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Abstract

We generalize well-known Catalan-type integrals for Euler’s constant to values of
the generalized Euler constant function and its derivatives. Using generating functions
appearing in these integral representations, we give new Vacca and Ramanujan-type
series for values of the generalized Euler constant function and Addison-type series for
values of the generalized Euler constant function and its derivative. As a consequence,
we get base-B rational series for log%, % (where G is Catalan’s constant), % and
also for logarithms of the Somos and Glaisher-Kinkelin constants.

1 Introduction

J. Sondow [24] proved the following two formulas:

=\ Nia(n) + Noa(n)
- ; m2n+1) (1)
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L_§~ Maaln) = Noaln) 2)

log = —
- 2n(2n+1)

where « is Euler’s constant and V; »(n) is the number of ¢’s in the binary expansion of n (see
sequences A000120 and A023416 in Sloane’s database [23]). The series (1) is equivalent to
the well-known Vacca series [28]

n

_ Z log2 nl _ Z(_l)an,z(L%J) + Noa(13]) (3)

n=1

and both series (1) and (3) may be derived from Catalan’s integral [§]

1 00
1 on_1
— E dx. 4
/0 1+:vn:1x v (4)

To see this it suffices to note that

Gl) =1, Z"Ljn = ; Nia(n) + Noa(n))z"

is a generating function of the sequence Ny 5(n)+ Noo(n), (see A070939), which is the binary

length of n, rewrite (4) as
1 2
fy:/ (1—:c)G(x)dx
0 T

and integrate the power series termwise. In view of the equality

1= Z 22" Lz,

0 p=1

which is easily verified by termwise integration, (4) is equivalent to the formula

S R,
7:1—/0 1—1—:52962 dx (5)
n=1

obtained independently by Ramanujan (see [5, Corollary 2.3]). Catalan’s integral (5) gives
the following rational series for v :

y=1- /0 (1-2)G@?)de =1~ Nip(n) + Noaln) (6)

— (2n+1)(2n + 2)

Averaging (1), (6) and (4), (5), respectively, we get Addison’s series for 7 [1]

o0

B 1 NLQ(n) + N[)VQ(TL)
TR ; on(2n + 1)(2n + 2)
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and its corresponding integral

Y R L2
5/0 1—1—;152 4z, 0

respectively. Integrals (5), (4) were generalized to an arbitrary integer base B > 1 by
S. Ramanujan and by B. C. Berndt and D. C. Bowman (see [5]):

Y1 BT\ e
y=1- / ( ot > ZxB dx (Ramanujan), (8)
0 -

1—2 1—2aB

n=1

1 B 1 00 §
T /0 (1 — 2B 1-— LE) ; e de (Berndt-Bowman). (9)

Formula (9) implies the generalized Vacca series for v (see [5, Theorem 2.6]) proposed by
L. Carlitz [7]:

= Z UogB n] (10)

where

B —1, if B divides n;
c(n) = , 1 1\.71 es n; (11)
-1, otherwise;
and the averaging integral of (8) and (9) produces the generalized Addison series for v found
by Sondow [24]:

logp BnJ Pp(n)

« Bn(Bn+1)--(Bn+ B)’ (12)
where Pp(z) is a polynomial of degree B — 2 defined by
S~ B —m)
Pg(x) = (Bw+1)(Bx—i—2)~-~(Bx+B—1)m_1m. (13)

In this paper, we consider the generalized Euler constant function

= 1 an+b+1
() = Clog (T2 on beN, <1, 14
) =3 (G s (Tg) ) wbeN K (14)

which is related to the constants in (1), (2) as y1,1(1) =, 71,1(—1) = log . Basic properties
of a special case of this function, v;1(2), were studied earlier in [25, 14]. In Section 2, we
show that v,(2) admits an analytic continuation to the domain C\ [1, +00) in terms of the
Lerch transcendent. In Sections 3-4, we generalize Catalan-type integrals (8), (9) to values
of the generalized Euler constant function and its derivatives. Using generating functions
appearing in these integral representations, we give new Vacca- and Ramanujan-type series
for values of 7, ;(z) and Addison-type series for values of 7, ;(z) and its derivative. In Section




5, we get base-B rational series for log %, %, (where G is Catalan’s constant), 4;522 ) and also

for logarithms of the Somos and Glaisher-Kinkelin constants. We also mention a connection
of our approach to summation of series of the form

0 = N,.5(n)Pg(n)
; No,p(n)Q(n,B) and ; Bn(Bn+1)---(Bn+ B)’

where QQ(n, B) is a rational function of B and n

1 2 B -1
B . 1
QB = B s 1) T BaBnt2) T T BaBn s B= 1) (15)
and N, p(n) is the number of occurrences of a word w over the alphabet {0,1,..., B—1} in

the B-ary expansion of n, considered in [2]. Moreover, we answer some questions posed in
[2] concerning possible generalizations of the series (1) and (2) to any integer base B > 1.
Note that in the above notation, the generalized Vacca series (10) can be written as follows:

Y= ZLB(k)Q(kaB)7 (16)

where Lg(k) := |logy Bk| = S.770 N, p(k) is the B-ary length of k. Indeed, representing
n = Bk +r, OSTSB—landsummmgm (10) over k > 1 and 0 <r < B — 1 we get

— N log, Bk - O log , Bk |Q(k, B).
i ;LOgB J( Bk Bk +1 Bk?—I—B—l) ;LOgB JQ( , )

Using the same notation, the generalized Addison series (12) gives another base-B expansion
of Euler’s constant

o0

1 Lg(n)Pg(n) R — B—1
Y= §+;Bn(3n+1)...(3n+3) N §+;LB(") (Q(H’B) - QBn(n+1)) "

which converges faster than (16) to . Here we used the fact that

oo B-1

B
ZZ n—l—l T B-1

which can be easily checked by [3, Section 3]. On the other hand,

B-1
B—-1 1 1 2 1
By -~~~ _Z —
Qn, B) 2Bn(n + 1) QmI(Bn Bn+m+Bn—|—B>

B-1

B 1 2m(B —m)\ Pg(n)
_Bn(BTH—B)mz:l<2m_BjL Bn+m >_Bn(Bn+1)---(Bn+B)'

Finally, we give a brief description of some other generalized Euler constants that have
appeared in the literature in Section 6.



2 Analytic continuation

We consider the generalized Euler constant function v,;(2) defined in (14), where a,b are
positive real numbers, z € C, and the series converges when |z| < 1. We show that v,4(2)
admits an analytic continuation to the domain C\ [1, +00). The following theorem is a slight
modification of [25, Theorem 3].

Theorem 1. Let a,b be posz’tive real numbers, z € C, |z| < 1. Then

1—:,;) La=l1—2) (1 1
dzdy = dr. (1
Yanl(Z / / 1—2:17‘1 @)(—log zy) vy /0 1 — zae (1—x+logx) v (18)

The integrals converge for all z € C\ (1,400) and give the analytic continuation of the
generalized Euler constant function v,,(z) for z € C\ [1, +00).

Proof. Denoting the double integral in (18) by I(z) and for |z| < 1, expanding (1 — zz%y®) ™!

in a geometric series we have

- [
i / / /+<>0 (zy) TR — 2) dadydt

B ' - dt = ~ap(2).
kz_oz/o ((t+ak+b)2 (t—l—ak—i—b t+ak+b+1>> Yab(2)

On the other hand, making the change of variables u = 2%, v = y* in the double integral we

get
U1 — s
// u) dudv.
1—zuv )(— log uw)

Now by [12, Corollary 3.3|, for z € C\ [1, +00) we have

b 0P b 0P b+1
I :—@(,1’—)——<’07—> _<70a—>a
(2) a U7y 9s \ 70 g * s\ a
where ®(z,s,u) is the Lerch transcendent, a holomorphic function in z and s, for z €
C\ [1,+00) and all complex s (see [12, Lemma 2.2]), which is the analytic continuation of

the series

o0 Zn
D(z,5,u) = _— u > 0.
( ) ; (n +u)®
To prove the second equality in (18), make the change of variables X = zy, Y = y and
integrate with respect to Y. O

Corollary 2. Let a,b be positive real numbers, | € N, z € C\ [1,+00). Then for the l-th
deriwative we have

al+b 1 1 1 la+b—1 1— 1 1
/ / (z—1) dxdy = / * (1—2) + dz.
1-— zx“ @)+ og zy o (1—zzo)+l \1—2 logx




From Corollary 2, [12, Cor.3.3, 3.8, 3.9] and [2, Lemma 4] we get

Corollary 3. Let a,b be positive real numbers, z € C\ [1,+00). Then the following equalities
hold:

taa1) = logT(20) 1o (7) — L (%),

ol = 10(51.7) =5 (50.5) + 3y (50.737).

Yau(2) :—%®<z,1,§+1) —l—ﬁ#—saaf(z 0,— b 1) —%(2,—1,2—1—1)—

b+ 10 b+1 0P b+1
(5,07 = +1) + 2= (2, -1, == +1),
a Os a Os
where ®(z,s,u) is the Lerch transcendent and ¢ (x) = L log T'(x) is the logarithmic derivative
of the gamma function.

a

3 Catalan-type integrals for %%(z)

Berndt and Bowman [5] demonstrated that for x > 0 and any integer B > 1,

1 2 B—2
1 1~ (B=1)+(B-2)z5" +(B A
+1 :E: 1 2 : (19)
l1—x logx — BF(1 + x5F + 25F 4 - +ka)

The special cases B = 2, 3 of this equality can be found in Ramanujan’s third note book [21,
p. 364]. Using this key formula we prove the following generalization of the integral (9).

Theorem 4. Let a,b, B be positive integers with B > 1, | a non-negative integer. If either
z€C\[l,400) andl > 1, or z € C\ (1,400) and l = 0, then

= [ (12 - ) Rtends 20)

11—z

where . . i
x(b—l—aZ)B —1(1 _ $B )

(]_ _ Z{EaBk )l+1

Fi(z,x) = (21)

k=1

Proof. First we note that the series of variable x on the right-hand side of (19) converges

uniformly on [0, 1], since the absolute value of its general term does not exceed 522r. Then
for [ > 0, multiplying both sides of (19) by % and integrating over 0 < z < 1 we
get
0 4 B2
0 Lglatb=1(1 —2) (B—1)+ (B — 2)xBF -+ x BF
Yap(2) = 1 altl 2 = dv.
1 YO0 ( —Zl‘) Bk(l ka—|—x k—|-.--—|—q;3k)

6



Replacing = by z? " in each integral we find

. x
1—zxaB’“)l+1 l+ao+a2+-- Bt
/ L ) Fiea)d
= — z,x)dr
o \1— xB 1—z) "7 ’
as required. H

From Theorem 4 we readily get a generalization of Ramanujan’s integral.

Corollary 5. Let a,b, B be positive integers with B > 1, | a non-negative integer. If either
z2e€C\[1,400) andl > 1, or z € C\ (1,400) and | =0, then

1 b+al—1 1 B
Y x (1—2) J / Bz w r J 99
’ya,b(z) /(; (1 _ ZSL’“)H'I T+ 0 1 — 2B 1— o Z(Z,l') €. ( )
Proof. First we note that the series (21), considered as a sum of functions of the variable x
converges uniformly on [0,1 — £] for any € > 0. Then integrating termwise we have

1— (b+al)B*— 1(1 o Bk)
x x
/0 Fi(z,z)dr = Z/ (1— ZxaBk)H—l dz.
Making the change of variable y = 28" in each integral we get
1—e (1—-¢) b+al 1(1 _ y)
Fi( = " dy.
/0 (2, 2) dv = ZBk/ (1= zy2)+t Y

Since the last series, considered as a series in the variable €, converges uniformly on [0, 1],
letting € tend to zero we get

1 1 1 yb+al—1(1 _ y>
F dxr = dy. 23
| AGar - g [ ay (23)

Now from (20) and (23) it follows that

1, b+al—1 1 B
oy [ Y (1—y) J _/ L J
’ya,b<z) /0' (1_2ya>l+1 Y= 0 1 _ 1B 1o l(Z,I‘) €,

and the proof is complete. O]

Averaging the formulas (20) and (22), we get the following generalization of the integral
(7).

Corollary 6. Let a,b, B be positive integers with B > 1, | a non-negative integer. If either
z€C\[l,400) andl > 1, or z € C\ (1,400) and | =0, then

1 b+al—1 1 B
Wy L [x (1—x)d l/ B(l+z”) 1+uz 7 J
Yas(2) = 5 /0 gyt o |\ 12 1z, 7) dz.




4 Vacca-type series for v,,(z) and v, ,(z).

Theorem 7. Let a,b, B be positive integers with B > 1, z € C, |z| < 1. Then for the
generalized Euler constant function v,(z), the following expansion is valid:

o0 o0 k
Tual?) = 3wk B) = 3 N,
k=1 k=1

where Q(k, B) is a rational function given by (15), {ar}2, is a sequence defined by the
generating function

1 o0 bek(l—ka) o0
G = = K 24
() = T 2 = (24)

and (k) is defined in (11).
Proof. For | = 0, rewrite (20) in the form

Y1 — 2B B 1 5
= — d
Yab(2) /0 . (1_333 1_1:) G(z,27)dx

where G(z,z) is defined in (24). Then, since ay = 0, we have

1 00
Yap(2) = / (B—1—2—a2*— .. -8 Zaka*l dx. (25)
0 k=1
Expanding G(z,z) in a power series of z,

G(Z,IE) _ Z Z me(aerb)Bk(l Y4+ ka71)7

k=0 m=0

we see that ap = O(Ing k). Therefore, by termwise integration in (25), which can be easily
justified by the same way as in the proof of Corollary 5, we get

(e 9]

1
'Ya,b(z) _ Zak/ [(J:kal o ka) + (kafl _ ka+1> 4ot (Ikal . ka+B72)] dr
k=1 0

k=1

]

Theorem 8. Let a,b, B be positive integers with B > 1, z € C, |z| < 1. Then for the
generalized Fuler constant function, the following expansion is valid:

1 b-1(1 _ ©
Yap(2) = /0 Md:ﬂ — ZakQ(k',B),
k=1

1— zxo



where

B-1
Br(k+1)
- B1 B—2 1

T Bkt B)(BE+1)  (BE+B)(Bk+2) T BE+B)(BEk+B-1)

Q(k,B) = — Q(k, B)

and the sequence {ax}32, is defined in Theorem 7.

Proof. From Corollary 5 with [ = 0, using the same method as in the proof of Theorem 7,
we get

1/ BaP x Y'1—28 [/ BaP x
_ F _ — G(z,2%)d
/0 (1—xB 1—1’) o2, ) /0 T (1—1’3 1—x) (227 de

o0

1
:/ (BxP7! — (1+x+~~+x371))2akx3kdx
0

k=1

& 1
— Zak‘/ [<ka+Bfl _ kaJrBfQ) L (ka+Bfl . SL,Bk+1> + (kaJrBfl . ka)] dr

=Y aQ(k, B).
k=1

O

Theorem 9. Let a,b, B be positive integers with B > 1, z € C, |z| < 1. Then for the
generalized Euler constant function v, (2) and its derivative, the following expansion is valid:

b+al 1
0 1 (1—=) Pp(k)
- S S § —0.1
Yapl(2) = 2/0 (1 — zgo)it de “’”Bk(Bk+ 1) (Bk+ B)’ l=01,

where Pg(k) is a polynomial of degree B — 2 given by (13), z # 1 if | = 1, and the sequence
{ari}2, is defined by the generating function

:L.(b—&-al)Bk(l _ :L,Bk') o

1 k
Gi(z,x) = T Z (1= 2qeB*yii = Zawm , [=0,1. (26)

k=0 k=0

Proof. Expanding G;(z, x) in a power series of x,

oo 0

l
Gl(z,x) = (ml—i_ )me(b+al+am)Bk<1+$+x2_I_“‘_‘_ka_l)’
k=0 m=0



we see that aj; = O(k'Ing k). Therefore, for [ = 0,1, by termwise integration we get

1 B 14 __,.B B
/ (B§1+ow) 1—|—x) Fl(z’x)dx_/ 1 xx (B(1+x ) 1+x> (2, 25)dx
0 - 0

11—z 1—z8 1—uz
1 o0
= / (B—-1)—2r—22%—-- = 22871 + (B — 1)27] ZakvlmBk_l dx
0 k=1
i B-1 2 2 2 L B-1
"M\ Bk Bk+1 Bk+2 Bk+B—1 Bk+B
= Pg(k)
=2 Z a1 ;
£ "M BL(Bk+1)--- (Bk + B)
where Pg(k) is defined in (13) and the last series converges since B kaﬁ(kz BB — O(k™3).
Now our theorem easily follows from Corollary 6. [

5 Examples of rational series

It is easily seen that the generating function (26) satisfies the following functional equation:

B 5 potal
Gi(z,27) = (1= sgeyiit”

Gi(z,x) — (27)

1—=x

which is equivalent to the following identity for series:
o0 o0 [e.9] k‘
k B—1 Bk k—1_ .ak+b
ag " —(14+2+---+2x g r " = 2 :
2y =2 ()

Comparing coefficients of powers of x we get an alternative definition of the sequence {ay;}7,
by means of the recursion

ap; = a1y =+ = Aai+b—1, = 0
and for & > al + b,
ajx if  k#b (mod a);
_ L. )
Qg = _b)/ay k=b_ . (28)
{GLEM—’_ ((’g lb)/ )z e if  k=b (moda).

On the other hand, in view of Corollary 3, v,5(2) and 7, ,(2) can be explicitly expressed
in terms of the Lerch transcendent, i)-function and logarithm of the gamma function. This
allows us to sum the series in Theorems 7-9 in terms of these functions.

Example 10. Suppose that w is a non-empty word over the alphabet {0,1,...,B — 1}.
Then obviously w is uniquely defined by its length |w| and its size vp(w) which is the value
of w when interpreted as an integer in base B. Let N, p(k) be the number of (possibly
overlapping) occurrences of the block w in the B-ary expansion of k. Note that for every
B and w, N, 5(0) = 0, since the B-ary expansion of zero is the empty word. If the word

10



w begins with 0, but vg(w) # 0, then in computing N, p(k) we assume that the B-ary
expansion of k starts with an arbitrary long prefix of 0’s. If vg(w) = 0 we take for k£ the
usual shortest B-ary expansion of k.

Now we consider equation (27) with [ =0, z =1

1_B b

G(1,2) — G(1,28) = 2

11—z 1 —z@

and for a given non-empty word w, set a = Bl in (29) and
b Bl if wvp(w)=0
N us(w), if vp(w)#0.

Then by (28), it is easily seen that a := ayo = N, pg(k), k = 1,2,..., and by Theorem 7,
we get another proof of the following statement (see [2, Sections 3, 4.2]).

Corollary 11. Let w be a non-empty word over the alphabet {0,1,..., B — 1}. Then
oo w 1 - .
> Noa(QUk, B) = § et (v () 0
— Yaiel pley (1), if vp(w)=0.

By Corollary 3, the right-hand side of the last equality can be calculated explicitly and
we have

0o 1 T (UB(w)—i—l) | T <vB(w)> 1 <’UB(0,))> 7 if O,
> Ma(b)Q(k, B) = { A ) el G ) e ) el 7
1 logF(B‘w ) + 5t — |wllog B, if vp(w) =0

(30)
Corollary 12. Let w be a non-empty word over the alphabet {0,1,..., B — 1}. Then

>PB<k)
Z BE( Bk + --(Bk+ B)

vBM,vB@)(l) — o (v (=) (), i ) £0;
Vpel gl (1) = spmrd) ﬁ) — 3B~ 3 if vp(w)=0.

Proof. The required statement easily follows from Theorem 9, Corollary 11 and the equality

1o b—1(q _ 00
/0 : 1(—1x“m)dxzzo(ak1+b_ak+1b+1>:2(1/’(621)_“’(2))'

k

From Theorem 7, (27) and (28) with a =1, [ = 0 we have

11



Corollary 13. Let b, B be positive integers with B > 1, z € C, |z| < 1. Then

- e(k
) = Y@tk 5) = 3oy T
k=1

where ag = a1 = -+ = ay_1 = 0, ap = Qx| + 2k k> b
Similarly, from Theorem 9 we have

Corollary 14. Let b, B be positive integers with B > 1, z € C, |z| < 1. Then

_1 = Py (k)
oz 2; k+b) k+b+1 +Z “Bk(Bk+1)--- (Bk+ B)’
whereagzalz---:ab_lz(),ak:aL%J—l—zk*b,kZb.

Example 15. If in Corollary 13 we take z = 1, then we get that aj is equal to the B-ary

length of [£], 1. e 5
o= S ([51) =2 ([51)

On the other hand,
v1o(1) = logh — ¥(b) = logb — Z Rl

and hence we get

logb — 1(b) = i_oj Ly ([%J) Q(k, B). (31)

If b =1, formula (31) gives (16). If b > 1, then from (31) and (16) we get

b—1 0o

o =3 1+ 3 (s (|]) - £o0) @18, (32)

=1

which is equivalent to [5, Theorem 2.8]. Similarly, from Corollary 14 we obtain (17) and

1 ob—1 & (La(lE)) - Lp(k)) Ps(k)
10gb_};%‘7+;Bk(Bli:H)---(BmB)' (33)

Example 16. Using the fact that for any integer B > 1,

Ly (%D — Lyp(k) = —1,

from (30), (16) and (32) we get the following rational series for logI'(1/B) :

logT (é) = BZ_II% + Zl<NO,B<k) - éLB(k) — 1>Q(k, B).



Example 17. Substituting b = 1, z = —1 in Corollary 13 we get the generalized Vacca
series for log %.

Corollary 18. Let Be N, B > 1. Then

4 o0 [e.e]
log—:ZakaB :ZCLE
[ — k=1 !
where
ap = 0, ap=ae; + (1) k=1 (34)
In particular, if B is even, then
4 - - oddB('_ J) evenB(I_ J))
log — = N, k) — Newen.(k))Q(k, B) = k), (35
08 ;( ad, (k) 5(k))Q ; 2 e(k), (35)

where Noaa (k) (respectively Neyen,5(k)) is the number of occurrences of the odd (respectively
even) digits in the B-ary expansion of k.

Proof. To prove (35), we notice that if B is even, then the sequence a; := Nygap(k) —
Neven,p(k) satisfies recurrence (34). O

Substituting b = 1,z = —1 in Corollary 14 with the help of (33) we get the generalized
Addison series for log %.

Corollary 19. Let B > 1 be a positive integer. Then

1 — Lp(k) + ax) Pg(k)
r 4 Bk:Bk+1) -(Bk+B)

where the sequence ay is defined in Corollary 18. In particular, if B is even, then

4 1 (LB(L 1) - 2Neven,3(k)) Pp(k)
Z+Zl Bk(Bk +1)---(Bk + B)

Example 20. For ¢ > 1, the generalized Somos constant o; is defined by
op = 1N o3 = L tgl/gL e Hnl/t"
n=1

(see [25, Section 3]). In view of the relation [25, Theorem §]

1 ¢
) =tlog—n——, 36
%’1(25) Bl—1e (36)

by Corollary 13 and formula (32) we get

13



Corollary 21. Let BeEN, B>1,t€ R, t > 1. Then

oo

w5 (1a((4]) - ([ ]) - %) e

k=1

where ag = 0, a = ak | +tF k> 1

In particular, setting B =t = 2 we get the following rational series for Somos’s quadratic
recurrence constant:

] — by
logoy =1— =S5 — %
0802 2;2k(2k+1)’

where b; = 3, by, :ng +2,%1, k> 2.
From (36), (33) and Theorem 9 we find

Corollary 22. Let BeN, B>1,te€ R, t > 1. Then

3t—1
At(t —1)2

* zfttln ; (LBQ%D B LBQ%D a t(tzikl)> Bk(Bk +]1DJ)B~({€~)(B/<; +B)’

where the sequence ay, is defined in Corollary 21.

logo, =

In particular, if B =t =2 we get

oo | Ut

1 > C
1 _ =
08 2 ; 2%(2k + 1)(2k + 2)°

where ¢, = 4, ¢, =z + 51, k> 2.
Example 23. The Glaisher-Kinkelin constant is defined by the limit [11, p.135]
1222 oot

A= lim —— 5 = 1.28242712- - - .
n- 2 ze T

Its connection to the generalized Euler constant function ~,,(z) is given by the formula [25,
Corollary 4]

911/6 A6
Ta1(=1) = log ey (37)
By Theorem 9, since
o(1—1x)
/ ———dx =3log2 — 2,
o (1+x)?

we have

Pp(k)
BBk +1)--- (Bk 1+ B)’

4 1. 4 1
locA=—-log2— ~log — —E
og 5 og 1 ogﬂ +6 2 g1

14



where the sequence ay; is defined by the generating function (26) with a = b =1 = 1,
z = —1, or using the recursion (28):

ap1 = ap; =0, = sy + (-DFE-1), k>2
Now by Corollary 19 and (33) we get

Corollary 24. Let B > 1 be a positive integer. Then

log A4 = é a % £ (7LB(k) B 7LBQ§J> i bk) Bk(Bk +];;3-<{€-)(Bk + B’

where b() = 0, bk = b\.%] + (—1)1671(6]{: + 3)’ k > 1.

In particular, if B = 2 we get

o0

1
_%kzl 2k( 2k+1 (2k +2)’

log A =

where ¢, = 16, ¢z = ¢ |1 + (=1)*Y(6k + 3), k > 2.
Using the formula expressing (2) in terms of the Glaisher-Kinkelin constant [11, p. 135],
"(2)  log2m+
C2) | log2m+79

log A = —
8 2 12

by Corollaries 14, 19 and 24, we get

Corollary 25. Let B > 1 be a positive integer. Then

C;g) a _% * % 2 (4L3(k) a LB(EJ) * c’“) Bk(Bk +]1D])9-(%-)(Bk + B)’

where cg = 0, ¢ = Cle)+ (—1)* 16k, k > 1.

Example 26. First we evaluate fyé 1(=1) for I = 0, 1. From Corollaries 2, 3 and [12, Examples
3.9, 3.15] we have

(x — 1) dzdy s
=~ T 9 r() log V27
n2a(= // (1+ 22y?)logzy 4 i\ +log

and
1 1 109
Yoa(=1) == 7 ®(=1,1,3/2) + 58(=1,0,3/2) + 5 5-(~1,0,3/2)
0P 0P 0P
— 5. (FL=13/2) = = (=1,0,2) + -(~1,-1,2).

15



The last expression can be evaluated explicitly (see [12, Section 2]) and we get

You(—1) = g + % - logf‘(}l) —3log A+ logm + %logz
o G 1 1. 4 7
o= 75,1(_1) - 572,1(—1) + 1 log - +3log A — T3 log 2. (38)
On the other hand, by Theorem 9 and (28) we have
(=) = 5 - ;Llog o ; "0 B(Bk +]1Dj)3.(%.>(3k +B)’ (39)

where ago =0, a0 = @22 0, k > 1, G190 = @21 o + (—=1)*, k>0, and

1 - Pp (k)
Py = T Lioeo <
Y2u(=1) = 75 = log +;a’“13k(3k+1)--.(3k+3)’

(40)

where ag1 =0, ag1 = a2 4, k>1,am411 = 251 + (=1)*1k, k > 0. Now from (38) —
(40), (33) and Corollary 19 we get the following expansion for G/.

Corollary 27. Let B > 1 be a positive integer. Then

g - zl),_; * ; (éLB(gD - %LB(k) N Ck) BE(Bk +]1DJ)B-(%-)(B/<: B

where cy = 0, e = ez + K, k> 1, copar = e + EL7=1 2k 4+ 1), k> 0.

In particular, if B = 2 we get

G 11 < by
¥_§+;2k(2k+1)(2k+2)’

where by = —2, by = by + k, boxpr = by + L2k + 1), k> 1.

6 Other generalized Euler constants
The purpose of this section is to draw attention to different generalizations of Euler’s constant

for which many interesting results remain to be discovered.
The simplest way to generalize Euler’s constant

1
v = lim (Zg—logn), (41)

k=1

16



which is related to the digamma function by the equality v = —(1), is to consider for
0<a<l,

"1 "1
V(@) = lim (Z Fra o8 ”) = Jim, (Z hra el 0") -
k=1 k=1

Tasaka [27] proved that y(a) = —t (). Its connection to the generalized Euler constant
function 7,,(2) is given by the formula

y(a) +loga = y1,q(1).

Briggs [6] and Lehmer [20] studied the analog of  corresponding to the arithmetical pro-
gression of positive integers r, r +m, r +2m, ..., (r <m):

1
v(r,m) = lim <H(n,r, m) — — log n) ,
n—oo m
where H(n,r,m)= > 4. Since H(n,r,m) = >
0<k<n, 0<k<(n—r)/m
k=r(mod m)

m, it is easily seen that
my(r,m) = ~(r/m) —logm = y1,/m(1) — logr.

Diamond and Ford [9] studied a family {7(P)} of generalized Euler constants arising from
the sum of reciprocals of integers sieved by finite sets of primes P. More precisely, if P
represents a finite set of primes, let

1, if ged(n, =1 1
1p(n) = { ir gc <n HpE’Pp> and Op = xlgg); Z 1p(n).

0, otherwise; <z

A simple argument shows that dp = [[ (1 —1/p) and that the generalized Euler constant

Y(P) = lim (Z 1777(:0 — oplog a:)

n<x

exists. Its connection to Euler’s constant is given by the formula [9]

w-I(-3) 5%

pEP pEP

Another generalization of the Euler constant is connected with the well-known limit involving
the Riemann zeta function:

y=tim (o) - -2 ). (12)

s—1 s—1

Expanding the Riemann zeta function into Laurent series in a neighborhood of its simple
pole at s = 1 gives

((s) = ! +Z(_k1!) Yels — 1)k,

s—1
k=0

17



Stieltjes [26] pointed out that the coefficients 7 can be expressed as

nl k - lk+l
%:nm<zog‘]—og ”) k=0,1,2.... (43)

n—o0 = ] k,’ + 1

(In the case k = 0, the first summand requires evaluation of 0°, which is taken to be 1.) The

coefficients v, are usually called Stieltjes, or generalized Euler, constants (see [10, 11, 18].
In particular, the zero’th constant vy = « is the Euler constant.

Hardy [13] gave an analog of the Vacca series (3) for 7, containing logarithmic coefficients:

Ny = Z(_l)klog(k) L;ng(/f)J B 1052 SO (1) Ung(?k)ngUng(k)J ’

k=1 k=1

and Kluyver [16] presented more such series for higher-order constants.
The analog of ~, corresponding to the arithmetical progression r, r +m, r 4+ 2m, ... was
studied by Knopfmacher [17], Kanemitsu [15], and Dilcher [10]:

k+1

log"j  1log"t'n
= li - — .
(1, m) REEO( Z j m k—+1
0<j<n
j=r (mod m)

Another extension of 7, can be derived from the Laurent series expansion of the Hurwitz
zeta function:

C(s, ) ::Z (n—:a)s = il —I—Z(l)k#(s—l)k.

S
n=0 k=0

Here 0 < o < 1. Since ((s, 1) = ((s), we have 7,(1) = ;. Berndt [4] showed that

V(@) = lim (i g (i + o) _ log ™ nt a)> :

n—o0 s (j —+ a) k+1

which is equivalent to (43) when a = 1. If k = 0 and a = r/m, r,m € N, r < m, then

Yo(r/m) = my(r;m) +logm = 71,/m(1) = log(r/m) = ~y(r/m) = —¢(r/m).

Recently, Lampret [19] considered the zeta-generalized Euler constant function

T(s) = i:: (ji - / " i—m) (44)

and its alternating version



defined for s > 0. The name of the function T(s) comes from the fact that T(1) = ~ and
that the series Z;’;l 1/7° defines the Riemann zeta function. Moreover, it is easily seen that
T(1) =v.1(1) and T*(1) = y11(—1). In [19] it was shown that Y (s) is infinitely differentiable
on R* and its k-th derivative T*)(s) can be obtained by termwise k-times differentiation of

the series (44):
oo 1 k - 741 1 k
TH(s) = (—1)F Y < 8 J —/ o8 xdx) (45)
J

jS :ES

J=1

Setting s = 1in (45) we get the following relation between the zeta-generalized Euler constant
function and Stieltjes constants (43):

TH(1) = (=1)" .

The formula (41), as well as (44), can be further generalized to

b= tim (3 1) - nf(x)dw>
= (3w f
_ log™x

for some arbitrary positive decreasing function f (see [22]). For example, f,(r) = =2-* gives

(s=1)¢(s)—1

~>—, where again the limit

rise to the Stieltjes constants, and fs(x) = x~° gives 7y,
(42) appears.

There are other generalizations including a two-dimensional version of Euler’s constant
and a lattice sum form. For a survey of further results and an extended bibliography, see

[11, Sections 1.5, 1.10, 2.21, 7.2].
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