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1. Introduction

Let f : [a,b] — R (a < b) be a continuous function.
If fis convex ona,b], then

(1.1) f (“;b) < bia/abf(x)dxg M

The inequalities inX.1) are known as the Hermite-Hadamard inequaliiy [

For some recent results which generalize, improve, and extend this classic in-
equality, see references @[ [7]. In order to refine inequalities of.(1), the author
of this paper in 2] defined the following some notations, symbols and mappings. we
list these notations and symbols by

Y = (yl,yg,. .. 7yn) € ]Rn,t = (tl,tg,. .. ,tn) € ]Rn,Tn == t1+t2+ : ‘|—tn, 0=
(0,0,...,0),1=(1,1,...,1), 2 = (%, 1 .. Lyand(1;,0) = (0,...,0,1,0,...,0)

n’n’

(1isith component; = 1,2,...,n) are special points it"; G = [0, 1] x [0, 1] x
% [0,4], 1=100,1] x [0,1] x --- x [0,1], V = [a,b] x [a,b] X -+ x [a,b], D =
la, 1] X [21, 28] X + - X [T_1,b] (x; = a+@,i =0,1,...,n;29 = a,x, = b),

H={tel|l, <1}andL = {t € I|T,, = 1} are subsets ifR".
We list these mappings by

Ry:1—R, Ry(t)2 (bfa)n/Df(%Zn:(tiyﬁ(l—ti)me))dY,

i=1

n b
S,:H— R, Sn(t)éﬁ/‘/f<ztiyi+(l—Tn)a; )dY
i=1
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and

P,:L— R, P,t) 2~ (b — ) / (Z tzgz)

We write P, , 1 in the following equivalent form

b n
Pyt H—= R, P,(t) = (b_—i)nﬂ/v [/ f (Z tiyi + (1 — Tn)x> dx
a i=1

letg : A C R* — R. Forallt¥ = (tg),.. %)) € A(j = 1,2) with

1 <@ (i =1,2,... n),if g(tW) < g(t?®), then we cally increasing om.

For these mappings and ffis convex ona, b], L.-C. Wang in R] gave the fol-
lowing properties and inequalities:

P, is convex onL; R, andsS,, are convex, increasing dnandG, respectively;

a.2) F(%57) = 0 < o) < R 1)
(%) L (35
<ot [ row
for anyt ¢ I,
@ 1(“57) =50 <80 <5 (3) = goap Lf <%§_;y> av

dy.
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forallt € G,

(1.4) Su(t) < Poya(t)

forallt € H, and

1 1 I
L5) S, <n> _p, (n> < Paft) < Pa(15,0) = a/a f(z)dz
forallt € L.
(1.2) — (1.5) are refinements ofl(1).
Recently, Dragomiet al. [3], Yang and Tseng9], Matic and Péaric [6] and
L.-C. Wang [7] proved some results for Lipschitzian mappings related.ta)( In
this paper, we will prove some new inequalities for Lipschitzian mappings related to
the mappingsk,, (or (1.2)), S, (or (1.3)) and P, (or (1.5 and (L.4)). Finally, some
applications are given.
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2. Main Results

A function f : [a,b] — R is called anM —Lipschitzian mapping, if for every two
elementse, y € [a,b] andM > 0 we have

|f(@) = fy)l < Mz —yl.
For the mappind?,, (t), we have the following theorem:

Theorem 2.1.Let f : [a,b] — R be anM —Lipschitzian mapping, then we have

(2.1) |R.(t®) — R, (tW)] < %(b —a) Xn: £ — ¢
=
for anyt() — <t§j),..., SZ)) cl(j=1,2),
(2.2) ‘f (;b) - Rn(t)‘ < b,
and
(23)  |Ra(t)— (bfa)n/pf (%gy) av| < 25— a)(n - T,)

forall t € I, and

n \" 1 < I
e () /Df<ﬁzy> v - [ s
< M 2D a)
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Proof. (1) Forz; = @ (:=0,1,...,n; 9 = a,x, = b), from integral properties,

we have

R (¢7) = R (7))

N (2)\ Ti—1 + T;
- Py (1 — Py L T
f (n > ( yit(1-47)—

n M 2) (1)) Ti1 +
- <b—a) n Jp ;( ! Y 2
n M N (1)‘/ Ti—1 + T
< N - dY
- (b—a> n ZZ:; ! “ b Y 2
n M~ e <1)‘ b—a "1/“ Tio1 + @
= ol [ ;= dy;
(b—a) n ; ‘ ‘ n o 2 Y

t? — V1

)

M n
:W@—a)z

=1

This completes the proof o2(1).
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(2) The inequalitiesq.2) and @.3) follow from (2.1) by choosingt® = 0, t?) =t
andt) = 1, t® = t, respectively. This completes the proof éf) and @.3).

(3) From integral properties, we have

e [ roa=3 [ san= (1) [ ooy

Using (2.5 and integral properties, we obtain

‘(bﬁa)/ﬁ(%;y) v [ o
/D %Zf(%gy)—ggw

=
=
=

n

dy

ay

32 [ -y
H%Z/D [Z_:(yi_yj)+ > (i —w)

j=1 j=i+1

ay

n i—1 ) .
n M i i
~ 3 a [Z(/ yidyi_/. yjdyj>

J

Inequalities of Hadamard-type
for Lipschitzian Mappings

Liang-Cheng Wang
vol. 8, iss. 1, art. 30, 2007

Title Page
Contents
44 44
< >
Page 8 of 22
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: L443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:wlc@cqit.edu.cn
http://jipam.vu.edu.au

J
+ i </ yjdyj—/; yidyi>] Il\* M

. a3 x
Jj=i+1 - i—1
n i—1 n p A
. Z — j ] —1
T bh—a n2 Z
i=1 j=1 J=i+1
M (n2 — ) Inequalities of Hadamard-type
- 3n2 (b o a) ' for Lipschitzian Mappings

Liang-Cheng Wang

This completes the proof of(4).
This completes the proof of Theoreimnl. g
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forall t € I, and

(2.9) 0< ﬁ/abf(a:)dx - (%)n/Df (%fy) dy

o max{[fi(a)l, | fL(b) [} (n* — 1) 1

< 32 (b—a). )
. . Inequalities of Hadamard-type
Proof. For anyz,y € [a,b], from properties of convex functions, we have the fol- for Lipschitzian Mappings
lowing max{| f’.(a)l, | f"(b)|} —Lipschitzian inequality (sees]): Liang-Cheng Wang
vol. 8, iss. 1, art. 30, 2007
(2.10) f(z) = f(y)] < max{|f{(a)], |[fL()[}z — yl.
SinceR,, is increasing orl, using (L.2), (2.10 and Theoren?.1, we obtain £.6)- _
(2 9) Title Page
This completes the proof of Corollarg.(). n Contents
For the mapping,,(t), we have the following theorem: <« >
Theorem 2.3. Let f be defined as in Theorein1, then we obtain < >
M n
(211) }Sn<t(2)) - Sn(t(l))| < Z(b N a) Z t§2) _ tgl) Page 10 of 22
i=1 Go Back
foranyt® = (9, ..ty e H(j =1,2), Full Screen
b M
(2.12) ‘f (a; ) - Sn(t)‘ < Z(b —a)T, Close
q journal of inequalities
an in pure and applied
1 1 <& M n mathematics
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J
forall t € H, and ||\ il

Se
a+b 1 1 — M N
2.14 — — i 1 dY | < —(b—a).
(2.14) f( 2 ) (b—a)”/vf<n;y> - 4( @) P A
Proof. (1) From integral properties, we obtain
|Sn (t(2)> — Sn (t(l))‘ Inequalities of Hadamard-type
n for Lipschitzian Mappings
1 (2) (2) a+ b Liang-Cheng Wi
7y + | 1 t g-Cheng Wang
~(b—a) / ‘f <; i ¥ ( ; ! 2 vol. 8, iss. 1, art. 30, 2007
~ () m)atbd
f <Z tl Yi + (1 o Z tz ) ) dy Title Page
i=1 i=1
M n @ @ a+b Contents
£ ) - dy
(b—a)n/V;<l ’ Y 2 < »
M & b < 3
nzt?)_tz(l)‘/ yi_a+ ‘dY
(b—a)" = % 2 Page 11 of 22
_ M / _a + b dy; Go Back
b— a : !
i=1 Full Screen
b
— [ a + b yz) dy; +/ (yi _ 4 b) dyi] Close
b— a atb 2
M journal of inequalities
—Z(b-a) Z _ t(l)‘ ‘ in pure and applied
4 ’ mathematics

=1

This completes the proof o2(11).
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(2) The inequalities4.12) and .19 follow from (2.11) by choosingt® = 0,
t? =t andt® = 1, ¢ = t, respectively. The inequalitie .(L4) follow from
(2.12 by choosingt® = L. This completes the proof of(12-(2.14).

This completes the proof of Theoreh®s. g

Corollary 2.4. Let f be defined as in Corollary.2, then we have

2 1 max{|f’ (a)[, |fL(0)[} - @2 L)
(2.15) 0 < S,(t?) =8, (tM) < 1 (b—a))_ (ti — )

i=1

foranyt® = ¢/ ...t e GG =1,2) witht!® >tV (i=1,2,... n),

(2.16) 0< S.(t) - f (a;b) < maX{IfL(Z)I,If’_(b)l}(b_a)Tn
and
1 1 &
(2.17) 0< o /Vf (5 ;;,) dY — S,(t)
< max{lfi(c;)l, Itz"’_(b>|}>(b_a)(1 1)

forall t € G, and

1 1 — a+b
(2.18) OSW/Vf<E;yi)dY—f( ! )

< mA@LIZOY

Inequalities of Hadamard-type
for Lipschitzian Mappings

Liang-Cheng Wang
vol. 8, iss. 1, art. 30, 2007

Title Page
Contents
44 44
< >
Page 12 of 22
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: L443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:wlc@cqit.edu.cn
http://jipam.vu.edu.au

Proof. Sinces,, is increasing ort7, using (L.3), (2.10 and Theoren?.3, we obtain

(2.195 - (2.19.
This completes the proof of Corollarg.¢). n

For the mappind’, (t), we have the following theorem:
Theorem 2.5. Let f be defined as in Theorenl. For n > 2, then we obtain

M n—1
(2.19) pa(t®) = o) < (b —a) Y [t — )
3 =1

1 1 n M n—1
(2.20) b—a)y /Vf (E ;yz) dY —pu(t)] < %(b —a) ; Int; — 1|
and
b n—1

(2.21) palt) ~ 5 [ Fadz < Tb-a) 1,

a i=1
forallt € L, and

1 1 I M(n —1)

(2.22) o /Vf (Ez;y> dy — m/ flz)dz| < 3—n(b— a).
Forn > 1andallt € H, then we have
(2.23) 1Su(t) — Pra(8)] < 2 (b — )1 — ).
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Proof. (1) Sincen > 2andT,, = t; +- - +t,_1 +t, = 1, we can writeP, (t) in the

following equivalent form

(224)  Py(t) = ﬁ /V / (Z b+ (1 - Zti) yn) ay.
=1 =1

Using (2.24) and integral properties, we obtain

[P (8 ‘2)) — P (t)]

(50
(B (8o

S (6 )
n—1 )
< % Z tl(?) o ‘ (b—a)" / / Yi — yn| dyidyn

< ———
- (b—a

ay

2) _ 4

1

25

This completes the proof of(19.

/ab {/ax(x —y)dy + /:(y _ x)dy} du
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(2) The inequalities4.20) and @.27) follow from (2.19 by choosingt™
t? =t andt® = (1,,0) = (0,...,0,1), t® = t, respectively. The inequalities
(2.22) follow from (2.21) by choosingt = % This completes the proof of (20 —

(2.22.

(3) Using integral properties, we writg,(t) in the following equivalent form

b n
(2.25) Sn<t>=m /V [ / f(Ztiyﬁ(l—Tn

Using (.25 and integral properties, we obtain

|Sn(t> - Pn+1(t)|

1 b _ a+b
Sm/‘/[/a f(;tiyi+(1—Tn) 5 )
—f (Ztiyi+<1_Tn)x>

<Gt [, Uab

M
= 1-T,
! )

dr| dY

- %(b —a)(1-T).

This completes the proof o£(23).
This completes the proof of Theorei®b.

)a—2|—b> de

dy.
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Corollary 2.6. Let f be defined as in Corollary.2. For n > 2, then we have

(2.26) ]Pn(t@)) _ Pn(t(l))‘ < max{|f’ (a)], ’f/_(b)’}(b_ a>§ /2 _ )

— 3 p 7 7
foranyt® = (¢¥ ... t9) e L(j =1,2),
(2.27) 0< Py(t) — L /f lzn:y dy
. - b—a) Jy" \n&™
max{| /% (a)], | /2 (b
< _
< - Z\me 1]

and

max{| /L (@] LB}, K

1 b
(228) 0<,— / F(a)dz — Pot) < 3

forall t € L, and

1 n
(2.29) 0<—/f b_a) /Vf(EZyi)dY

R TACAG RS

Forn > 1andallt € H, we have

(b—a).

@30) 0 Pat) - 5,(0) < WUEWLEOR 6 g,
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Proof. Using (L.5), (1.4), (2.10 and Theoren2.5, we obtain £.26) — (2.30).
This completes the proof of Corollarg.©). n

Remarkl. The condition in Corollary.2 (or Corollary2.4 or 2.6) is better than the

condition in Corollary 2.2 (or Corollary 4.2 or Theorem 3.3) 8t [This is due to the

fact thatf is a differentiable convex function dn, b] with M = sup |f'(t)| < .
t€la,b]

Remark2. Whenn = 1, (2.1) and ¢.11), (2.2) and ¢.12), (2.3 and .13 and

(2.23 reduce to (3.4), (3.2), (3.1) and (4.3) @8l [respectively. Whem = 2, (2.19),

(2.20, and @.21) reduce to (4.6), (4.1) and (4.2) d][ respectively.
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3. Applications

In this section, we agree that when= 0,

1 b 2 an 32z Inb—1na bt — qti

(2

Forb>a>0,1>¢%>t" >0andl >t >0(i=1,2,...,n), we have
2@) +2) tgl) e
| b\ 202 aN i | b\ 22 aN i
Gy o=l (‘) -(3) }Htﬂ (‘) -(3)
1 /Inb—Ina\"™ /b\2 &
4 n2 a .
n2 " e 1 b\ 2?% sa Qtiz
3.2 < (-2 (2 SR
(3.2) 0_(lnb—lna) Hti [<a> (b) ]
Inb—Ina /b2
ey L ol
- 4n? (a)
and
LN TE sanas | 1 /BN san b
. < 2 (4 “T1=1(2 (¢
ea o<IT|(D)7- ()] -1 ()7 - )
1 /Inb—1Ina\""™ /b\?
< (—— = ~T,).
(5 (0

IA
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(3.5)

and

(3.6)

Forb>a>01>t">0(=1,2,...,n;n>2) andt? +t¥ +...

=1,2,...,n), we have
-5 tz<'2) o 1
0<(ab)~ 2 H t_2) <bt§2) B at52)>
=1 Y1
n () 7
1-2.i=1t; 1 1 1
— (ab)™ 2 H 0] (bt5 g ))
=1 tz
b(lnb —Ina)"™t &
< bnb—Ina) (tf) _ tu)) 7
4
=1
1 -y ] 1
0< —(ab)” 2 — (b — o) — (ab)?

< b(lnb4— lna)Tn

0< (nb% — na%>n — (ab) ™ 2

[ ARy [ ,
1 g -~ (b —a")

1 1

b(Inb—Ina)"™
= 4

1-T,).

2
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( =1,2), we have

L VA e K AN REY
[T (0" - )_Ht(_n(b —at")

=1 l;

(3.7)

b(Inb—Ina)""" <
< z >

=1

Forb>a>0,1>¢>0(i=1,2,...,n; n>2)andT, = 1, we have

"ol s oy b(lnb—lna)"t &=
) il _ = - < L
(3.8 0< I:It (nb na) < ™ ;]ntz 1
and
b—a 1 ol . b(Inb—1Ina) <~
3.9 < — (b —ad") < ———=) 4
(3:9) 0 Inb—1Ina (lnb—lnanil_[lt, )_ 3 ; !

Forb > a > 0, we have

b—a n? " 1= b 2n2 a\ 5.z
(3.10) OSlnb lna_(lnb—lna> (“b)QH[(a) _<E> ]

i=1
b(n?—1)
§T(lnb—lna),
nbr —naxw \ 1 _b(Inb—1Ina)
_ <=2 - P s
3.11) 0= (lnb—lna) (ab)* < 4

#2 — V]
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and

1

. n(bx —an " .
312) o< —¢ ( ) L)

“Inb—1Ina Inb—1Ina - 3n

(Inb—1Ina).

Indeed, £.1) — (3.12) follow from (2.6) — (2.9), (2.19 — (2.17), (2.26 — (2.29),
(2.9, (2.19 and .29 applied to the convex functiofi: [Ina,Inb] — [a,b], f(z) =
e®, with some simple manipulations, respectively.

Inequalities of Hadamard-type
for Lipschitzian Mappings

Liang-Cheng Wang
vol. 8, iss. 1, art. 30, 2007

Title Page
Contents
44 44
< >
Page 21 of 22
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: L443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:wlc@cqit.edu.cn
http://jipam.vu.edu.au

References

[1] J. HADAMARD, Etude sur les propriétés des fonctions entieres et en particulier
d’'une fonction considérée par RiemadnMath. Pures Appl.58 (1893), 171—
215.

[2] L.-C. WANG, Three mapping related of Hermite-Hadamard inequalitles,
Sichuan Uniy.39 (2002), 652—-656. (Chinese).

[3] S.S. DRAGOMIR, Y.J. CHOAND S.S. KIM, Inequalities of Hadamard’s type for
Lipschitzian mappings and their applicatiodsMath. Anal. Appl.245 (2000),
489-501.

[4] L.-C. WANG, On extensions and refinements of Hermite-Hadamard inequalities
for convex functionsMath. Inequal. & Applics 6(4) (2003), 659-666.

[5] G.-S. YANG AND K.-L. TSENG, Inequalities of Hadamard'’s type for Lips-
chitzian mappings]. Math. Anal. Appl 260(2001), 230-238.

[6] M. MATI C aND J. PECARIC, Note on inequalities of Hadamard’s type for Lip-
schitzian mappingslamkang J. Math 32(2) (2001), 127-130.

[7] L.-C. WANG, New inequalities of Hadamard's type for Lipschitzian map-
pings, J. Inequal. Pure Appl. Math 6(2) (2005), Art. 37. [ONLINE:http:
/ljipam.vu.edu.au/article.php?sid=506 ]

[8] L.-C. WANG, Convex Functions and Their InequalitieSichuan University
Press, Chengdu, China, 2001. (Chinese).

Inequalities of Hadamard-type
for Lipschitzian Mappings

Liang-Cheng Wang
vol. 8, iss. 1, art. 30, 2007

Title Page
Contents
44 4 4
< >
Page 22 of 22
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: L443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:wlc@cqit.edu.cn
http://jipam.vu.edu.au
http://jipam.vu.edu.au/article.php?sid=506
http://jipam.vu.edu.au/article.php?sid=506

	Introduction
	Main Results
	Applications

