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Abstract
We prove that the difference between the nth hyperfibonacci number of the rth gen-
eration and its two consecutive predecessors is the nth regular (r — 1)-topic number.
Using this fact, we provide an equivalent recursive definition of the hyperfibonacci se-
quences, and derive an extension of the Binet formula. We also prove further identities
involving both hyperfibonacci and hyperlucas sequences, in full generality.
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1 Introduction

The hyperfibonacci sequence of the rth generation, denoted by (F,Ef))nzo, is defined by the
recurrence relation

FO =SB, B0~ F, B =0, FD =1, (1)
k=0

where r € N and F), is the nth term of the Fibonacci sequence. In the same manner one
can define hyperlucas sequences. The hyperlucas sequence of the rth generation (Lg))nzo is

defined by means of the recurrence relation
L =31V, L9 =L, LY =2, L7 =2r +1,
k=0

where r € N and L,, is the nth Lucas number. Table (1) shows the starting terms of the first
two generations of the hyperfibonacci and hyperlucas sequences.

n[[O1 2 3 4 5 6 7 8 9 10
FV[o 1 2 4 7 12 20 33 54 88 143
FPlo 1 3 7 14 26 46 79 133 221 364
tOl2 3 6 10 17 28 46 75 122 198 321
LP 12 5 11 21 38 66 112 187 309 507 828

Table 1: The starting terms of the first two generations of the hyperfibonacci and hyperlucas
sequences.

Dil and Mezo6 recently introduced these sequences in a study of a symmetric algorithm for
hyperharmonic, Fibonacci and some other integer sequences [1]. The same authors provide
further refinements on this subject [2]. On the other hand, hyperfibonacci sequences occur
naturally as the number of board tilings with squares and dominoes. Let fg) denote the
number of ways to tile an m-board with at least » dominoes. Then, for n,r > 0 the relation

fé?Qr = Fr(;r)l (2)

holds, with féT) :=1 [3]. Thus, the (n + 1)st hyperfibonacci number of the rth generation is
equal to the number of (n + 2r)-board tilings with at least » dominoes. Equivalently, hyper-
fibonacci sequences represent the number of decompositions of an integer into summands 1
and 2, with the constraint on the number of 2s. This follows immediately from the fact that
one can code squares and dominoes with 1 and 2, respectively. For example, when n = 3
and r = 1 we have fél) =F 4(1) = 7, which is the number of decompositions of 5,

5 = 24241=24+14+2=1424+2=2+1+1+1
= 14+24+1+14+1=14+1+24+1=1+1+1+2.



Figure 1: Combinatorial interpretation of the hyperfibonacci number F 4(1).

Figure (1) shows the related 5-board tilings.

It is worth mentioning that several interesting number theoretical and combinatorial
properties of these sequences have already been proven [5, 6, 9]. In the following we use
these facts in order to establish further identities for the hyperfibonacci sequences.

2 Alternative definition of hyperfibonacci sequences

One can immediately see that the relation

) — g

n n—1 + Fér—l) (3)
follows from the definition of hyperfibonacci numbers (1). Now we present a recurrence
relation for the nth hyperfibonacci number that involves its two predecessors of the same

generation. Lemma 1 gives such a relation for r = 1.

Lemma 1. The elements of the sequence (Fqgl))nzo of the first generation of hyperfibonacci
numbers satisfy the following recurrence:

Fﬁgz: ’VE}f')l—i_F’r(Ll)—i_]"

Proof. According to (2) there are F,&)z (n 4 3)-board tilings with at least one domino. We
consider the last tile in a tiling, which can be either a square or a domino. Tilings that end
with a square are obviously equinumerous to tilings of an (n + 2)-board having at least one

domino. The number of such tilings is Fﬁzl

However, the number of tilings ending with a domino is not equal to £y since, when
fixing the last domino, here we have one (n + 1)-tiling with all squares. This tiling does not
meet the condition on the minimal number of dominoes in a tiling, so we have to add 1 in
order to establish the equality. O]

With similar arguments one can prove that in the case r = 2, the relation
FO, =F2 + F® 4+ n+2

holds. We generalize these recurrences in Lemma 2. We recall that polytopic numbers are
a generalization of square and triangular numbers. These numbers can be represented by
a regular geometric arrangement of equally spaced points. The nth regular r-topic number

PT(LT) is equal to
) n+r—1
" r ‘



Lemma 2. The difference between the nth r-generation hyperfibonacci number and the sum
of its two consecutive predecessors is the nth reqular (r — 1)-topic number,

F, = F" 4+ PO 4 (Z+ D n > 0.

Proof. Again we use arguments on the last tile in board tilings. First we observe that tilings
of an (n + 2r + 1)-board with at least r dominoes, ending with a square are equinumerous
to tilings of an (n + 2r)-board with the same restriction. The latter set has £ w1 elements.

We separate the tilings ending with a domino into two disjoint sets A and B. The set
A consists of tilings that have exactly » dominoes and the set B contains the rest of tilings,
i.e., the tilings having at least » + 1 dominoes. Having in mind that one domino is fixed, the
tilings in the set B are equinumerous to the tilings of an (n + 2r — 1)-board with the same
restriction, i.e.,

|B| =

Now we use the fact that the number of tilings of an m-board with M dominoes and m —2M
squares is equal to the number of (m — M )-combinations over a set of M elements.
A tiling in the set A has n + r tiles,

m+2r+1)—2—(r—1)=n+r,

n—+r
Al = (r—l)

F), = FD, +|A| +|B|

which means

The fact that

completes the proof. O

Figure 2 illustrates this proof in the case n =5 and r = 2.
Note that Lemma 2 provides an equivalent definition of the hyperfibonacci sequences.
For n > 0 and r > 0 we define the sequence (FT(LT))nZO by the recurrence relation

r—1
Fily = Fyh + FO + PUSY,

and the initial values F\” =0, F") =1, where

_ +7r
pioh = ("),
n+2 (T,_l
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Figure 2: Tilings in the sets A (left) and B (right) among the FAEQ) 7-board tilings.

3 Identities for the rth generation of hyperfibonacci
numbers

In this section we present some identities that hold for every generation of hyperfibonacci
numbers.

Theorem 3. For the rth generation hyperfibonacci numbers we have

22 o g "
Z L = I
k=r

Proof. According to (2), the r.h.s. of the relation above is equal to f,g?Qr. We use the fact
that the number of (n + 2r)-tilings with & dominoes is equal to ("+2]:_k). Having in mind

that f,(;)zr represents the number of (n + 2r)-tilings with at least » dominoes we sum up the

numbers of (n + 2r)-tilings with r,r +1,..., [(n + 2r)/2] dominoes. O

One of the basic properties of the hyperfibonacci sequence in the case r = 1 is expressed
by the relation

FO = By — 1, (4)

which is an immediate consequence of the elementary Fibonacci relation
n
1+ Fi = Fupa (5)
k=0

Consequently, an extension of the Binet formula to the first generation of hyperfibonacci
numbers is

Foy _ 9o

" V5
5

| (6)



where ¢ and ¢ are the golden ratio and its conjugate, respectively:

1+5 &:1_\/5

0= 9

Lemma 4 is an extension of the relation (5) to the hyperfibonacci sequence for r = 1.

Lemma 4. The sum of the first n+ 1 hyperfibonacci numbers of the first generation is equal
to the difference between the (n + 4)th Fibonacci number and (n + 3):

3"’”"‘sz§1) = Foi4, n>0.
k=0

Proof. Using (4) we obtain

FO4+FY 4+ BV = B—1+4F =1+ +Fu—1
n+2

= ZFk—n—l
k=2
n+2

k=0

= Fn+4—n—3.
[l

Taking into account the definition of the hyperfibonacci numbers (1), Lemma 4 gives

F» =F,4—n-3

n

which can also be written as

F(2) _ ¢n+4 o &n—&—él
! VB

Furthermore, we are going to show that the nth hyperfibonacci number of the rth gener-
ation F\" is equal to the (n + 2r)th Fibonacci number diminished by the sum of r binomial
coefficients. This is expressed in Theorem 5 and provides an extension of the Binet formula

to hyperfibonacci sequences. The proof uses the known Fibonacci relation

—n—3.

125+

Fn:Z(n_Z_l) -

k=0

that also follows from Theorem 3 for r = 0.



Theorem 5. The nth hyperfibonacci number of the rth generation is equal to the difference

between the (n + 2r)th Fibonacci number and the sum of r binomial coefficients,

r—1
n+r+k
R A (]

k=0

Proof. We give a proof by induction on m = n + r. The induction base is as follows:

o /n +1—-k
Fél) = Fo—1=F, 91— Z ( 1 ) (for all n),
k=0
1
3—k
F? = Fy—(n+3)=Fyoo— Z (n i I ) (for all n)
k=0

we also have (for all r)

—1—-k
k=0
r—1
(r) r+1+k
F =1= FE,
1 Dl (A

The induction step is as follows:

r r r—1
F = F<>+F< )
—1
n+r+k n+r+k
- Fn r n r—

B +2r—1 = [(n+r+k N n+r+k
- n+27"+1 s r—1—Fk r—9_k

B n+2r T n+1l+r+k
- n+1+2r 0 0 r—1—Fk

~J



The following result immediately follows from the relation (7).

Corollary 6.

Proof.

r—1
. n+l+r+k
Fr(er)l = Fn+1+2r_z< >:
Ln+1§2r—1J

n+14+2r—k—1 ! n—+2r—=k
= ()R )

m
Proposition 7. For any r > 0 the hyperfibonacci numbers of the rth generation satisfy
F(T)
lim n+1 gb
n—00 Fg’«)
Proof. For the case r = 0 we have the known property of Fibonacci numbers
. Fn+1 o
e = (9)

In the case r = 1, one can prove the above relation as follows. By the formula (4) we have

Fn+3 1

1
Frg-i-)l _ Fn+3 —1 _ Frnio Frio
Y Foa—1 1— 74—~

Fn+2

(1)
and thus, since lim,, Fin = 0, by using (9) we obtain lim,, % = ¢. Forr > 2 it
. . . . —1 +r+k
is convenient to apply Theorem 5. One can immediately see that the sum ), _, (:_I_k)

n+r> —

occurring there is in fact the sum of r polynomials in the variable n, of which (T_1

8



(n+r)(nz;7"+1;) (n+2) has the highest degree, namely r — 1. Analogously, by writing the formula

in Theorem 5 for F\" i1, We obtain

F('r’) Fn+1+27' _ Qr—l(n)
ntl _ _ Fngor Frior
B R
Fn 1 Fn+2r

where Q,_1(n) and R,_;(n) are polynomials (with rational coefficients) of degree r —1 in the
variable n. By using the Binet formula for Fibonacci numbers, we have, for any polynomial
Q,—1(n) of degree r — 1 in n (with r > 1 arbitrarily fixed),

Qrfl(n> o Qr 1(”) o \/5

T L (gn+2r _ gnt2r) | gnter prtr -
Fn+27" 5<¢ ¢ ) Qr—1(n) o Qr—1(n)

n—+2r

Since |¢| > 1 and || < 1, by basic mathematical analysis facts lim,, ., ~—— o =

lim,, oo QM—JFQ(T) = 0, and we finally get lim,, Qr1(") _ () This holds for both polynomials

Fn+2'r )

of degree r — 1 that occur in the formula above and thus lim,, .. I;}j)l = ¢.

]

Let I{) denote the number of m-bracelet tilings with squares and with at least » dominoes.
An m-bracelet tiling is formed from an m-board tiling by gluing together the cells 1 and n.
A bracelet is said to be in phase if it ends with a square or a domino. Otherwise, if a domino
covers the cells n and 1, the bracelet is out of phase. In Lemma 8 we prove a relationship
between bracelet tilings with constraint on the minimal number of dominoes and hyperlucas
numbers.

Lemma 8. Let n,r € Ny. Then the number of (n+ 2r)-bracelet tilings with squares and with
at least v dominoes is equal to the nth hyperlucas number of the rth generation,

l7(L-|)-27" = L( ")

Proof. In the first step of the proof we show that the sequence of numbers e obeys the
same recurrence relation (3) as the hyperfibonacci numbers,

1 =1 40D

We consider the last tile in an (n + 2r)-bracelet tiling. If the (n + 2r)-bracelet ends with
(r)

a square, then the remaining (n + 27 — 1)-bracelet can be tiled in [}, ; ways. Otherwise, if

it ends with a domino there are 12:217)_2 possible tilings of the remaining (n+ 2r —2)-bracelet.

Thus, bracelet tilings satisfy the same recurrence relation (3) as hyperfibonacci numbers.
Now we are testing the initial condition. For n = 0, there are two 2r- bracelet tilings,

one in phase and another one out of phase, with at least » dominoes, thus l = 2 and
consequently lO = L(() ). For r = 0 there is no constraint on the number of dominoes and
clearly we have 10 = l, = L,. This reasoning completes the proof. O

9



Theorem 9 gives an analogue of the most elementary relation involving both Fibonacci
and Lucas numbers, that is,

L,=F, 1+ Fn+1- (10)

When proving it, we use the combinatorial interpretation of hyperfibonacci numbers as the
number of board tilings and the interpretation of hyperlucas numbers as the number of
bracelet tilings.

Theorem 9. The elements of the hyperfibonacci and the hyperlucas sequences satisfy the

iollowing Jor mula:
r r n+r—1

Proof. Obviously, there is a one-to-one correspondence between the number of (n+2r)-board
tilings and in phase bracelets of the same length. Let us separate the out of phase (n + 2r)-
bracelet tilings into two disjoint sets, such that the set A contains tilings with exactly r
dominoes and the set B contains tilings with at least » — 1 dominoes. Having in mind that
one domino is fixed, the tilings in B correspond to (n + 2r — 2)-board tilings with at least r
dominoes, thus

|B| = f(22r—2 = Fqgr—)l

n

Since the tilings in A consist of a number of (n+ 2r —2) — (r —1) = n+r — 1 tiles, r of
them being dominoes (one of them is a fixed domino), we have

n+r—1
|A|:< r—1 )

LW = FY + |A] + |B]

n

The fact that

completes the proof. O

Possibly Theorem 9 can be used to prove further hyperfibonacci-hyperlucas identities.

4 Some identities for the first generation

In this section we demonstrate that there are Cassini-like formulas for the first generation of
hyperfibonacci sequences. We were able to prove both Theorem 10 and Theorem 11 using
the extension (6) of the Binet formula to the hyperfibonacci sequence in the case r = 1. We
also provide elegant proofs employing the Cassini identity [8, 10] for the Fibonacci sequence,

FoaFp —F2=(-1)", n>0 (11)

10



and its generalization
F?—F, F,,=(—1)""F? n>0, r €N, (12)

known as the Catalan identity.
In particular, we are going to show that for even n the difference of the square of the nth
hyperfibonacci number Fél) and the product of its two neighbors is equal to F,El_)3,

Otherwise, when n is odd the relation

FTSI)2 _F(l—)lF(21 = FY+2

n n

holds. We prove these facts in Theorem 10 by means of the Cassini identity.

Theorem 10. For the first generation of hyperfibonacci numbers and n > 3 the following
wdentity holds:

FO? - FO RS, = FO 1+ (-1,
Proof. Using (4) and (11) we have
FO = FOFY = (Fupo = 1) = (Fupy = D(Fags — 1)
= Fy—2F, 0+ 1—(Fy1Fois — Foyr — Fuyz + 1)
= Flo— FunFus+ (Fays — Fugs) = (Fryo — Foga)
= ()" +F - F,
= (_1)71“ + Fna
= 1+(-D)""+F_, -1
= 1+ (-1 4 B,
O

There is also regularity in the difference between the square of a hyperfibonacci number
of the first generation and the product of its two second neighbors. Namely, according to
the closed formula for the first generation hyperfibonacci numbers (6) we get

2 1 1
Fél) - F?E—)QFT(H-)Q =

¢n+2_¢_)n+2_1 2_ qbn_q_ﬁn_l ¢n+4_¢_)n+4_1
V5 V5 V5
_ (¢n+2 _5¢n+2)2 . 2(¢n+2\/_5 ¢n+2) 41— %[¢2n+4 + (;_52n+4 - (_1)n<¢4 + (2_54)
—VB(g"H = ¢ = V(6" — ¢") + 5)
B o ¢n+4 o Q_Sn+4 an _ (En B ¢n+2 _ gEnJrQ
= (-1)"+ 7 + 7 2 N

11




which is equal to

<_1)H+Fn+3+Fn+2+Fn_2(Fn+1+Fn>

and finally to
()" + Foz = (=1)"+1+FD.

This result is expressed in Theorem 11. We also provide a proof by means of the Catalan
identity.
Theorem 11. For the first generation of hyperfibonacci numbers and n > 2,

2

FO = FO RN, = FW 41 4 (1),

n—2

Proof. Using (4) and (12) we have

2
PO~ EED, = (B =1 — (B~ )(Fass — 1)

= F73+2 —2F 0+ 11— (FFhya—F,— Foig+1)
= Fr%+2 — FoFia+ (Frya — Fogo) — (Fgo — F)
= (=1)"F} 4 Friz — Fopa

= (_1)n + Fn+2

= 1+ (-1)"+FV.
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