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Abstract
]

hyperlucas numbers Lm. We investigate the log-concavity (log-convexity) of hyperfi-

In this paper, we discuss the properties of the hyperfibonacci numbers FT[LT and

bonacci numbers and hyperlucas numbers. For example, we prove that {FT[LH tn>1 18
log-concave. In addition, we also study the log-concavity (log-convexity) of generalized
hyperfibonacci numbers and hyperlucas numbers.
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1 Introduction

Let {F,}n>0 and {L,},>0 denote the Fibonacci and Lucas sequence, respectively. It is well
known that the Binet forms of F,, and L,, are

F B an _ (_1)na—n
n \/g )
where o = (1 ++/5)/2. It is evident that {F,},>0 and {L, },>o satisfy

L,=a"+(-1)"a™", (1)

Wy =Wy +Wag, n>2. 2)
)

L{’ } are defined

For positive integers r, hyperfibonacci numbers F7 and hyperlucas numbers L

as follows [5]:
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where F\) = F, and LYY = L,,. Initial values of {Ff[ll]} and {LL”} are as follows:

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

FUlo 1 2 4 7 12 20 33 54 88 143 232 376 609 986

IMlo 3 6 10 17 28 46 75 122 198 321 520 842 1363 2206

In [3, 5, 9], some properties of hyperfibonacci numbers F" and hyperlucas numbers LI are
given. In this paper, we continue discussing the properties of FIand LI, Now we recall
some other definitions involved in this paper.

Definition 1. Let {a, },>0 be a sequence of positive numbers. If for all j > 1, a? > aj_10;41
(respectively a;_1a;11 > a3), the sequence {a,}n>o is called log-concave (respectively log-
convex).

Definition 2. [6] Let {a,},>0 be a sequence of positive real numbers. We say that {a,}n>0
is log-balanced if {ay }n>o is log-convex and {%},,>0 is log-concave.

The log-convexity and log-concavity are important properties of combinatorial sequences,
and they play an important role in many fields such as quantum physics, white noise theory,
probability, economics and mathematical biology. See for instance [1, 2, 6, 7, 8, 10, 11].
Clearly, log-balancedness implies log-convexity. It is well known that {a,},>0 is log-convex
(log-concave) if and only if its quotient sequence {a,+1/ay, }n>0 is nondecreasing (nonincreas-
ing). Naturally, the quotient sequence of a log-balanced sequence does not grow too fast. For
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the Fibonacci sequence {F,} and Lucas sequence {L,}, their log-concavity (log-convexity)
are related to the parity of n. It is well known that {Fs,.1} and {Ls,} are log-convex
and {F,} and {Ls,.1} are log-concave. In this paper, we discuss the log-concavity (log-

convexity) of hyperfibonacci numbers Fl and hyperlucas numbers L. In Section 2, we

show that {F,[f]}nzl and {Lw }n>3 are log-concave for > 1. In addition, we also consider
the log-concavity ( log-convexity) of generalized hyperfibonacci numbers and generalized
hyperlucas numbers.

2 The log-concavity of hyperfibonacci numbers and hy-
perlucas numbers
In this section, we state and prove the main results of this paper.

Lemma 3. [4, 12] If the sequences {z,,} and {y,} are log-concave, then so is their ordinary
convolution z, = >} _o TplYn—k,n =10,1,2,....

We note that above {F,[f]}nzl is the convolution of {F,[f]}nzl and {1},>0.
Lemma 4. For n > 0, the following equalities hold:
L?l-‘rQ - Ln+1Ln+3 = 5(_1)71’ F73+2 - Fn+1Fn+3 - <_1)n+1
Proof. From (1), we can immediately prove that this lemma holds. O

Theorem 5. For r > 1, the sequences {Fr[f]}nzl, {Lg]}nzg, and {Lg]}nzo(r > 2) are log-
concave.

Proof. A simple induction using the defining recurrence (2) shows that
FU=F, -1, LM=1L,,-1 (3)

By using (3) and (2), we can verify that {FJL”} and {LL”} satisfy the following recurrence
relation

Wn+1 = ZWn - Wn,Q, n 2 2. (4)

For n > 1, let x,, = 7£1411 / Y we prove by induction that {z,},>; is decreasing. Clearly,
x1 =129 =2 >ux3="T/4. For n > 3, assume that x;_1 > x; for all 1< k < n. It follows from
(4) that



Then we have

o Tp—2 — Tn
Ty — Tppg = —————.
Lp—2Tp—-1Tn

Since x,,9 > xp_1 > Ty, it follows that z,, > ,,41. Then {x,},>1 is decreasing and {F,[lu Fn>1

is log-concave. For {Lw}nzo, using a similar method, we can prove that {Lg]}nzg is log-

concave. It is clear that the initial cases (0 < n < 2) of {Lq[ll}}nzo are not log-concave.
According to Lemma 3, we know that {FT[LT]}nzl is log-concave. Now we show that {LE}}@O
is log-concave. We can verify that

LA =Ly —n—05. (5)

n

By using (5), (2) and Lemma 4, we get

2
<LE]) a LE]_lLﬂl = (Lppa—n—5)* = (Lpyz —n —4)(Lnys — 1 — 6)

= L2, — Luysloys +nlpiy 4+ 20, 1 +1
= 5(—1)"+nLp +2L, 1+ 1.

When n > 1,
2
(LEl) — PP > 3n—2>0,

Then {LE]}@O is log-concave. According to Lemma 3, we know that {LL’[]}@O(r > 3) is
log-concave. O]

Theorem 6. The sequences {n!F,&”}nZl and {n!Lg]}nzg are log-balanced.

Proof. By Theorem 5, in order to prove the log-balancedness of {n!Fy[zl]}nzl and {n!Lg]}nzg,
we only need to show that they are log-convex. It follows from (3), Lemma 4 and (2) that

2
(A1) = FLEL = 0t F ©)

2
(L;u) P TE L (7)

From (3), (6) and (7), we have
2
a(F1) =@t DELFL = (et DU 4 ] = (Fuaa = 17

2
a(28) =0 DELEEL = ek DS+ L] = (e = 11



Let S, = (n+1)[(=1)"" + F, 1] — (Fhio—1)%, Tn=n+1)5(=1)"+L,_1] — (Lnyo—1)%
Clearly, S, < 0Ofor2 <k <5and T, <0 for k=4 or k =5. We can prove by induction
that

Fy
Ly,

, n>5, (8)
(9)

(VAR
s 3
3
o

For n > 6, by applying (8), (9) and (2), we obtain

Sp < (n+1)A+F,oq)—(n+1)(Fye—1)
(n+1)(2 — 2F,)
< 0,
T, < (n+1)(6—-2L,)
< 0.

Noting that

2
<n!F,E11> —(n=D!n+D)EM FY = (n—1)nls,,
2
(n!L;ﬂ) — =D+ L = (n— 1T,
we have
2 2
(n!FJﬂ) ~FMEN <0 for n>2 (n!L,L}1> — Ll <0 for n>4

Hence {n!Ff[Ll] bn>1 and {n!LLl] }n>3 are log-convex. As the sequences {Fy[Ll]}nzl and {Lg} Fn>s
are log-concave, the sequences {n!FT[LI]}nzl and {n!Lg]}nZ;; are log-balanced. O

In the final part of this section, we discuss the log-concavity (log-convexity) of generalized
hyperfibonacci numbers and hyperlucas numbers. Let {U,},>o and {V,},>0 denote the
generalized Fibonacci and Lucas sequence, respectively. Their Binet forms of U, and V,, are

™ —(=1)"r "
JA ;

where A = p> +4,7 = (p++/A)/2, and p > 1. It is clear that (10) is a generalization of (1),
and {U, },>0 and {V, },>0 satisfy the recurrence

U, =

Vo=1"+(-1)"1", (10)

Wpi1 =pWo+ W,y (n>1), with Uy=0,U; =1,V5 =2V, =p. (11)



For positive inte%ers r, the generalized hyperfibonacci numbers Ul and generalized hyper-
lucas numbers V") are defined as follows:

UT[LT] _ Z U]Erfl}’ VAT] _ Z Vk[rfl]’
k=0 k=0

where U = U, and V,”! = V,,. For some properties of {U,[f}} and {Vnm}, see [3, 9]. Now we
prove the log-concavity of {UY'} and {V;I}.

Theorem 7. Forr > 1 and p > 1, the sequences {Uiﬂ tn>1 and {Vnm tn>s are log-concave.
Proof. From the definitions of {U,[l”} and {VJ”} and (11), we can verify that
Wn+1 = (]. +p)Wn + (1 - p)Wn—l — Wn_Q, n Z 2. (12)

We first show that {U,[LI]}nzl is log-concave. Let x,, = Uﬂl / UM for n > 1. Tt follows from
(12) that

1—0p 1

Tp,=1+p+ ;
Tn-1 Tp—1Tp—2

Then we have

@—M%—%qh_%—%q
Tp-1Tp Tp—2Tp-1Tn 7

n > 3. (13)

Tnt1 — Tp =
Now we prove by induction that {z,},>1 is decreasing. It is clear that

=1, Ul =p+1, U =p4pa2, U=t 32,

2 p+2
rr=p+1 2$2=p+m >$3:p+m.
Assume that z,_; > xy for all 2 < k < n. It follows from this assumption and (13) that
Ty > xpyq for n > 1. Hence {x,},>1 is decreasing, and {Ur[bl]}nzl is log-concave. Using
this method, we can also prove that {Vnm }n>3 is log-concave. It follows from Lemma 3 that
{Ur[f]}nzl is log-concave for r > 2. O

Theorem 8. For p > 1, the sequences {H!Ur[z”}n25 and {n!Vn[l]}nZ5 are log-balanced.
Proof. By (10), we derive

U[l] _ Un+Un+1 - 1 V[l} _ Vn+vn+1 +p_ 2

p p

(14)



By (14) and (11), we can verify that

9
”(UE}) —(n+ 1)U7[1111U7[114]rl

(TL + 1)[(_1)n+1 + Un+1 - Un] (Un + Un+1 - ].) T[Ll]

- 9

p p
2
D(=1)"A = (p = 2)(Vpyr — V,
n@u) gyl - (DI ;p ) (Vas = Vi)
 (Vapr + Vatp—2)V3"
g .

We can prove that

On the other hand,

UM >n+1, n>4,
Vn[l]anLl7 n > 4.

Up>1, n=>1,
Vio>p*+2, n>2

Then we get
2
2(n+ 1)(1 - U,
o(0) - et < AEDOZ0
< 0,
2
DIA = (p—2)(Viy — Vo) — (V, . 5
n(VAH) —(n—l—l)Vn[l_]lvn[ﬂl < (n+ )[ (p )(V—H pV) (V+1_|_V +p >]
= (n+ D[P —p+6—(p—1) (Va1 — Vo) = 2V3)]
p
(n+1D)[-p* —p+2—(p—1) (Vg1 — Vi,)]
B p
< 0.

Then the sequences {n!U,[Ll]}nZE) and {n!V,P]}nZg) are log-convex for p > 1. Hence the se-

quences {n!UT[Ll]}nzg) and {n!Vnm tn>5 are log-balanced.

3 Conclusions

]

We have discussed the log-concavity of hyperfibonacci numbers and hyperlucas numbers.
Our next work is to study the log-concavity (log-convexity) of various recurrence sequences

appearing in combinatorics.



4

Acknowledgment

The authors are grateful to the anonymous referees for their valuable comments and sugges-
tions.

References

1]

2]

[11]

[12]

N. Asai, I. Kubo, and H. H. Kubo, Roles of log-concavity, log-convexity and growth
order in white noise analysis, Infin. Dimens. Anal. Quantum Probab. Relat. Top. 4
(2001), 59-84.

F. Brenti, Log-concave and unimodal sequences in algebra, combinatorics, and geome-
try: an update, Contemporary Mathematics 178 (1994), 71-89.

Ning-Ning Cao and Feng-Zhen Zhao, Some properties of hyperfibonacci and hyperlucas
numbers, J. Integer Seq. 13 (2010), Article 10.8.8.

H. Davenport and G. Pélya, On the product of two power series, Canad. J. Math. 1
(1949), 1-5.

A. Dil and I. Mez6, A symmetric algorithm for hyperharmonic and Fibonacci numbers,
Appl. Math. Comput. 206 (2008), 942-951.

T. Dosli¢, Log-balanced combinatorial sequences, Int. J. Math. Math. Sci. 4 (2005),
507-522.

J. R. Klauder, K. A. Penson, and J. M. Sixdeniers, Constructing coherent states through
solutions of Stieltjes and Hausdorff moment problems, Phys. Rev. A. 64 (2001), 013817.

H. H. Kuo, White Noise Distribution Theory, CRC Press, 1996.

Rui Liu and Feng-Zhen Zhao, On the sums of reciprocal hyperfibonacci numbers and
hyperlucas numbers, J. Integer Seq. 15 (2012), Article 12.4.5.

K. A. Penson and A. I. Solomon, Coherent states from combinatorial sequences, in
E. Kapuscik and A. Horzela, eds., Proceedings of the 2nd International Symposium on
Quantum Theory and Symmetries, World Scientific, 2002, pp. 527-530.

D. Prelec, Decreasing impatience: A criterion for non-stationary time preference and
hyperbolic discounting, Scand. J. Econ. 106 (2004), 511-532.

Y. Wang and Y.-N. Yeh, Log-concavity and LC-positivity, J. Combin. Theory Ser. A.
114 (2007), 195-210.


https://cs.uwaterloo.ca/journals/JIS/VOL13/Cao2/cao5r.html
https://cs.uwaterloo.ca/journals/JIS/VOL15/Liu/liu10.html

2010 Mathematics Subject Classification: Primary 05A20; Secondary 11B37, 11B39.
Keywords: log-convexity, log-concavity, Fibonacci number, Lucas number.

(Concerned with sequences A000071 and A001610.)

Received March 17 2013; revised versions received November 9 2013; November 24 2013.
Published in Journal of Integer Sequences, December 16 2013.

Return to Journal of Integer Sequences home page.


http://oeis.org/A000071
http://oeis.org/A001610
http://www.cs.uwaterloo.ca/journals/JIS/

	Introduction
	The log-concavity of hyperfibonacci numbers and hyperlucas numbers
	Conclusions
	Acknowledgment

