
Journal of Inequalities in Pure and
Applied Mathematics

http://jipam.vu.edu.au/

Volume 7, Issue 1, Article 3, 2006

A CONJECTURE ON GENERAL MEANS

OLIVIER DE LA GRANDVILLE AND ROBERT M. SOLOW

DEPARTMENT OFECONOMICS

UNIVERSITY OF GENEVA,
40 BOULEVARD DU PONT D’A RVE, CH-1211 GENEVA 4

SWITZERLAND .
Olivier.deLaGrandville@ecopo.unige.ch

DEPARTMENT OFECONOMICS

MASSACHUSETTSINSTITUTE OFTECHNOLOGY

77 MASSACHUSETTSAVENUE

CAMBRIDGE, MA 02139-4307
jm@mit.edu.com

Received 20 December, 2005; accepted 16 January, 2006
Communicated by A.M. Rubinov

ABSTRACT. We conjecture that the general mean of two positive numbers, as a function of its
order, has one and only one inflection point. No analytic proof seems available due to the extreme
complexity of the second derivative of the function. We show the importance of this conjecture
in today’s economies.
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Let x1, . . . , xn be n positive numbers andM(p) = (
∑n

i=1 fix
p
i )

1
p the mean of orderp of the

xi’s; 0 < fi < 1 and
∑n

i=1 fi = 1. One of the most important theorems about a general mean is
that it is an increasing function of its order. A proof can be found in [2, Theorem 16, pp. 26-27].
The proof rests in part on Hölder’s inequality and on successive contributions to the theory of
inequalities that go back to Halley and Newton. Another, more analytic proof is based upon the
convexity ofx log x – see [3, pp. 76-77].

In this note, we make a conjecture about the exact shape of the curveM(p) in (M, p) space.
If it is well known thatM(p) is increasing withp, it seems that the exact properties of the curve
M(p) have not yet been uncovered. We offer here a conjecture and explain its importance.

In (M, p) space the curveM(p) has one and only one inflection point ifn = 2, irrespective
of the size of thexi’s and thefi’s. Between its limiting values,M(p) is in a first phase convex
and then turns concave. Due to the extreme complexity of the second derivative ofM(p), we
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could not offer an analytical proof of this property, and we had to rely on numerical calculations
only.

We would have liked to extend this conjecture ton > 2, but Professor Anthony Pakes of
Western Australia University mentioned to us that his colleague, Grant Keady, found a counter-
example withxi = 1/8, 2/9, 1 andfi = 1/27, 25/27, 1/27 where the second derivative, al-
though showing very little variation over[−10, +10], has three zeros. We keep the conjecture
for n = 2, whose analytical proof remains, in our opinion, a formidable challenge.

The importance of this property stems from the following reason. Both theory and empirical
observations have led economists to introduce and make the widest use of a general mean of
orderp in the following form. Letx1 ≡ Kt denote the stock of capital of a nation at time datet;
let x2 ≡ Lt be the quantity of labour; associated to both variablesKt andLt is a function which
gives outputYt as the general mean

(1) Yt = [δKp
t + (1− δ)Lp

t ]
1
p

whereδ and(1− δ) are the weights ofKt andLt respectively.
Furthermore, the orderp of this mean is related to a parameter of fundamental importance,

the so-called “elasticity of substitution”, defined as follows. Omitting the time indexes in our
notation, letY denote a given level of production. The equation of the level curve, in space
(K, L), corresponding to a given valueY is given, in implicit form, by:

(2) Y = [δKp + (1− δ)Lp]
1
p

This level curve is called an "isoquant".
Let the capital-labour ratioK/L ≡ r, and minus the slope of the level curve be denotedτ :

(3) − dK

dL

∣∣∣∣
Y =Ȳ

=
∂Y/∂L

∂Y/∂K
= τ

The elasticity of substitution, denotedσ, is the elasticity ofr with respect toτ , defined by

(4) σ =
d log r

d log τ
=

dr/r

dτ/τ
.

From a geometric point of view, the elasticity of substitution measures, in linear approximation,
the relative change along an isoquant of the ratior = K/L induced by a relative change in the
slope of the isoquant1.

It can be verified from (2), (3), (4) that the order of the meanp is related toσ by p = 1−1/σ.
Observations show thatσ is close to one, i.e. thatp is close to0. In turn this implies that the
meanY is close to its limiting form whenp → 0, the geometric meanY = KδL1−δ. It turns
out also that the abscissa of the inflection point, for the usual values ofδ (its order of magnitude
is 0.3) is very close top = 0. This means that ifσ changes – and we have evidence that it has
been increasing in recent years – it has a very significant impact on the production (and income)
of an economy.

Note also that not onlyY is a general mean of order one, but so is a variable of central
importance, income per person, denotedy ≡ Y/L. Indeed, dividing both sides of (1) byL we
have (dropping the subscript):

y = Y/L = [δrp + (1− δ)]
1
p ,

a general mean ofr and 1 of orderp. The above conjecture gives the mathematical reason of
the considerable impact that a change in the elasticity of substitution in any given economy may
have both on income per person and its growth rate.

1The derivation of the production function can be found in [1]
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