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In this note our aim is to present some Jordan-type inequalities for generalized Full Screen
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1. Introduction and Preliminaries

The following inequality is known in the literature as Jordan’s inequa8fyp|[ 33]

2 sin x
— <

T T

This inequality plays an important role in many areas of mathematics and it has been T e e 0o
studied by several mathematicians. Recently many authors including, for example A. = Generalized Bessel Functions
McD. Mercer, U. Abel and D. Caccid], F. Yuefeng [L7], F. Qi and Q.D. Hao1(Q], Arpad Baricz
L. Debnath and C.J. Zha8]| S.H. Wu [L5], J. S&ndor12], X. Zhang, G. Wang and vol. 9, iss. 2, art. 39, 2008
Y.Chu[1§], L. Zhu[19, 20], A.Y. Ozban P], S. Wu and L. DebnatHg], W.D. Jiang
and H. Yun p] (see also the references therein) have improved Jordan’s inequality.
For the history of this the interested reader is referred to the survey articles of J.
Sandor 3] and F. Qi [L1]. Contents
In a recent work2] we pointed out that the improvements of Jordan’s inequality
can be confined as particular cases of some inequalities concerning Bessel and mod-
ified Bessel functions. Our aim in this paper is to continue our investigation related < >
to extensions of Jordan’s inequality. The main motivation to write this note is the
publication of S. Wu and L. Debnati ], which we wish to complement. For this
let us recall some basic facts about generalized Bessel functions. Go Back
The generalized Bessel function of the first kinds defined §#] as a particular
solution of the generalized Bessel differential equation

<1, 0<x§g.
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2y (x) + bry' () + [ca® — p* + (1 = b)p] y(x) =0, o>
journal of inequalities
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mathematics

(=1)"c" X\ 2n+p
vp() = ; Il (p—i— . bJrTl) : (5) forall z € R. issn: 1443-575k

whereb, p, c € R, andv, has the infinite series representation
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This function permits us to study the classical Bessel funcfjdii4, p. 40] and the
modified Bessel functiod, [14, p. 77] together. Fot = 1 (c = —1 respectively)
andb = 1 the functionv, reduces to the functiod, (I, respectively). Now the
generalized and normalized (with conditiong(0) = 1 andu,(0) = —c/(4k))
Bessel function of the first kind is defined] fas follows
—c/4)" 2"
uy(x) = 2T (k) - 277 0, (2'/?) = ; ( (’f/)n) ol forall z € R,

wherex == p+ (b+1)/2 # 0,—1,-2,..., and(a),, = I'(a + n)/T(a), a #
0,—1,-2,... is the well-known Pochhammer (or Appell) symbol defined in terms
of Euler's gamma function. This function is related in fact to an obvious transform
of the well-known hypergeometric functioif, i.e. u,(x) = oFi(k, —cx/4), and
satisfies the following differential equation

wy"(x) + ry'(z) + (¢/4)y(x) = 0.
Now let us consider the functiok, : R — R, defined by
2y N () e
Ap(@) 1= up(a”) = Z: TF
n>0 n

It is worth mentioning that it = b = 1, then ), reduces to the functiofy, : R —
(—o0, 1], defined by
Tolx) = 2T (p + 1)z P Jy ().

Moreover, ifc = —1 andb = 1, then), becomeg, : R — [1, 00), defined by

Z,(z) =2T'(p+ 1)x PIy(x).
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For later use we note that in particular (for= 1/2, p = 3/2 respectively) the
functions.7, andZ, reduce to some elementary functions, likd,[p. 54]

(1.1) Ty (x) = \/g Ji(x) = Sizx,

3 /7 sinx  cosx
) =2\ [5 mo =3 (T - ),

(1.2) T (x) = @ () = Si“f‘"”,

3 /7 sinhx coshz
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2. Extensions of Jordan’s Inequality to Bessel Functions

The following theorems are extensions of Theorem 1 due to S. Wu and L. Debnath
[16] to generalized Bessel functions of the first kind.

Theorem 2.1.1f kK > 0 andc € [0, 1], then for all0 < = < r < 7/2 we have

c 1 — )\ r Jordan.—type Inequalities for
)\p(r) 4+ — o (T — l’))\p+1(7”> + |:T—2p():| (7” _ x)Q Generallz?d B"esseI-Functlons
Arpad Baricz
C C .
S /\p<x> S Ap( ) + R(TQ . x2))\p+1( ) o Er( ) )\;+1( ) vol. 9, iss. 2, art. 39, 2008
Moreover, ifs > 0 andc < 0, then the above inequalities hold for all< = < r, Title Page
and equality holds if and only if = r.
Contents
Proof. Whenx = r, clearly we have equality. Assume that£ r and fixr. Let us
consider the functiongy, s, 3, ¢4 : (0,7) — R, defined by 4 44
C T\ 2 | >
P1(@) 1= M(@) = 2(r) = -2 =apa(1), alw) 1= (1= )
K r Page 6 of 12
”
w3(x) == App1(r) — Apya(x)  and @y(x) :=1-— o Go Back
Then we have Full Screen
pi(e) _or® pa(@) —ea(r) o ¢h(x) _ a?eh(2) Close
/ - _ / = .
o@)  An o pa(r) = palr) #i(2) " journal of inequalities
Here we applied the derivative formula in pure and applied
o mathematics
(2.1) A;(x) = —%)\p+1<x)’ issn: 1443-5756
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which follows immediately from the series representatiorhpfSuppose that €

0, 1]. Itis known [3] that the function7, is decreasing and concave [0nr /2] when

p > —1/2. On the other hand),(z) = J,.-:(z+/c) and thus)\, is decreasing and
concave or0, 7/2] whenx > 1/2. From this we obtain thap; is increasing and
convex whens > 0. Thusy) /¢, is increasing too as a product of two positive and
increasing functions. Using the monotone form of the I'Hospital rule due to G.D.
Anderson, M.K. Vamanamurthy and M. Vuorineh [Lemma 2.2] we obtain that
/% is also increasing of0, 7).

Now assume that < 0. Then clearlyy; is decreasing and concave, since all
coefficients of the corresponding power series are negative. Consequihtlyis
decreasing and hengg /5 is increasing on0, ). Using again the monotone form
of the I'Hospital rule [L, Lemma 2.2] this implies that the functien : (0,7) — R,
defined by

61 (7) = M,
p2(x) — pa(r)
is increasing. Moreover from the I'Hospital rule we obtain that

CT2

¢1<O+> =1—=X(r) — E)‘pﬂ(r)

Hence for allx > 0, ¢ € [0,1] and0 < =z < r < 7/2 we have the following
inequality: ¢1(07) < ¢1(z) < ¢1(r~). Moreover, wherk > 0, ¢ < 0 and0 < x <
r, the above inequality also holds, hence the required result follows. O

3
_ cre |,
and ¢1(r7) = ~ie Ay (7).

Theorem 2.2.1f kK > 0 andc € [0, 1], then for all0 < = < r < 7/2 we have
) 212
- M(T —z7) )\;H(T)

C 02 () + {“—W} (r? — 2%)*.

4Kk r? ré

A1) + (7 = 2?)A ()

< Ap() < Ap(r) +
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Moreover, ifk > 0 andc < 0, then the above inequalities are reversed for all
0 < z < r, and equality holds if and only if = r.

Proof. The proof of this theorem is similar to the proof of Theorgm so we sketch
the proof. Let us consider the functiops, p¢ : (0,7) — R, defined by

@s(1) = (1 — x—2>2 and gg(z) = 2% — 12

r2
In view of (2.1), easy computations show that

pr(z) ot ps(x) — ps(r)
Pi(r) 8k ws(x) — we(r)
(z) Ml o«
() 2r  4(k+1)

Suppose that € [0, 1]. Since), is decreasing ofD, 7/2] whenx > 1/2, we get
that ¢ /¢ is decreasing oif0, ), whenx > 0. Thus from the monotone form of
the I'Hospital rule [L, Lemma 2.2],0} /¢~ is also decreasing i, ).

Now assume that < 0. Then clearlyy; /vy is decreasing and consequently
¢ /s is increasing or{0, 7). Now consider the functiom, : (0,7) — R, defined
by

and

¥5
¥

Apr2(2).

/
3
/

6

hS)

_ a1@) —ea(r)
) @ =)
Then from the monotone form of the I'Hospital rulg Lemma 2.2], we conclude
that ¢, is decreasing when > 0 andc € [0, 1], and is increasing whern > 0 and
¢ < 0. In addition, from the usual 'Hospital rule we have tlaf0") = ¢,(0") and
dpo(r=) = ¢1(r7). Now forall k > 0, ¢ € [0,1] and0 < = < r < 7/2, using
the inequalityp,(0™) > ¢o(z) > ¢o(r~), the asserted result follows. Finally, when
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k> 0,c < 0and0 < x < r the above inequalities are reversed. Thus the proof is

complete. ]

Remarkl. First note that takingg = b = 1 andp = 1/2 in Theorems?.1 and
2.2 and using {.1), we reobtain the results of S. Wu and L. Debnéith [Theorem
1], but just for0 < = < r < 7/2. Moreover, the inequalities in Theoref?2 are
improvements of inequalities established2nTheorem 5.14]. More precisely i,
Theorem 5.14] we proved thatif > 0, ¢ € [0,1] and0 < z < r < 7/2, then

@2) 3 11+ [(12) do ()] 022 < (o) <, 0+ [ 2222 | (2
Easy computations show that
— o (7 = 2PN (1) 2 0,
o0+ [ - < [0 -0,

wherex > 0, ¢ € [0,1] and0 < =z < r < 7/2. Thus Theoren?.2 provides an
improvement of £.2).

Finally takingec = —1, b = 1 andp = 1/2 in Theorems?.1 and2.2 and us-

ing (1.2), we obtain the hyperbolic counterpart of Theorem 1 due to S. Wu and L.

Debnath 16].
Corollary 2.3. If 0 < z < r, then

sinhr 1 [sinhr x?
+ - — coshr 1——
r 2 r r2

1 inh 2
—§ ——rsinhr 4+ coshr — ST (1—£>
2 3 T
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sinhxz _ sinhr 1 /sinhr
> > + 3 — coshr

1-%)
r2

T - r r
+3 2+COShT
2\3 3

where the equality holds if and onlyitf= r and the values

3 (2 coshr B smhr) and §(—%rsinhr+coshr— smhr)

3+3 r

2

are the best constants. Moreover,

sinhr 1 [sinhr x?
+ - — coshr 1—-—
r 2 r 72

2

3( 1 inh 2\’
—3 (—grsinhr—i—coshr— smr T) (1 — %)

sinhz  sinhr 1 /sinhr x?
> > + = — coshr 1——

sinhr) x\ 2
(1-7)
r r

r

r2

xr ~ r 2 r
+3 2+c0shr
2\ 3 3

where equality holds if and only if = r and the values

8 3 T

are the best constants.

sinhr) ( x2)2
-2,
r r

1 inh 2
—§ <——rsinhr+coshr— Sl T) and ;(§+

coshr  sinhr
3 T
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