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Abstract

We provide asymptotic expansions for the Stirling numbers of the first kind and,
more generally, the Ewens (or Karamata-Stirling) distribution. Based on these expan-
sions, we obtain some new results on the asymptotic properties of the mode and the
maximum of the Stirling numbers and the Ewens distribution. For arbitrary § > 0 and
for all sufficiently large n € N, the unique maximum of the Ewens probability mass
function

oF n
L,(k) =
n(F) 0O +1)---(0+n—1) {k:
is attained at k = |ay] or [ay], where a, = 6logn —60T"(0)/T'(0) —1/2. We prove that
the mode is the nearest integer to a, for a set of n’s of asymptotic density 1, yet this
formula is not true for infinitely many n’s.

}, k=1,...,n,

1 Introduction and statement of results

1.1 Introduction

The (unsigned) Stirling numbers of the first kind [}] are defined, for n € Nand 1 < k < n,
by the formula

x(”)::x(x—kl)...(x—l—n—l):i[Z}mk, r € R. (1)
k=1

For n € N, a random variable K,(f) is said to have the Fwens distribution with parameter
6 > 0 if its probability mass function is given by the formula

(K (0) = k) = —— [

n

k

o) ], k=1,...,n.

Bingham [2] called this distribution the Karamata-Stirling law. One can interpret K, () as
the number of blocks in a random partition of {1,...,n} distributed according to the Ewens
sampling formula, or, equivalently, the number of different alleles in the infinite alleles model,
the number of tables in a Chinese restaurant process, or the number of colors in the Hoppe
urn. The Ewens sampling formula plays an important role in population genetics [6], [4,
Section 1.3]. There is a distributional representation of K, () as a sum of independent
random variables

K,(0) L& 4+ &, where & ~ Bern(0/(0+i—1))

and Bern(p) denotes the Bernoulli distribution with parameter p. In the special case 6 = 1,
classical results going back at least to Feller [7] and Rényi [21] state that the random variable
K, (1) has the same distribution as the number of cycles in a uniformly chosen random
permutation of n objects, or the number of records in a sample of n i.i.d. variables from a



continuous distribution. It follows easily from Lindeberg’s theorem that K, () satisfies a
central limit theorem of the form

K,(0) —0logn d, N(0, 1)
V0logn n—00
known as Goncharov’s CLT in the case 6 = 1.

Asymptotic expansions, as n — oo, of the Stirling numbers m in various regions of k were
provided in numerous works [12, 13, 18, 20, 23, 24]. Most notably, Hwang [13, Theorem 2]
(and Theorem 14 on page 108 of his dissertation [12] for a more general result) gave an
asymptotic expansion valid uniformly in the domain 2 < k& < nlogn, for any fixed n > 0.
Louchard [18, Theorem 2.1] computed three non-trivial terms of the asymptotic expansion
in the central regime k& = logn + O(y/logn) which is similar to the classical Edgeworth
expansion in the central limit theorem.

In this short note we start by deriving a full Edgeworth expansion, as n — oo, for
the sequence of probability mass functions k +— P(K,(0) = k) which is uniform both in
0 € [1/n,n] (where n > 1) and in k € {1,...,n}; see Theorem 1. Our result is an application
of the general Edgeworth expansion for deterministic or random profiles which the authors
[16] recently obtained. Using this asymptotic expansion we derive some new results on the
mode and the maximum of the Ewens distribution. In the case # = 1 the mode can be
interpreted as the most probable number of cycles in a random permutation of n objects.
It was investigated in the works of Hammersley [10, 11] and Erdés [5]. Our results on the
mode and the maximum will be stated in Theorems 5 and 7 below.

1.2 Asymptotic expansion of the Ewens distribution

Before stating our main result we need to recall some notions. The (complete) Bell polyno-
mials Bj(z,...,z;) are defined by the formal identity

exp (Z sz) = Z FBj(Zh ey Z5)-

J=1 J=0

Therefore By = 1 and, for j € N,

. ’ ]' Z1 i Zj 4

where the sum 5" is taken over all 4y, ... ,i; € Ny satisfying 17y 4 2i9 + - - + ji; = j. For
example, the first three Bell polynomials are given by

Bi(z1) = 21, Ba(z1,20) = 21 + 22,  Bs(21,22,23) = 27 + 32122 + 23. (3)
Further, we will use the “probabilist” Hermite polynomials He,(x) defined by
He,(z) = e2*" ) i en (4)
e,(r)=c¢€ —— ] e ., n .
dx 0
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The first few Hermite polynomials needed for the first three terms of the expansion are

Heo(z) =1, Hey(w) =z, Hey(z) =21, Hez(w) =2 — 3,
Hey(z) = 2* — 622 +3, Heg(w) = 2° — 152" 4 4527 — 15.

Theorem 1. Fiz r € Ny and a compact subset L C (0,00). Uniformly over 6 € L we have

i (og1) ¥ sup [P (0) = b) — - Z e
im W(0) =
nmoos o k:SFpn \/27r910gn (flogn) J/2

Here, x,(k,0) = k\/%gg" and Hj(x) is a polynomial of degree 3j given by

—1)J 10 — 1,
Hi(z) = H;(z,0) = ( j!) e2” B;(Dy,...,Dj)e 2", (5)

where B; 1s the j-th Bell polynomial and bvl, .5;, ... are differential operators given by

B =00~ G () 00 () )

with x;(B) = — (%)J log'(0e?) and T' denoting the Euler gamma function.

Remark 2. Tt follows from (3), (5) and (6) that the first three coefficients of the expansion
are

HO(ZE) = 1,

H(z) = —1;((53 Oz + éHeg(az),
L /LTR(0) 0TV(6) + 0T (6) )

Hale) = (9 t20)  2r(0) ) Heals) + (ﬂ - 6r<9>9> Hea(z)
4 %H%(x)

An expression for y;(0) involving polygamma functions and Stirling numbers of the second
kind will be given below in (13). The tilde in B; and x; is needed to keep the notation
consistent with our more general work [16]. It is easy to check that H;(—xz) = (—1) H;(x)
[16, Remark 2.4].

To compute H; ( ) one can proceed as follows. First, express %B (D1,...,D;) as a
polynomial in D := L (and note that only even/odd powers of D are present if j is even/odd).
Then replace each occurrence of D' by Hey(z); see (4) for justification.



Remark 3. 1t is possible to choose the value of 8 as a function of k. One natural choiceis § = 1
which provides a full version of Louchard’s expansion [18, Theorem 2.1] (although he used a
slightly different normalization in his analogue of x,,(k, 1) and his term —355x3 /144 should be
replaced by —4723/144). Another possible choice is § = k/logn (so that z,(k, ) = 0), which
gives a large-deviation-type expansion valid uniformly in the region n 'logn < k < nlogn,
for fixed n > 1 and ¢ € Ny:

(k/logn)* {n} Z

ok 1]~ Vo =
Observe that the terms with half-integer powers of k are not present in the sum because
Hjj11(0) = 0. Using the formula

n! n
yields the expansion

il = (s e ()

valid as n — oo uniformly over k in the region § = k/logn € (n=',n). In this region, this
expansion must be equivalent to Hwang’s result [13, Theorem 2]. It is not easy to rigorously
verify this equivalence by a direct comparison, but we checked using Mathematica 9 that the
first three non-trivial terms coincide. Note a misprint in the formula for the remainder term
Z,(m,n) in Hwang [13, Theorem 2]: (logn)™/(m!n) should be replaced by (logn)/(mn).
Expansion (7) could be also deduced from the work of Féray et al. [8, Theorem 3.4].

HQSOk/logn)+O( 1 )

(log n)a+t

Taking sums over k in Theorem 1 and using the Euler-Maclaurin formula to approximate
Riemann sums by integrals, one obtains that

e ™2 /1 22—1  T'(0) 1
b +0 +0 :
V2m0logn \ 2 6 ['(0) logn
uniformly in z € (flogn)~3(Z — #logn), where ®(x) is the standard normal distribution
function. The proof follows Griibel and Kabluchko [9, Proposition 2.5] and is therefore
omitted. Yamato [25] recently stated a slightly incorrect version of this expansion missing
the term 1/2 which comes from the Euler-Maclaurin formula. Similarly, one can obtain
further terms in the expansion of the distribution function of (K,(0) — @logn)/+/0logn.

Remark 4. Since the set L C (0,00) in Theorem 1 has to be chosen compact, our results do
not yield asymptotic expansions for P(K,(0) = k) in the regime k& = o(logn) of the same
precision as Hwang’s [13, Theorems 1 and 2]. Also, they do not extend straightforwardly to
the case k =n — O(n®) for 0 < a < 1 treated by Louchard [18, Section 3]. A generalization
of our approach to cover these regions will be content of future work.



1.3 Mode and maximum of the Ewens distribution

Theorem 1 allows us to deduce various results on the mode and the mazimum of the Ewens
distribution. A mode is any value k£ € {1,...,n} maximizing P(K,(¢) = k), while the
maximum M, () is defined by

Let u,(0) denote the least mode. In this context, it is important to note that, for all 6 > 0,
the function k — P(K,(0) = k) is log-concave by a theorem attributed to Newton [11, 22],
and

v
pac]
&
=
||

un(0) +1) > ... >P(K,(0) =n). (8)

In particular, there are at most two modes. For # = 1, Erdds [5], proving a conjecture of
Hammersley [11], showed that the mode is unique for all n > 3. By (8), uniqueness also holds
for irrational €; however, for rational #, the mode need not be unique since, for example,

23 2\*[3 2\*[3

=1z > (= :

311 3 2 3 3
Theorem 5. Fixz 0 > 0. There exists Ny € N such that for n > Ny, u,(0) is the unique
mode of the Ewens distribution with parameter 0. The mode u,(0) equals one of the numbers

lut(0)] or [uf(0)], where

n

o) 1

TO) 2

and |-|, [-] denote the floor and the ceiling functions, respectively. Write §,,(0) := mingeyz |uk (0)—
k|. For the mazimum M,(6), we have

! 2 " 52
arTogn M, (0) = 1+ 2Uee1)(6) + 07(los I)™(6) + 1/12 = 0,(6) | (1 )
20 logn logn

u; (0) = 0logn —

n

In the case § = 1, Hammersley [11] and Erdds [5] derived related results for the mode.

Cramer [3] discusses statistical applications and Mez6 [19] provides an overview and gen-

eralizations. Theorem 5 states that the mode is one of the numbers |[logn + v — %J or

[logn + v — %], for sufficiently large n. In fact, this holds for all n € N.
Proposition 6. u,(1) € {|{logn +~ — 5|, [logn+~v — 31} for alln € N.

The proof uses the following formula of Hammersley [11]:

Doy, M|

logn+7—% (logn+7—%)2

un(l) = {logn +7+
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for some —1.098011 < h(n) < 1.430089. Hwang [12, Section 5.7.9] gives a more precise
expansion. Erdés [5] observed that, for n > 189, Hammersley’s formula implies that the
mode is one of the numbers [log(n — 1) 4+ ] or |log(n — 1) + 1]. Note that his ¥, , equals
[nf{is} and his n — f(n) is u,4+1(1) — 1 in our notation.
The next theorem provides more precise information about the behavior of the mode.
Recall that a set A C N has asymptotic density o € [0, 1] if
lim #(AN{L,...,n}) .,

n—oo n

For x € R, let {z} = = — |z] denote the fractional part of z. Let nint(z) be the integer
closest to x (if {x} = 1/2, we agree to take nint(z) = [z]). That is,

1
nint(x) := argmin [z — k| = {x + —J :
kez 2

Theorem 7. Fiz 6 > 0. The mode u,,(0) of the Ewens distribution with parameter 6 has the
following properties:

(i) there ezists a constant Cy > 0 such that, for all n € N satisfying

Co
logn’

(w0} - 5] >

the mode u,(0) equals

o or' () | |
nint(u) (0)) = \‘Hlogn— T(6) J ;

(i) there are arbitrarily long intervals of consecutive n’s for which u,(0) = [uf(6)]; simi-

larly, there are arbitrarily long intervals of consecutive n’s for which u,(0) = |u’(0)];
(iii) the set of n € N such that u,(6) = nint(u’(0)) has asymptotic density one;
(iv) there are infinitely many n € N such that u,(0) # nint(u}(6)).

The proof of part (iv) uses five terms in the Edgeworth expansion, where the first two
terms influence the form of ) (#), while the remaining terms are needed for technical reasons.
The idea is that the formula wu, () = nint(u’(0)) becomes wrong if the fractional part of
u) () is slightly below %, so that higher order terms in the Edgeworth expansion decide which
of the values |u}(f)] and [uw’(6)] is the mode. Using even more terms in the expansion,
it is possible to replace u(6) by some more complicated expressions involving higher-order
corrections in inverse powers of flogn [12, Section 5.7.9]. However, it seems that there is
no formula of the form

(1) = nint (logn +ag + —2 ... 4 "
up(1) = nint { logn +ag + —— + -
& * " logn (logn)"
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which is valid for all sufficiently large n.

Finally, we would like to mention that one can easily obtain counterparts of the above
results for the B- and D-analogues of Stirling numbers of the first kind. These are defined
as the coefficients of (z +1)(x +3)---(z+2n—1) and ((x+ 1)(z+3) - (z+2n —3))(z +
n — 1), respectively. They appear, for example, in the study of intrinsic volumes of Weyl
chambers [14].

2 Proofs

Proof of Theorem 1. The proof follows from the general Edgeworth expansion for random
or deterministic profiles [16, Theorem 2.1]. We consider the sequence of “profiles”

6% [n
L,(k) :=P(K,(0) =k) = o0 |1 Like(t,..n}}s

and define
w, :=0logn, ¢B)=e"—1, (B_,Bs)=R, Z2={z€C:|Imz| <7}

In order to apply [16, Theorem 2.1], we need to check Conditions A1-A4 given in the
beginning of Section 2 of the cited paper. Note that

n k
Wn</8) = 6790(5)1“71 Z e'Bk]Ln(k> — nfe(eﬁfl) Z eﬂk% |iZ:|
k=1

kEZ
Byn) ['(0e® + n)T(0) INC)
_ o —0(ef-1) (0e”) _ 0P 1) (e _.
g G =" T @@ 1 ) s Ty )

locally uniformly in 8 € 2 with a rate of convergence which is polynomial in n~!. Hence

Conditions A1-A3 are satisfied. In order to check A4 it is enough to show that for every
a > 0, r € N and every compact subset K; of R

o1y | D02 4 n)T(0) B
f(ef 1) — o1 r
sup su n . =o(log7"n), n — oo.
ﬂefg aéugw < ['(6 + n)[(Qef+iv) (log™"n)
But this easily follows from
INCEaE INC
sup (n—e(eﬁ—n sup (0e”™ +n) (. ) )
BeEK1 alu<lm F(e + n)F(@eﬁﬂu)
T 9 B+iu ‘
< C sup (n—e(eﬁ—l) sup w ) < Cl sup n@eﬂ(cosa—1)7
BeEK1 a<u<m F(9 + n) BEK




with constants C, C; depending on K7, # and a. Therefore, Theorem 2.1 of [16] is applicable
for the Ewens distribution with arbitrary fixed 8 > 0. In particular, for § = 1, we obtain

4l F(eﬂ)eﬂk { :| —1o2(kef) T xn k B B)
logn) =2 sup sup |———— — 0, 10
where K is a compact subset of R, and the polynomials G, G, . . . are defined as in Theorem

2.1 of [16]: for j € Ny, we have

(—1)j 1.2 _1
G](IL‘,/B) = e2” Bj(Dl, NN 7Dj)€ 2% (].].)

with the differential operators

Dy = Dy() = ¢4 (m ()" v (})) S

where ,
w8 == (35) 1er(e)

Now, if L C (0,00) is compact, then K := log L is compact in R. Applying (10) with
K =logL and 8 =log# € K, we obtain

1
(logn) =2 sup sup
0cL 1<k<n

(0)6% [n e 2%n (k) ET: (2 (K, 0); logH)
nf=In! |k \/27r9 logn (logmn)i/

n—oo

By Stirling’s formula, uniformly in § € L, n € N and 1 < k£ <n, we have

ol =m0 romn=gal] ror

We conclude the proof by noting that G;(x;log6) = 6=9/2H;(x) which follows directly from
x;(0) = x;(log#). Indeed, by comparing (6) and (12), we obtain

D;(log) = 672D;(0),

which implies that

—~

B;(Dy(logh), ..., D;(log8)) = 6~9/>B;(Dy(h),. .., D;(6))

since Bj(21,...,2;) is a sum of terms of the form c-z{'2? - - - z;j with 1oy +2ig +- - - + ji; = J;
see (2). Comparing (5) and (11), we obtain the required identity G;(z;log6) = 677/2H;(z).



To see that x;(0) = x;(log#), one can easily show by induction over j > 1 that, both

Wh =3 {H e

(=1

and

B ==Y {‘é}w“‘”(eeﬁ)weﬁ)f. (13)

Here 49 (z) = (log I'(z))U™) denotes the polygamma function and {7} is the Stirling num-
ber of the second kind satisfying the recurrence

n+1 n n
— < k<
(L L ks ne

with initial conditions {8} =1, {3} = {2} =0. ]

Proof of Theorem 5. Tt follows from Theorems 2.10 in [16] that for sufficiently large n, the
maximizers of the function k — P(K,,(0) = k) must be of the form |u} | or [u].

Next we prove that the maximizer is unique (for sufficiently large n) by following a
method of Erdds [5] who considered the case § = 1. Thanks to (8), the uniqueness is evident

if 6 is irrational. Hence, we assume that § = @Q1/Q)5 is rational with @y, Q2 being integer.

We have, by (1),
n
M Y aa

1<a1<..<ap_p<n—1

Put k, = [u}(0)] = 0logn + O(1) as n — co. By (8), it is sufficient to show that

gk LZJ £ ghnl [kn”_ 1]. (14)

By Erdés’ argument relying on the prime number theorem with an appropriate error term
[5, p. 233], for all sufficiently large n, there is a prime number p satisfying (n — 1)/k, < p <
(n—1)/(k, —1). Then,

n

L #o moean, | "

} =0 (mod p)

because in the representation of the former Stirling number all products except one are
divisible by p, whereas in the latter all products are divisible by p. If n is large, p is not
among the prime factors of @); and Q3. Hence (14) follows and the mode of K, (#) is unique.
Finally, the formula for M, follows from Theorem 2.13 of [16]. O

10



Proof of Proposition 6. Recall Hammersley’s formula (9):

Do), b

logn+~v—3  (logn+v— 2)?

un(l) = {logn +7+

with some —1.1 < h(n) < 1.44. It is easy to check that

C2)—c¢@3) 11 1 C(2)—¢(3) 144
()x ()_F>_§and ()x ), =

_ 1

2
for x > 2.5. Hence, the proposition is true for logn + v — % > 2.5, that is for n > 31. For
n=1,2,...,30 the statement is easy to verify using Mathematica 9. O

Proof of Theorem 7 (i) and (ii). Part (i) follows essentially from Theorem 2.10 in [16] and
its proof. Namely, by [16, Equation (90)], for k = k(n) = u}(0) + g € Z with g = O(1), we
have

29 +1 1
2701 P(K,0)=k+1)—-P(K,(0) =k)) =— .
VERTog (PU,(6) = k1) = B((0) = k) =~ 20t 0 ()
The same relation, but with a better remainder term O bg%ﬂ), follows from (16) which we

shall prove below. Taking g = —{u}(0)}, so that k = |u}(0)]| and k + 1 = [u}(0)], yields

PK(0) = [un,(0)]) = P(KW(0) = [un(6)])

L (fmen - (1
- e (0 (o))
It follows that there is a sufficiently large constant Cy > 0 such that, if {u}(0)} > % + lngOn’
then the right-hand side is positive, and the mode equals [u}(#)]. Similarly, if {u}(6)} <
3 - %’ then the right-hand side is negative, and the mode equals |u(6)].
The proof of part (ii) follows immediately from part (i) and the fact that, for every fixed

L > 0, we have log(n + L) —logn — 0 as n — oo. O

Proof of Theorem 7 (iii). In view of part (i) it suffices to show that

#{1 <k <n:dist(uj(0),Z+1/2) <e} _

lim sup lim sup 0,
e—0 n—00 n
which, in turn, follows from the fact that
1 <k <n:dist(logk,aZ
lim sup lim sup #{l S k< n:distlogh,aZ + ) < ¢} =0, (15)

e—0 n—00 n

11



for all @ > 0 and g € R. Equation (15) would be true if the sequence of fractional parts of
a llogk, k € N, were uniformly distributed on [0, 1]. However, the latter claim is unfortu-
nately not true [17, Examples 2.4 and 2.5, pp. 8-9]. Let us prove (15). We have, assuming
that € < a/2,

#{1 <k <n:dist(loghk,aZ + ) < e} = Z#{j € Z : dist(logk,aj + ) < e}

k=1
=Y #{I<k<n: eV <k < ety
JEZ
< Z#{k EN: ety 1 <k <e¥tFre And.
JEZ

The summand on the right-hand side is the number of integers in the interval [e®/*F=¢ v/
1, e®+8+e A p] (which is empty if either e®+#=¢ > n or e®*7+¢ < 1). Hence, it is bounded
from above by (e An — e T2 v 1+ 1)+. Therefore,

#{1 <k <n:dist(logh,aZ+B) <e} <Y (e An— e Ev141)
JEZ

Further,

Z (eozj+ﬁ+6 An — eaj+,3*€ vV 1 + 1)+

JEZ

_ eaj+/3+€ Ty + €&j+6+5 1y )

- {aj+B+e<0} {aj+B—e<0,0<aj+L+e<logn}
JET. JEZ

+ Z nl{&j+ﬁ7€<0,log n<aj+B+e}

jez

+ Z (e7HF+e — 4P 1 1) 1njtpoc0.0i+B+e<logn)
jez

+ Z (TL — eaj+ﬁ_8 + 1)+ ]l{oszrﬁ*szO,logngajJrﬁJrs}'
jez

Note that the first series converges, the second contains at most one summand since we
assume € < «/2, and the third vanishes for n large enough. It can be checked that

Z (6aj+6+€ - 6aj+ﬂ_8 + 1) IL{oaj—l—,@’—620,04]'4-5-1-6<10gn} S C(O(, B)(GB+E - eﬂ_e)n
JEZ

with an absolute constant C'(«, 3). Further, for n sufficiently large, we have

Z (n— eith—e 1)+ L)t p—es0jogn<ajroter < n(l—e ) +1.
jez

Putting pieces together gives (15). [

12



Proof of Theorem 7 (iv). Recall the notation w, = flogn and x,(k) = z,(k,0) = (k —
W) //Wy. Using Theorem 1 with r = 4, we obtain

V2w, P(K,(0) = k) = e~ 2% (%)
5 (HHl(osn(k)) | Ha(wu(k) | Hs(@a(k) | Ha(wa(k)) +0( 1 ))

1/2 3/2 2 2
wn/ Wn wn/ wy, log”n

as n — oo uniformly in 1 < k <n. Now let k = @logn + a, where a = O(1) as n — 00, S0
that z,,(k) = a/w}/z. We have

3

Hy(z, (k) = Auw)# + Auw)#,
Ho(2(E)) = Asi () + A22(9)a—n to (wi) ,

Hj (v, (k) = A31(0)w61l/2 +o (w1/2> :
Hy(zn(k)) = A (0) + o(1),

where Ay1(0), ..., Ay (0) are some polynomials in x71(0), x2(0), x3(0) and x4(0); see Remark 2.
Plugging these expressions into the asymptotic expansion above and using the expansion
e =1+y+y%/2+o0(y?), as y — 0, yields

\/MIP’(Kn(Q):k):l—(a—Q—AH(H)a—Agl(H)>L+P9(a)+o( ! )

2 wy, w2 logn

where

Pifa) i= ga* + (AH(e) - %Au(e)) @+ (A22<0> - %Am(@)) a® + A (6)a + Au(0).

or' ()
T(0)

Now let us write & = flogn + a* + g, where a* := A;1(0) = — — %, yielding

V2w, P(K,(0) =k)=1-— (w - A21(9)> L

+M+o< ! ) (16)

log?n

We are interested in g being either [u’(6)] —u’(0) =: g}, or [u’ ()] —u’(0) =: g.. Let M be

the set of natural numbers n with {w}(0)} < 1/2 < {uy,,(0)}. Note that M has infinitely
many elements because logn — oo and log(n + 1) — logn — 0. In the remainder of the

*

proof, we always consider n € M. Since u,,(0) — u’(0) = O(n'), we have

g, =-1/2+ O(n™), g =1/2+ O(n™).
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Putting k£ = [u}(0)] into (16) yields
V2w, P(Kn(0) = |u,(0)])

w2 log”n
1 — 4(a*)? 1 Pyla*—1/2) 1
—1— — A () ) —
( 8 21 >> Wy, i w2 o log®n

Analogously, putting k = [u’(0)] gives

\/MP(Kn(Qz = [uy,(0)])
- (%—A21(9)>L+M+0( ! )

8 Wy, w2 log® n

For sufficiently large n the mode w,(f) equals either [u’(0)]| or [u’(6)] depending on the
sign of

s°(0) := Py(a™ +1/2) — Py(a™ — 1/2).
In the following we shall show that s*(6) > 0, hence w,(0) = [u}(6)], while nint(u,(0)) =

" )
|uz(0)], so that u, () # nint(u*(6)). Recalling the polygamma function (™ (8) = (log I'(9))™ V),
the authors [15] checked with the help of Mathematica 9 that

5(0) = 2 u0(0) +002(0))

Using the well-known formula for the polygamma function [1, 6.4.10]

W) = Qo TO)"* = ()™l 3 s G 0ENe m=1
k=

we finally obtain
=~ k
*(0) = 6 —, 0>0
O s 0

yielding positivity of s*(0) for all & > 0. The proof of part (iv), as well as of the whole
theorem, is complete. O

Remark 8. For § = 1 we have s*(1) = ((2) — ((3), a term appearing in Hammersley’s
formula (9). In fact, in the special case § = 1 part (iv) could be deduced directly from (9).
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