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Abstract

We define a new class of numerical sequences. This class is wider than any
one of the classical or recently defined new classes of sequences of monotone
type. Because of this generality we can generalize only the sufficient part of the
classical Chaundy-Jolliffe theorem on the uniform convergence of sine series.
We also present two further theorems having conditions of sufficient type.
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In [3] we defined a subclass of the quasimonotone sequénces K ¢,,,, n >

m), which is much larger than that of the monotone sequences and not compa-
rable to the class of the classical quasimonotone sequences]seedr this

new class we have extended several results proved earlier only for monotone,
guasimonotone or classical quasimonotone sequences. The definition of this
class reads as follows: A null-sequencéc,, — 0) belongs to the family of
sequences of rest bounded variatiambrief,c € RBV'S) if

A New Extension of Monotone
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(1.1) Z ‘A Cn| < Kcp, (A Cp = Cp — Cn+1) L. Leindler
holds for allm, whereK = K(c) is a constant depending only enHereafter Title Page

K will designate either an absolute constant or a constant depending on the

. . Contents
indicated parameters, not necessarily the same at each occurrence.
Recently, in [], we defined a new class of sequences as follows: <44 >»
Let~ := {~,} be a positive sequence. A null-sequeicef real numbers < >
satisfying the inequalities
Go Back
(1.2) D |Ac] < Ky Close
n=m Quit
is said to be aequence of rest bounded variatiofry RBV'S). Page 3 of 17
We emphasize that the clagsR BV S is no longer a subclass of the quasi-
monotone sequences. Namely, a sequersaisfying (L.2) may have infinitely 3. Ineq, Pure and Appl. Math. 7(1) Art. 39, 2006

many zero and negative terms, as well; but this is not the cassalisfies {.1). AL RGN


http://jipam.vu.edu.au/
mailto:leindler@math.u-szeged.hu
http://jipam.vu.edu.au/

Very recently Le and Zhou’] defined another new class of sequences using
the following curious definition:
If there exists a natural numb@r such that

2m
. <
(1.3) Z A c,| < ngrianﬁ]v |n|

holds for allm, thenc belongs to the clas& BV S, in other words,c is a

sequence of group bounded variation A New Extension of Monotone
The class/BV S is an ingenious generalization &3V .S, moreover it is SRS LDl
wider than the class of the classical quasimonotone sequénges< ¢, (1 + 2)), L. Leindler
too.
In [Z], among others, they verified that the monotonicity condition in the Title Page
classical theorem of Chaundy and Jollifig¢ €an be replaced by their condition
(1.3). Herewith they improved our result, namely that'ifi ve verified this by Contents
condition (L.1). <« Y
The aim of the present work is to unify the advantages of the definitions p >

(1.2 and (L.3). We define a further new class of sequences, to be denoted by
~GBV S, which is wider than any one of the classeBV S andy RBV' S. Go Back
A null-sequence belongs toy GBV S if

Close
2m Quit
14 Ac,| <K m=1,2,...
(1.4) > |Acal < Ko, 2, page 4 of 17
n=m
holds, wherey is a given sequence of nonnegative numbers. 3. Ineq. Pure and Appl. Math. 7(1) Art. 39, 2006
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We underline that the sequengesatisfying (L.4) may have infinitely many
zero terms, too; but not InL(2). We also emphasize that the conditidn4
gives the greatest freedom for the terms of the sequenasd-y.

As a first application we shall give a sufficient condition for the uniform
convergence of the series

(1.5) Z b, sinnzx,
n=1

whereb := {b,,} belongs to a certain class 91z BV'S.
Utilizing the benefits of the sequencesoff BV S we present two further
generalizations of theorems proved earlier for sequencesdV S.
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We verify the following theorems:

Theorem 2.1. Let~ := {~,} be a sequence of nonnegative numbers satisfying
the conditiony, = o(n™!). If a sequencéd = {b,} € yGBV S, then the
series (.5) is uniformly convergent, and consequently its sum funcfiar) is
continuous.

Compare Theorerd.1to the mentioned theorem of Chaundy and Jolliffe and 5 yew Extension of Monotone
two theorems of ourss] Theorem A and Theorem 1] and,[Theorem 1]. The Sequences and its Applications
cited theorems proved their statements for monotone sequéncesiR BV S

L. Leindler
andb € v RBV S, respectively.
Remark 1. It is easy to see that f, = n~! and~y, = n~!, then{b,} € Title Page
~GBV S and the seriesl(.5) does not converge uniformly. This shows that the Fe—
assumptiony,, = o(n~') cannot be weakened generally.
. e 4« 44
Theorem 2.2.Let 5 := {n,} be a sequence of nonnegative numbers satisfying
the condition;, = O(n~'). If a sequencéd := {b,} € 3RBVS, then the < >
partial sums of the seried (5) are uniformly bounded. Go Back
We note that for a monotone null-sequehgenoreover folb € RBV .S and Close
b € v RBV'S, the assertion of Theoreth2 can be found in 0, Chapter V, Quit
81], in [5, Theorem 2] andd, Theorem 2].
Before formulating Theorerfi.3 we recall the following definition. A se- Page 6 of 17
quences := {3,} of positive numbers is called quasi geometrically increasing
(decreasing) if there exist natural numbgrand X’ = K(3) > 1 such that for % Ineq. Pure and Appl. Math. 7(1) At. 39, 2006
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all natural numbers

1
6n+u Z 2571 andﬁn S Kﬁn—&-l (ﬁn—s—u § 5571 andﬁn—}-l S Kﬁn) .

Theorem 2.3.1f ¢ := {¢,} € BGBV S, or belongs toy GBV'S, where and
~ have the same meaning as in Theor&xsand2.2, furthermore the sequence
{n.»} is quasi geometrically increasing, then the estimates

oo |mj+1—1

(2.1) Z cp sinkz| < K(c, {nm}), A New Extension of Monotone

Sequences and its Applications

j:1 k:nj
L. Leindler
or
oo |Mj+1—1 .
(2.2) Z Z o sinkx| = o(1), m — 00, Tite Page
j=m | k=n, Contents
hold uniformly inz, respectively. 44 >
The root of ¢.1) goes back to TelyakovsKi9, Theorem 2] and two general- < >
izations of it can be found irn5] and [2]. E———
We note that, in general2(1) does not imply 2.2), see the Remark ir].
Itis clear that the “smallest” classG BV S which includes a given sequence Close
¢ := {c,} is the one, where Quit
Page 7 of 17

2n
Y = Z|Ack|, n=12...
k=n
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Corollary 2.4. The assertions of our theorems for an individual sequdmnce
hold true under the assumptions

(2.3) > A = o(n™")
k=n

and

2n
Y 1AL =0m™),
k=n

respectively.

However, in my view, our theorems give a better perspicuity than Corollary
2.4 does; the arrangement of the proofs are more convenient with our method,
furthermore the assumptions of Corollgty! give conditions only for an indi-
vidual sequence, and not for a class of sequences.

We also remark that e.g. the conditidhJ) is not a necessary one for uni-
form convergence. See the series

oo
E 27" sin 2™x.
n=1
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Lemma 3.1 ([]). For any positive sequendes,, } the inequalities

> B<KpB,, m=12...K>1,

hold if and only if the sequende?, } is quasi geometrically decreasing.
Lemma 3.2. Letp := {p, } be a nonnegative sequence with= O(n"!), and
letd := {0, } belongtop GBV'S. If acomplex serie§ " | a, satisfies the Abel
condition, i.e., if there exists a constasitsuch that for albn > 1,

m
> an
n=1

SAu

then for anyu > m,

I

Z Qp, O,

n=m

(3.1) < 6K(p)Aen,m ™,

where K (p) denotes the constant appearing in the definitiop 6fBV' S, fur-
thermore
Ep i= sup k py.

k>n

Consequently, if,, = o(m), then the serie3" ", a,, d,, converges.
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Proof. First we show that

(3.2) (6l <) 1A G| < 2K (p)emm ™.
Sinced,, tends to zero, the first inequality iB.Q) is obvious; and becausep,,
is bounded, thus € p GBV' S implies that

00 2€+1
Z|A5 <> > A, \<ZK P)Patm
=0 n= 2Z
(3.3) < K(p) Zsmmﬁm)—l = 2K (p)m ™",

and this provesd.2).
Next we verify 3.1). Using the notation

n
Qp 1= E Qg
k=1

(3.2) and the assumptions of Lemri&, we get that

Iz p—1
> 6| = an(n = Gns1) + @y — Q10
- — .
<A (Z 8] + 13, + ram\) < 6AK (p)enm ™,
which proves 8.1).
The proof is complete. O]
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Proof of Theoren2.1. Denote
en:=supky, and r,(z):= Z by, sin kx.

k>n

In view of the assumption,,, = o(m~!) we have that, — 0 asn — oo. Thus
it is sufficient to verify that

(4.1) Irn(2)] < K ey,

holds for alln.
Sincer,, (km) = 0 it suffices to prove4.1) for 0 < = < .
Let N be the integer for which

T e
4.2 < —.
(4.2) N+l SN
First we show that ik > n then
(4.3) klby| < Ke,, mn=12...
Sinceb,, andm 7, tend to zero, thus the assumptiore v GBV S implies that
2k—1 1 201
x| < Z Ab] 4 oo D D AB]+ [bul < -
=0 =2k
(4.4) < szk =: 0}

=0
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By the definition ofz,, andk > n we have that
Wk yger < e, £=1,2,...,

thus it is clear that
o < 2Ke, /k;

this and ¢.4) proves ¢.3).
Now we turn back to the proof ofi(1). Let

A New Extension of Monotone

n+N—-1 @ @ Sequences and its Applications
2
Z Z b sinkx =t 7, ( ) T ( ) L. Leindler

=n k=n+N

Then, by ¢.2) and ¢.3), Title Page
" n+N-1 Contents
(4.5) IrWD(z)] < x ; klbp| < KxNe, < Kme,. » "
A similar consideration as ir8(3) gives that for anyn > n < >
0o Go Back
Z |Abg| < Ke,/m. Close
h=m Quit
Using this, ¢.2), (4.3) and the well-known inequality Page 12 of 17
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furthermore summing by parts, we get that

[e.o]

@< D 1ABIDH) + [by| Daena ()

k=n+N
(4.6) < 9K "

7T
— < .
n+Nx — 2K en
The inequalities4.5) and @.6) imply (4.1), that is, the seriesl(5) is uniformly
convergent.
The proof is complete. ]

Proof of Theoren2.2. In the proof of Theorem&.2 and 2.3 we shall use the
notations of the proof of Theorethl The conditiorn;, = O(n~!) implies that

the sequencés,, } is bounded, i.es,, < K. This, @.2) and @.3) imply that for

anym < N

N
§Z|bk|kx§KxN§K7r,

k=1

zm: by, sin kx

k=1

furthermore, ifm > N then, by @.1),

i by sin kx

k=N+1

< rvpa (@) + [rmia ()] < 2K 1.

The last two estimates clearly prove Theorera O

A New Extension of Monotone
Sequences and its Applications

L. Leindler

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 13 of 17

J. Ineq. Pure and Appl. Math. 7(1) Art. 39, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:leindler@math.u-szeged.hu
http://jipam.vu.edu.au/

Proof of Theoren2.3. First we verify €.1). Let us suppose that
(4'7) ni S N < ni+1.

Sincec € SGBV S andn, = O(n™ '), we get, as in the proof of Theorefn?2
with ¢, in place ofb,,, that

i—1 [nj+1—1

(4.8) Z Z ¢ sin kx| + chsmkx

j=1| k=n; k=n;
i—1 nj+1—1
<> N |ck|km—|—2|ck|k::v<K7r
Jj=1 k=n; k=n;

Next applying Lemma&.2with p = 3, 4,, = ¢, anda,, = sin nz, we get that

Ni+1— 1 Nj+1— 1
Z cpsin kx| + Z Z ¢ sin kx
k=N-+1 Jj=i+1l| k=n;
<K {5N+1(N + 1)t gt Z 5njnj_1}
j=i+1
(4.9) gK{5N+NgN Zn;l}ngN{1+NZn;1}.
j=i+1 j=i+1

Since the sequendg:;} is quasi geometrically increasing, $o,"'} is quasi
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geometrically decreasing, therefore, Lem&iaand @.7) imply that
(4.10) > nj'< KN
J=i+1
whence, by 4.9 andn, = O(n™!),
(4.11) oy < Key < o0

follows. Herewith @.1) is proved.

If c € yGBV S then, byy,, = o(n™!), &, — 0, thus, withm in place of N,
(4.9, (4.10 and @.11) immediately verify .2).

The proof is complete. O]
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