t = (tl,tQ’...,tn) c Rn’ Tn = tl +t2 + - +tn, 0 =
(0,0,...,0), 1 = (1,1,...,1), £ = (2,1 . Lyand(1;,0) = (0,...,0,1,0,...,0) (1 is
ith component; = 1,2,...,n) are special points iiR"; G = [0, 1] x [0,2] x --- x [0, 2],

I =10,1]x[0,1]x---x[0,1],V = [a,b] X [a, b] X+ - -X[a,b], D = [a, 1] X [x1, 2] X+ - - X [2y_1, ]
(z; = a+ (b;a)i,i =0,1,....,n;x00 =a,x, =0b), H={t € I|T, < 1}andL = {t € I|T,, =

1} are subsets iiR".
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We list these mappings by

R,:I—R, Rn(t)é(
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(b—a)"/vf (;tzyz) dy.

We write P, . in the following equivalent form

b n
Poy:H—R, P,4(t) = m/‘/ [/ f (thyl +(1- Tn)x> dx

letg : A C R* — R. Forallt® = (tgj),..., fﬁ) € A(j = 1,2) with ¢! < ¢

(i=1,2,...,n),if g(tM) < g(t@), then we cally increasing om.

For these mappings and fifis convex ora, b], L.-C. Wang in [2] gave the following proper-
ties and inequalities:

P, is convex onl; R, andsS,, are convex, increasing dnandG, respectively;

1.2) f ( : b) — Ry(0) < Ry (t) < R, (1)

2
() Lo ()
1 , =1

and

2

P,:L— R, P,t)

dy.

foranyt € I,
a+b 1 1 1 &
(1.3) f< ! ) _ 5,(0) < Sa(t) < S, (;) - /Vf <52y> 1y
forallt € G,
(1.4) Su(t) < Poya(t)

forallt € H, and

(1.5) S, (%) =P, (%) < P,(t) < P,(1;,0) = / f(z

forallt € L.
(1.2) - [1.%) are refinements ¢f (IL.1).
Recently, Dragomiet al. [3], Yang and Tsend |5], Matic and Paric [6] and L.-C. Wang
[7] proved some results for Lipschitzian mappings relate@ tg (1.1). In this paper, we will prove
some new inequalities for Lipschitzian mappings related to the mapgipdsr (1.2)),.S,, (or
(1.3)) andP, (or (1.5) and[(1}4)). Finally, some applications are given.
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2. MAIN RESULTS

A function f : [a,b] — R is called anM —Lipschitzian mapping, if for every two elements
x,y € [a,bl andM > 0 we have

|f(z) = f(y)] < Mz —yl.
For the mapping?,(t), we have the following theorem:

Theorem 2.1.Let f : [a,b] — R be anM —Lipschitzian mapping, then we have

n

2.1) Ru(t®) — R, (t1)] < 4%(5 —a) o[ -

for anyt() — (tﬁ”,..., 55)) cl(j=1,2),

(2.2) ‘f (”2”’) - m(t)‘ < b-alT,

and

(2.3) Ro(t) — (bfa) / < Zyz> dY| < (b —a)(n =T,

forall t € I, and

(2.9 ‘(bf)/]Jngy)

Proof. (1) Forz; = &% (i = 0,1,...,n; 2 = a,x, = b), from integral properties, we have

< M o)

(b—a).

1 < (2) 2)y Ti—1 T T
- t : S Pt el
(n; v+ (1= )=

tz@) B t@@) Tio1 + X 1y

i

xz 1+x1

Y
/D e
n " M u 2) (1) b—a /

= - —_ t: —t
(b—a) n;

)
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ne)

7

M n Ti—1+%;
(1)

= t:

a2t

2 Ti—1 + T
—— —Yi | dyi
= [\/%1 ( 2 y) Y
. Tio1 +
+ /xi—leri <y@- T 5 ) dy;
2

(2 _ 40

7

M

:4—n2(b—a)z

1=

This completes the proof df (2.1).

(2) The inequalities[ (2]2) andl (2.3) follow frorh (.1) by choosity = 0, t® = t and
t() = 1,t® = t, respectively. This completes the proof|of {2.2) dnd](2.3).

(3) From integral properties, we have

(25) / e = Z / Py = ( - ) Z | sy,

Using (2.5) and integral properties, we obtain

QﬁaY/J(%Z%') Y

< — — - = Ol dY
< (b_a) /D n;f(ﬂ;y;> n;f(y)
n "M G
< - — — C— il dY
- (b—a) n /; n;y] Y
n \" M< “
S(b—a) EZ/DZL% yil dY
=1 j=1
n n M n i—1 n
~(75) = [ [T+ S|y
—a Ly P j=it+1
n 1—1 )
n M i i
.
i=1 |j=1 i1 -1

This completes the proof df (2.4).
This completes the proof of Theor¢gm[2.1. O
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Corollary 2.2. Let f be convex offu, b], with f’_ (a) and f’ (b) existing. Then we obtain

(2.6) 0< Rn(t@)) - Rn(t(”>

foranyt® = (¢ ...t e 1(j =1,2) witht!® > V(i =1,2,... n),
+b x{|fi(a)l, | f2(b)]

2.7) 0<Ru(t)— f(2 . ) < max{] +E§32 W o,

and

n 1 n
(2.8) 0< (bﬁa) /Df (E;yz> dY — R, (t)

< I @L IO

- 4n?

forall t € I, and

1 n

max{|f+(a)l,|f’_( )[}(n? — 1)
< —a).
- 3n? (b—a)
Proof. For anyx,y € [a,b], from properties of convex functions, we have the following
max{|f(a)|,|f_(b)|}—Lipschitzian inequality (se¢ [8]):
(2.10) f(z) = f(y)] < max{|f\ (a)], [/2(D)[} |z — yl.

SinceR, is increasing or, using [1.2),[(2.10) and Theorém P.1, we obtain|(2.6)}(2. 9)
This completes the proof of Corollary (2.2).

For the mapping,,(t), we have the following theorem:

Theorem 2.3.Let f be defined as in Theordm R.1, then we obtain

(2.11) | (£2) — S, ()] < %(b —a) > [ -
i=1
foranyt® = (¢¥) .. ¢9) e H(j =1,2),
M

(2.12) 1(“57) - su0] < Yo -,
and

1 1 n n

. — — , < —(p— —

(2.13) Sult) = 5o /Vf (n Zy> dy| < (b )Z nt; — 1|

forall t € H, and
(2.14) ‘f (“5°) - = |7 (%Zy) ay
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Proof. (1) From integral properties, we obtain
S (67) = S0 (61)]

(o212

<o [-0) (=25

=1

M n

)
< -
_(b—a”Z"
M @ ol [
b—az [ tz .
M GLe Lo
_b—a;ti —h a

n

M
=700

=1

This completes the proof df (2.J11).
(2) The inequalities] (2.12) anfl (2]13) follow from (2.11) by choosifig = 0, t? = t and
t() = 1 ¢ = ¢, respectively. The inequalitigs (2|14) foIIowfro- 12) by chooﬂh)g_

This completes the proof df (2.19)-(2]14).
This completes the proof of Theor¢m|2.3. O

Corollary 2.4. Let f be defined as in Corollarfy 2.2, then we have

2 1 max{| /% (a)], | fL(0)[} - 2 L)
2.15)  0<S,(6@) = 5,(tM) < ] b-a)y <ti 4 )

<o

dy

ay

a+b
Yi —
v 2

oy

a+b
2

Yi —

‘ dy;

+b

= b b b
2 <a+ —yz)dyﬂr/ (yi—a+ )dyz-]
2 a+b 2

2

#? — V]

)

foranyt® = (1f",....1") € G(j = L2 with 1} > 1 (i = 1.2, ),
/ / b
(2.16) 0<S,(t)— f (a+b) < max{|f} (a), [fL(0)[}

2 4
and

(2.17) 0<(b_1a / <Zyz>dY S, (t)

< max{\er( )‘>|f/—( )‘}
- 4

(b - a’)Tn

(b—a)(1—1T,)

forall t € G, and

1 1 < a+b
218) og(b_a)n/VfG;yi)dY—f( )

o mxIL @LIZON

J. Inequal. Pure and Appl. Mat}8(1) (2007), Art. 30, 11 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

INEQUALITIES OF HADAMARD -TYPE FORLIPSCHITZIAN MAPPINGS 7

Proof. SinceS,, is increasing orG, using [1.B),[(2.10) and Theorgm .3, we obtain (2.15) —

(2.19).
This completes the proof of Corollary (2.4). O

For the mappind’,(t), we have the following theorem:

Theorem 2.5. Let f be defined as in Theordm P.1. ko> 2, then we obtain

n—1
(2.19) P (62 — (8] < 3
=1
for anyt¥) = (tﬁ”, o 2”) € L(j=12),
1 1 n Al n—1
2.2 — | dY — < —(b— —1
and
1P M L
) < —(b—
(2.21) pult) =y, S@de| < O3
forall t € L, and
1 1 M(n —1)
(2.22) m/vf (ﬁ?%%) d 3n (b—a)
Forn > 1andallt € H, then we have
M

Proof. (1) Sincen > 2and7,, = t, +--- +t,_1 + t, = 1, we can writeP,(t) in the following
equivalent form

n—1 n—1
(2.2) Put) = e [ 1 Stk (120w ) 0.
(b—a) v \5 i=1
Using (2.24) and integral properties, we obtain

| Pa (8 (2’) = P (7))

n—1 n—1
e (-5 )
1 i=1

— f (Ztlyﬁ (1—Zt§1)) yn)

day
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b b
—a)"_Q/ / Y — Yn| dyidyn

1‘
=1

n—1 b T b
b_a /a V (x—y)der/w(y—:r)dy}dﬂs
n—1
= ga)— a) @ -
This completes the proof df (2.]19).
(2) The inequalities] (2.20) an EZl) follow frofn (2119) by choosifig = %, t® = t and
t() = (1,,0) = (0,...,0,1), t® = t, respectively. The |nequaI|t|e-22) foIIow frofn (2.21)

by choosingt = 1 " This completes the proof df (2.20) [ (222).
(3) Using mtegral properties, we writg, (t) in the following equivalent form

b n
(225)  Sa(t) = W/V [/ / (Zty F-T) b) di

Using (2.25%) and integral properties, we obtain

|Sn(t) — Froya(t)]
f <itiyi+(1_ a+b> <thyl )

ﬁ/[

dy.

dr| dY

[ (e [ ()
M

= S (b—a)(1-T).

This completes the proof df (2.23).
This completes the proof of Theor¢gm|2.5. O

Corollary 2.6. Let f be defined as in Corolla@.z For > 2, then we have

1)‘

foranyt® = (¢¥ .. t9) e L(j =1,2),

1 1 &
(2.27) 0 < Pu(t) - b—a)y /Vf (E;yz> dY
max{|f} (a)], | fL(b
< - = Z Int; — 1|
and
b max !
@29 o< [ s p < RUEGHED Ztl
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forall t € L, and

(2.29) _b_a/f b_a) /Vf<%zn:%>d§/

< me A @L OB =D,
Forn > 1andallt € H , we have

max{|fjr(a)|v | fL(0)[}

Proof. Using [LT.5), [T-#),[(2.10) and Theorém]2.5, we obtain (2.26) —|(2.30).
This completes the proof of Corollary (2.6). O

Remark 2.7. The condition in Corollary 2]2 (or Corollajy 2.4[or P.6) is better than the condition
in Corollary 2.2 (or Corollary 4.2 or Theorem 3.3) of [3]. This is due to the fact fthat a

differentiable convex function ofa, b] with M = sup |f'(t)| < occ.
te(a,b]

Remark 2.8. Whenn = 1, (2.1) and[(2.11)[(2]2) anf (2]17), (R.3) ahd (2.13) &nd {2.23) reduce
to (3.4), (3.2), (3.1) and (4.3) of[[3], respectively. Wher= 2, (2.19), (2.2D), and (2.21) reduce
to (4.6), (4.1) and (4.2) of [3], respectively.

3. APPLICATIONS

In this section, we agree that when= 0,

HOT -6

Forb>a>0,1>t% >¢" >0andl >t >0(i=1,2,...,n), we have

and

=Inb—Ina.
n? tl

] _ lnb—1Ina b — at

+(2 (2) (1 (1)

w il [0 it [0 -0F

n? " b
(3.2) 0= (lnb—lna) Ht_ [(5

and
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Forb>a>0,1 >4 >¢">0andl >¢>0(i=1,2,...,n), we have

-yr B g N NE) 1 271 51) | D He))
(3.4) 0<(ab) 7 Ht(—z)(bz —cw)— Ht( (bz _ gt
=1 "1 =1 "1
n+l n
- b(Inb—Ina)"* @@) _t§1)>’
4 ,
=1
1 -2t " 1 1
3.5 0< ————(ab)” 2 — (b" — a') — (ab)?
(3.5) _(lnb—lna)n<a) ]:11:2( a") = (ab)
< b(lnb—lna)Tn
- 4
and
(3.6) 0< ( b l)” (ab) —F ﬁ ! (b — a*)
) peu pos _ _ (——i
<I(n na a 115

. n+1
<b(lnb Ina) 1-T,).

- 4
Forb>a>0,1>t9>03=1,2,...,n;n>2)andt¥” +¢¥ +... 1V =1(j =
[ 1 2
we have
n n n n—1
1 /o o L oom b(Inb—Ina)"™ )
(37) Et—2<bl —a’b> 15—(1) —a1> S 3 Zt —
Forb>a>0,1>t>0(i=1,2,...,n; n>2)andT, = 1, we have

n n . n+1 n—1
(3.8) 0< Htl (bti _ ati) _ <nb% - na%) < b(Inb—1Ina) Z int; — 1|
i=1

il 7 3n
=1
and
b—a 1 "1, . _ b(lnb—1Ina) e
3.9 < — — (b —al) <« m——— 2 t;.
(3.9) 0= Inb—Ina (lnb—lna)"Hti( a") < 3 ;

Forb > a > 0, we have

b—a n? " | b\ 2 a\ 37
. < - 2 s — (=
(3.10) 0= Inb—1Ina (lnb—lna) (ab) H [(a) (b) ]

=1
b(n? —1)
STGDZ)—IHCL),
nbx —nar \ 1 b(lnb—1Ina)
. <=7 - <7
(3.11) 0= <1nb—lna> (ab)* < 4
and
1 n

b—a n(bH—aﬁ) b(n—1)
) < " | —— 2 < Inb—1 )
(3.12) 0_1nb—lna Inb—1na - n (In na)
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Indeed, [(3.11) {(3.12) follow from (2.6) £ (2.8), (2}15)—(2.1F), (2.26) — (2.28)] (2.9),/(2.18)
and [2.29) applied to the convex functign [Ina,Inb] — [a,b], f(z) = €*, with some simple
manipulations, respectively.
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