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Abstract

We find all complex-valued functions that are additive with respect to both the
greedy and the lazy Fibonacci expansions. We take it a little further by considering
the subsets of these functions that are also multiplicative. In the final section we extend
these ideas to Tribonacci expansions.

1 Introduction

The purpose of this paper is to study complex-valued functions that are additive with respect
to (both greedy and lazy) Fibonacci and Tribonacci expansions. We begin by studying the
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functions with respect to Fibonacci expansions. The greedy Fibonacci expansion of a natural
number was studied by Ostrowski [4], Zeckendorf [7], and Lekkerkerker [3], among many
others. These days, authors call this greedy Fibonacci expansion the “Zeckendorf expansion”,
but Ostrowski [4] introduced it much earlier and in a more general setup. In the later sections
we study a subset of the above set of functions, which is also multiplicative in nature. The
lazy and greedy Tribonacci expansion of a natural number are defined analogously, and
in the final section we extend our study of these functions to the Tribonacci expansions.
We refer to the work of Carlitz, Scoville, and Hoggatt [2] for generalizations of Fibonacci
representations.

2 F-additive and F-lazy additive functions

2.1 Fibonacci sequence

Let, as usual, N, R, C be the set of positive integers, real and complex numbers, respectively.
Let No = NU {0} be the set of non-negative integers and F = (F}), -, be the sequence of
Fibonacci numbers defined as follows:

F1:1,F2:2 and Fm+2:Fm+1+Fm (mEN)

Every natural number n has at least one expansion of the form

n = ZEVF,, (1)

where the coefficients €, € {0,1}. The expansion (1) is called the greedy or regular expansion
of n and is characterized by the property that

€l€l+1:0 (lzl,,k—l)

Similarly, the lazy expansion

h

n=>Y 0,F, 6,€{0,1},6, =1 (2)

p=1

is characterized by the property that no two consecutive zeros are preceded by a one. Noting
that 0F), +0F), 1 +1F) 5 can be replaced by 1F),+1F), 11 +0F) ;. It is known that every such
sequence is the lazy expansion of some integer (cf. Steiner [5, Lemma 1]). Let f: N — C
be a function and we say that f is F-additive for the regular expansion (1) if

k

fn)=>_e&f(F).

v=1
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Let Ag) be the set of such F-additive functions. If g : N — C is such that

g(n) = 5,9(F,)

with expansion of n as in (2), then we say that g is F-lazy additive. We denote the set of
these functions by Ag) and set B = Agl) N A(]_%).

Remark 1. We denote an element of B by f for notational convenience even though we have
already written f € Ag).

Theorem 2. Let o = 225 gnd B = %‘F’ If f € B, then

2
F(Fy) = dia™ + doff™, (m=1,2,...) (3)

where d;(i = 1,2) are constants.
Conversely, if (3) holds, then f € B. Also for an arbitrary expansion

k

n= Ze,,Fl,, e, €{0,1},

v=1

one has
k

fn)=> e f(F).

v=1

Proof. Let us assume that f € B and z, = f(F)). The lazy expansions of F;(i = 1,2,3) are
Fi=F(i=12) and F; = F} + F.
Let £ > 4 and that S, = 22:1 F,,. Now it is easy to see
Frio=5S+2 (k=1,2,...).
Thus the largest component in the lazy expansion of Fj,5 is Fj1. Hence:
(lazy expansion of Fj,9) = Fyi1 + (lazy expansion of Fy) k > 4.

Thus,
Lo = Tkt + X (k = 1, 2, .. ) (4)

Let us consider a sequence {xy }x>; so that (4) holds for its terms. Let

n:€1F1+"'+€ka, 77,23, 616{0,1} (5)
and
k
U(n|€17"‘)ek) - Zel/xlj‘ (6)
v=1



We shall prove that ¢ (as defined in (6)) does not depend on ey, ..., ex. This can be verified
directly for small values of n (e.g., up to n = 6), but for large n we can proceed as follows.
Let us consider the largest v, if there is any, for which e, = e,,; = 1. In such a situation we

change
1F, + 1Fy+1 — 1Fy+2

in the representation (5). In the case when v = k — 1, we have

n = el +--+epoby o+ 0F,_ 1 +0F, o+ 1F
k1

/
= E €,Ty.

v=1

In case when v < k — 1 it is clear that e, o = 0. After these substitutions we get

with e, = e, if h#v,v+1,v+2. Alsoe, =e¢,,;, =0and e, , = 1.
Thus in both the cases

o(nle},....e) or o(nlel,... e,) =0 (nler,... ex).

On repeating this algorithm, after some steps we arrive at the greedy expansion.

completes the proof of Theorem 2.

2.2 Modified Fibonacci sequence

Let F* = (F), > be the modified Fibonacci sequence defined as follows:
Ff=0Ff=1and F, ,=F,  +F, (m=01,...).

Then
F?’T’L-‘rl:Fm (m:1,2,...>.

This

The greedy and lazy expansions of positive integers can be defined analogously and Theorem
2 remains true with the condition that f(F}) = f(Fy). We give an outline of the proof for

the sake of completeness.

Theorem 3. Let f be F*-greedy and F*-lazy additive. Then
f(n)=cn (neNy)

where ¢ is an arbitrary constant.



Proof. We have as before f(F)) = dia™ + dyf™. Taking into account that f(Fy) = f(Fy),
we have

leé + dgﬁ = leZQ + d252,

and thus
leé(Oé — 1) = —dgﬁ(ﬁ - 1)

Clearly a(av — 1) = B(f — 1) = 1 and this holds if and only if dy = —d;. Also using Binet’s

formula [6] we have

1 1
Fr=—a™— —p™ for m € N.

VA V5

Hence we obtain that
F(E3) = (diVB)Fy, and f(n) = (div/5)n.
Theorem 3 is now true with ¢ = d;v/5. O]

Remark 4. The function f(n) = cn is clearly additive for an arbitrary n = Z];:o e, Fr, (e, €
{0,1}) representation since

fn) =Y e f(F})

holds.

3 F-greedy (F*-greedy) additive and multiplicative func-
tions

Let M be the set of all complex-valued multiplicative functions. We shall determine the sets
MnN Ag) and M N Az, where Az is the set of all F*-greedy additive functions.

Theorem 5.

M0 Ape = M AY = {id},

where id(n) = n for every n € N.
Proof. Let f € M N Az and so f(1) = 1. First we show that

f(n)=n for n <11 and n = 144. (7)

We list some initial members of F* that will be of use.

Fr=0F=1F =1 F =2 F =3 Fr=>5 Ff =8, Ff =13, Ff = 21, FI = 34,
Fi =55, Y = 80 and F7, = 144.

Let us call f(2) =z and f(3) = y. We have the following greedy expansions:
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1+ 3= Ff +F},
145 = F} + F;,
245=F;+F;,
1+8=F}+F;,
2+ 8=F;+F;,
1413 = F} + F7.

fd) = fB)+1=y+1,

fB) = f(6)=1=f(2)f(3) —1=uay—1,
() = fQ+f(B)=wy+x—1,

f(8) = f(2)f(5) — f(2) = a®y — 2,

f(9) J)+ f(8) =2y — 22 + 1,
f(13) f(14) =1 = f2)f(7) — 1 = 2%y + 2

The expansions of 12, 15 and 18 are

12=1+3+8 = F +F + F,
15=2+13 = Ff + F},
18=5+13 = F'+ F..

These give us,

fB3)f(4)
fB3)f(5)
F@)f3)?

fF2) = f)+FB3)+ f(8),
f(15) = f(2) + f(13),
f(8) = f(5)+ f(13),

and finally the following three relations:

v —1—2%y+2r = 0,
(+ay—1)(-z+y—-1) = 0,
vy —ay— 2Py +2—a*4+x = 0.

We can conclude from the last three equations that

Thus

f(n) =n for n < 10.
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Also, using

11 = 348=F/+F;
165 = 21+ 144 = F} + F,,

we obtain

f(a1) = f3)+ f(8) =3+8=11,
FO44) = F(3)£(5)F(11) — F(3)£(7) = 165 — 21 = 144,
Now we complete the proof of Theorem 5 by proving that if f(n) = n for every n < N

(where N > 11) then
f(N)=N.

This assertion clearly holds true in the following two cases:
(1) if N is not a prime-power; or
(2) if N & F~.

Thus let us assume that N = F and that N = p® for some o« € N. It follows from the
result of Bugeaud et al. [1] that if @ > 2, then N € {1,8,144}. In all these Thus a = 1 and
N > 11 is a prime. Let

2°IN +1,2|N +3, e fcN.

Then min(e, /) = 1. Assume that e = 1. Since 1 < 2 < N, we have

f(N+1):f(2)f<¥) :2'¥:N+1.

Now,

FN+1) =

However, from above, we know that f(N +1) = N + 1, so f(F})+ 1= N + 1, from which
it follows that f(N) = f(F*)= N.
If /=1, then 1< % < N, and we have

N+3 N+3

FIN+3) = U (F2) =2 S = N +3,



Now,

SN +3) =

I
e Y

from which it follows that f(N) = f(F) = N.

Therefore, we have M N Az = {id}. The proof of the assertion M N .AETI) = {id} is
similar and we omit it. O

4 A Tribonacci-type sequence

A Tribonacci-type sequence G = (Gy,),,~,, which is a generalization of the Fibonacci sequence,
is defined as follows:
G, = i, fori=1,23
Gm+3 = Gm+2 + Gm+1 + Gm (m = 1, 2, .. ) (8)
Remark 6. It is worth mentioning that a Tribonacci-type sequence (8) for usis 1,2, 3,6, 11, . ..
whereas 1,1,2,4,7,13,24,44, ... is more familiar.

We aim to prove similar results as in the previous sections for G. Every integer n € N
can be written as

y4
n=> eGy, e €{0,1}. (9)
k=1

In general n has more than one expansion. We can define the greedy and lazy expansion as
follows:

¢
n = Z exGr (greedy)
k=1

and §
n=> 0,Gy 6 =1 (lazy).
p=1
It is not hard to see that a sequence €y,...,¢; is a sequence of the digits for a greedy
expansion of some n € N if €,6,.1€,,0 # 111 holds for every v = 1,... k — 2. Similarly,

01,...,0, (6, = 1) is a lazy expansion of some n € N if §,0,,110,+2 # 000 holds for every
pw=1,...,r—2. We let lazyexp (G}) denote the lazy expansion of G;. Then

Gh, ith=1,23;

1 Gn) =
ayexp{Gh) {Gh—l +Gp_o + Gh3, it h=4)5.
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If we write S, = G1 + - - - + G, then

Sy =Gy =1, =35 =65 =10

and

Sk+4 = 25k+3 - Sk for k Z 1.
If we set

Ly =Gri1 — Sp1 (K >2),
then

Lyt — Ly = Gigo — Sk — (Gry1 — Sk—1) = G2 — G — Gig1 = Gi—1.

Thus Lii1 — Lk > 0. Hence the largest component in the lazy expansion of Gy is Gy and
therefore

lazyexp(Gri1) = Gy + lazyexp(Gr_1 + Gi—2).
If Ge_1 4+ Gr_o < Si_o, then Gj._1 < Si_3, which cannot occur if £ > 5. Thus

lazyexp(Gg—1 + Gr—2) = Gr_1 + lazyexp(Gg_2).

Let us assume now that ¢ is G-additive for the greedy and lazy expansions, then with
z = g(Gy), we obtain

Thts = Thpo + Tp 0 (K=1,2,...).
Now repeating the argument used in the proof of Theorem 2, we obtain

Theorem 7. Let g be a G-additive function for the greedy and for lazy expansion of the

integers n € N. Let
¢

g(n) =>_ exg(Gr)

k=

—_

and
.

g(n) = Z 6,9(G ).

=1

=

Then xp, = g(Gy) (h=1,2,...) satisfies
This = Thyo +Tpyr +xp, (h=1,2,...). (10)

On the other hand, if xj, is such a sequence for which (10) holds, then

4

g9(n) = Z exg(Gr)

k=1

holds for an arbitrary expansion (9) of n with e, € {0, 1}.
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Finally we show that,

Theorem 8. Let g be G-additive for the greedy expansion and that g is also a multiplicative
function. Then g(n) =n for every n € N.

Proof. The proof is a direct consequence of the following assertions:
(A) g(n) =n for n < 6;
(B) If g(n) = n for every n < N, then g(N) = N.
Assuming that (A) is proved, assertion (B) is clearly true, if N < 6, or if N € G, or if N #

prime power. Thus let us deal with the case when N = G,, = p® for some prime p and
N>7.Ifp=2thena >3, 22! +1<2%=N and
N+2 = G,+ G,
= 2942
= 2(2*7 1 +1),

which gives

giIN+2) =g

Consequently,
9(N) = g(Gm) = N.

If p > 2, then 2¢|N + 1 = G,, + Gy, where % < N. If% > 1, then 2° < N and so

gN+1) = ¢g(G,) +1

L /N+1
= 9(2)9( 5e )
= N+1.

This implies that
9(N) = g(Gm) = N.

If 1\7;1 =1,then N=G,, =2°—1and 2! +1 < 2° — 1 = N. Consequently,

9(Gm) +3 = g(Gp + Gs)
= g(2°+2)
= g(2)g(2°" +1)
= Gm+3.
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Thus g(N) = g(G,,) = N.
It remains to prove assertion (A). Let £ = ¢g(2),n = ¢(3). It follows from (8) that

Gl:1,G2:2,G3:3,G4:6,G5:11 and G6:20

Now we use the facts that ¢g is a G-additive function for the greedy expansion and ¢ is also
a multiplicative function and get

9(4) = g(G3) +g(G1) =n+1,
g(5) = g(G3)+ g(G2) =n+&,
g

g
9(G3)
9(7) = g(6)+g(1) =g(2)g(3) +1=En+1,

and

g(11) = g(12) —g(1)
= 9(3)g(4) —1
= n’+n-1

Again, using

10 = G4+ Gs+ Gy
= 6+3+1,

14 = G5+ Gy
= 11+ 3,

and

28 = G6+G4+G2
= 2046+ 2,

we get the following system of equations:

E€-n—-1 =0
Enté—n—2n+1 = 0
m+1(En—26-n+1) = 0.

The solutions of this system are & = 2 and 1 = 3. Therefore,
g(n) =n forn € {1,2,3,4,5,6,7,10,11}.

This completes the proof of Theorem 8. m
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