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Abstract

In this paper, we give some new sufficient conditions for log-balancedness of combi-
natorial sequences. In particular, we show that the product of two log-convex sequences
is log-balanced under a mild condition. Then, we apply this result to a series of special
combinatorial sequences. In addition, we show some results by using the definition of
log-balancedness directly.

1 Introduction

For convenience, we first recall some concepts that will be used later on. The following
definition is well known in combinatorics.
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Definition 1. (i) For a sequence of real numbers {z,},>0, we say that {z,},>0 is concave
(resp., convex) if 2z, > 2,1 + zpy1 (vesp., 22, < 2,1 + z,41) for all n > 1.

(ii) For a sequence of positive numbers {z, },>0, we say that {z,},>0 is log-concave (resp.,
log-conver) if 22 > 2, 12,41 (resp., 22 < 2, 12,41) for all n > 1.

Doglié¢ [2] gave the following definition.

Definition 2. Let {z,},>0 be a log-convex sequence. We say that {z,},>0 is log-balanced if
{%}nzg is log-concave.

Log-concavity and log-convexity play important roles in many subjects. For example, in
combinatorics, they are not only instrumental in obtaining the growth rate of a combinatorial
sequence, but also fertile sources of inequalities. See, e.g., [1, 6] for more applications of log-
concavity and log-convexity.

For a sequence of positive numbers, it is easy to see from the arithmetic-geometric mean
inequality that its concavity implies its log-concavity and its log-convexity implies its convex-
ity. Obviously, a sequence {z, },>0 is log-convex (resp., log-concave) if and only if its quotient
sequence {Z’ZLII }n>0 is nondecreasing (resp., nonincreasing). A log-balanced sequence is nat-
urally log-convex, but its quotient sequence does not grow too fast. Moreover, a sequence
{zn}n>0 1s log-balanced if and only if 22 < z, 12,41 and (n + 1)22 > nz, 12,1 for every
n > 1. Doglié¢ [2] showed that many combinatorial sequences, including the Motzkin num-
bers, the Fine numbers, the Franel numbers of order 3 and 4, the Apéry numbers, the large
Schréder numbers, and the central Delannoy numbers, are log-balanced. Zhao [7, 8] proved
that the sequences of the exponential numbers and the Catalan-Larcombe-French numbers
are respectively log-balanced.

The main purpose of this paper is to discuss log-balancedness of some combinatorial se-
quences. In the next section, we present some new sufficient conditions for log-balancedness of
combinatorial sequences. In particular, we provide a sufficient condition for log-balancedness
of the product of two log-convex sequences. Then, based on this result, we obtain some sim-
ilar results for a series of special combinatorial sequences.

2 Main results

Zhao [7] gave a sufficient condition for log-balancedness of the product of a log-balanced
sequence and a log-concave sequence. Here, we consider log-balancedness of the product of
two log-convex sequences.

Theorem 3. Suppose that the sequences {T,}n>0 and {yn}tn>o are both log-convex. Let

Sy = % forn > 0. If {sp}n>0 is decreasing, then {x,yy, tn>0 is log-balanced.

Proof. By the log-convexity of the sequences {x, },>0 and {y, }n>0, we know that {z,y, }»>0
is log-convex. Note that {s},>0 is the quotient sequence of {#24},-,. Since {s,},>0 is

decreasing, {*2*},,>0 is log-concave. Hence, the sequence {z,¥y }n>0 is log-balanced. O
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Next, we apply Theorem 3 to deduce log-balancedness of some combinatorial sequences.
Corollary 4. For the sequence {Cp},>1 of the Catalan numbers, we have that {C2},>3 is
log-balanced.

2
Proof. Since {C,,},>1 is log-convex, {C?},>; is log-convex. For n > 1, let s, = M%Tgé‘% It

is well known that L /9 )
C’n:—< " ), n > 1.
n\n—1
Then we have
4(2n — 1)2
Sy = —/——————.
(n+1)3

It is not difficult to verify that {s,},>3 is decreasing. By Theorem 3, the sequence {C?},>3
is log-balanced. [

Corollary 5. For the sequence { M, },>o of the Motzkin numbers, we have that {M?},>; is
log-balanced.

Proof. The Motzkin numbers satisfy the recurrence

(n + 3>Mn+1 = (2n + 3)Mn + STLMnfl, MO = M1 = 1. (1)
For n >0, let t,, = MMLII and s, = ﬁll. It follows from (1) that
_ 2n+3 3n

n —

n+3 * (n+3)tn_1
Then we have

(n + 2)75% —(n+ 1)t721+1
(n+1)(n+2) )

Spn 7 Sn41 =

It follows from (2) that

(n+2)t2 — (n+1)t2
(n+2)(n+4)%} — (n+1)(2n +5)*2 — 6(n+ 1)*(2n + 5)t, — 9(n + 1)3
CEwiEs '

For any real number z, we let
f)=m+2)(n+4)%2*— (n+1)(2n+5)%* —6(n+1)*(2n +5)z — 9(n + 1)3.
Then we have

fl(z) =4(n+2)(n+4)%2> = 2(n + 1)(2n + 5)%x — 6(n + 1)*(2n + 5)
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and
f"(z) =12(n + 2)(n + 4)*2* — 2(n + 1)(2n + 5)°.

Since f”(x) > 0 when x > 1, we know that f’ is increasing over [1,00). Dosli¢ and Veljan
[3] showed that

tn 2 Gn,
where ¢, = 62(21;)). Since
18(n + 1)%[48(n + 1)(n 4+ 2)(n + 4)? — (2n + 5)*
g = 150+ DI+ 0+ 20+ 47 = k5]

(2n+5)3
the function f is increasing over [g,,00). Note that

81(n + 1)3(16n3 + 72n* + 24n — 113)

> 0.
(2n + 51

f(QH) =

By the definition of f, we have

f(tn)

— >0
(n+4)%t2

(n+2)t; = (n+ 1ty =
for each n. This means that {s,},>0 is decreasing. On the other hand, {M,},>; is log-
balanced. It follows from Theorem 3 that the sequence {M?},5 is log-balanced. ]

Denote by A,, the number of directed animals of size n (see [5, Exercise 6.46]), which
satisfies the recurrence

(n+ 1A =2(n+ 1A, +3(n—1)A, 1 (3)
with AO = 1, Al = ]., and AQ = 2.
Corollary 6. Both {A2},>> and {#2},~5 are log-balanced.

Proof. Tt is clear that the sequence {2},> is log-convex. Liu and Wang [4] proved that the

sequence {A,},>o is log-convex. For n > 0, let ¢, = Aj’;—:l and s, = nt—_%l By (3), we have
3(n—1)
t,=24+——-—"—, n>1. 4
(n + ]-)tn—l ( )

It follows from (4) that

(n+2)t; — (n+ 1)t72'L+1
(n+ 23t —4(n+1)(n+ 2)%2 — 12n(n + 1)(n + 2)t,, — In*(n + 1)
(n+2)2t2
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and
n(n+2)%, — (n+ 13,41

n(n+2)%2 —2(n+2)(n + 1%, — 3n(n + 1)
(n+2)t, '

For any real number z, let

flz) = (n+2)%2* —4(n+1)(n+2)%% —12n(n+ 1)(n + 2)z — In*(n + 1),
g(x) = n(n+2)P%2*—2(n+2)(n+ 1) —3n(n+1)>

fl(x) = 4(n+2)5%° -8(n+1)(n+2)%z —12n(n + 1)(n + 2),
f'(@) = 12(n+2)0°2" —8(n+1)(n+2)%
Jd(x) = 2n(n+2)%z —2(n+2)(n+1)>%

It is obvious that f”(x) > 0 when x > 1 and hence f’ is increasing over [1,+o00). Noting
that f/'(2) > 0, we have f’(z) > 0 when z > 2.
Liu and Wang [4] showed that
b 2 fin,
6n

where p,, = Since f'(p,) > 0, f is increasing over [u,, 00). It is evident that ¢'(z) > 0

2n+1°
for x > 1 and hence the function g is also increasing over [1, 00).
Note that
flpn) = 97 144n*(n + 2)* — 16(n + 1)(n + 2)*(2n + 1)°
" (2n+ 1)
—8(n+1)(n+2)(2n+1)* — (n +1)92n + 1)4]
I (aant 1 37002 — 7207 — 5130 — 81
= — n n® —72n* — 513n —
(2n +1)4
and
3
g(,) = m {12n3(n +2)? —4(n+2)2n+ D(n+1)° — (2n+ 1)*(n + 1)3}
3n
= ———(12n" + 27" — 150 —51n — 9 ).
2n + 1)2< n-+2m n n )

Clearly, f(pn) > 0 and g(u,) > 0 for n > 2. This implies that

(n+2)t2 —(n+ 1)t2., >0



and

n(n+2)%t, — (n+1)%, 1 >0
for n > 2. Then {s,},>2 and {%}nzg are both decreasing. It follows from Theorem 3
that the sequences {A2}, 5 and {#2},-, are both log-balanced. O

Corollary 7. For the sequence {By}n>0 of the Fine numbers, we have that {52}, is
log-balanced.

Proof. The Fine numbers satisfy the recurrence

™+ 2 2n + 1

By = ., B,1, By=1, B, =0. 5
175 (n+2) + ! 1 0 1 (5)
For n > 2, let t, "“ Dogli¢ [2] showed that the sequence {B,,},>2 is log-balanced. We
next prove that { L }n>2 is decreasing.

By (5), we have

 n+2 . 2n+1
" 2n+2) (42t

Then we have
n(n+2)*, — (n+ 1)1
~ 2n(n+3)(n+2)%t2 — (Tn+9)(n+ 1)*, —2(n+ 1)*(2n + 3)
B 2(n + 3)t, ’

For any real number z, let
f(x)=2n(n+3)(n+2)%* — (Tn+9)(n + 1)°z — 2(n + 1)*(2n + 3).

Then we obtain

f'(x) =4n(n+3)(n+2)%z — (Tn+ 9)(n + 1)°.
It is obvious that f’(x) > 0 for x > 3. Then f is increasing over [3,0).
Liu and Wang [4] proved that
tn 2 An,
2(2n+5 .
where A, = (n T ). Since
1 2 2
f\) = CETE [8n(n +3)(n+2)°(2n + 5)
—(Tn+9)2n+5)(n+4)(n+1)° —2(2n + 3)(n + 4)*(n + 1)°]
B 14n°® + 185n° + 968n* + 458n3 + 4314n? + 1023n — 596
- (n+4)?
> 0,



we have
2n(n+3)(n +2)*2 — (Tn+9)(n + 1)°t, — 2(n + 1)*(2n + 3) > 0.

Then n(n+2)%*, — (n+1)3,,1 > 0, and {%}nzg is decreasing. It follows from Theorem
3 that the sequence {£2},5, is log-balanced. O

Theorem 8. For a given sequence {z,}n>0, if it is log-balanced, then {\/zn}n>0 is also
log-balanced.

Proof. Suppose that {z,},>0 is log-balanced, that is,
2n < zZpZngr, (M4 1)20 > nzp1Zepr, 1> 1
For n > 1, we immediately derive

Zn S vV Zn—1”n+1

and

n n
Zn Z Zp—1%n+1 > T V*An—-1%n+1-

n+1 n+1

This means that the sequence {,/z,}n>0 is log-convex and the sequence {‘{z—z!i”}nzo is log-
concave. As a result, the sequence {,/z, },>0 is log-balanced. ]

Theorem 9. Suppose that the sequences {x,}n>0 and {yn}tn>o0 are both log-convex. If both
{&}nz0 and {2 }aso are concave, then {x, + yn}n>o0 is log-balanced.

Proof. Since {z,}n,>0 and {y,},>0 are both log-convex, the sequence {z, + yn}n>0 is log-
convex. We next prove that {£5#2}, - is log-concave.
It is well known that {z,},>0 is concave if and only if its difference sequence {z, 1 —

Tptn>o is decreasing. Therefore, by the concavity of {Z+}, 50 and {¥;},>0, the sequence

(Lol Zutin} oo is decreasing. Then the sequence {22522}, - is concave and it is also

log-concave. Hence, the sequence {z,, + y, }n>0 is log-balanced. O]

It follows from Theorem 9 that the sequence {n!+ (n + 1)!},>¢ is log-balanced.

In the rest of this section, we devote to discuss the log-balancedness of some sequences
by means of Definition 2 directly. Our first example is to consider some sequences related to
harmonic numbers. Let H,, denote the n'® harmonic number. Then we have the following
result.

Proposition 10. Both {#2},~, and {Z2},>1 are log-balanced.



Proof. In order to prove the log-balancedness of {£2},,~1, it is sufficient to show that {2 },;
is log-convex and the sequence { f—,ﬁ}nzl is log-concave. In fact, for n > 2, we have

H? H, H,, 1 ) . 1 1
o 2_1 = ng(n2—1) (n—l)Hn—n Hn—g Hn+n——|—1

n(H2 — H, — 1) + H?
n?(n+1)%2(n —1)

Note that
2(H} — Hy— 1)+ H; >0, H,>H,>2 (n>3).
Now we prove that n(H2 — H,, — 1) + H2 > 0 for n > 3. For any real number z, let
flz) =2 -z —1.

It is clear that f'(x) = 2x — 1 > 0 for # > 2. Then f is increasing over [2,00) and
f(Hy,) > f(H3) = % > 0 for n > 3. Hence, the sequence {%}nZl is log-convex. On the
other hand, for n > 2, we have

Hy Hy 1 Hyiq
nn! (n2—=1)(n—Dl(n+1)(n+1)!
1 9 9 of Hy 1
- - 1)H
n?(n? — 1)n!l(n + 1)! (" =n—1) ”+n(n+1+n+1

> 0.

Hence the sequence {%}nZl is log-concave. It follows from Definition 2 that the sequence
{2}, is log-balanced.

Now we consider the sequence {Zz},~1. Since both {£2},~, and {1}, are log-convex,
{2}, is log-convex. On the other hand, for n > 2, we get

( H, )2 B Hy 1Hpin
n?n! (n—1)2(n—1ln+1)2%(n+1)!
1

= t—on® — 2n? 1)H?
n2(n—1)2<n+1)2n!(n+1)![(” w2t n+ 1A,
1

+n? Hn +
n+l n+1/|

H, \* Hy o Hyi %
n?n! (n—12(n—(n+1)2(n+1)! 20736
We find that n* — 2n® — 2n? + 3n + 1 > 0 for n > 3. Thus the sequence {2}, is

log-concave. It follows from Definition 2 that the sequence {ZQ tn>1 is log-balanced. O

For n = 2,
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Our second example is to consider some sequences related to the Fibonacci (Lucas) se-
quence. The Binet form of the Fibonacci sequence { F,, },,>0 and the Lucas sequence { Ly, },>0
are

Oén _ (_1)na—n

\/5 )

where a = It is well known that log-convexity and log-concavity of {F,},>o and
{Ly}n>0 depend on the parity of n. In fact, by using the definition of log-convexity, we
can easily prove that both {Fy,i1}n>0 and {Lay, },>2 are log-convex. Now we discuss the
log-balancedness of some sequences related to F,, and L,,. We first give a lemma.

E, =

L,=a"+(-1)"a™",

1+v5
5

Lemma 11. Forn > 1, we have
Foni1 > 2n (6)
and
Lo, > 3n. (7)
Proof. 1t is well known that {F),},>0 and {L, },>¢ satisfy the recurrence relation
Wy =W, +W,_1, n>1 (8)

We can prove (6)—(7) by induction. We only give a proof of (6) and (7) can be shown in a
similar way. In fact, it is clear that Fs,. 1 > 2n for 1 <n < 5. Assume that Fy,,; > 2n for
n > 5. By (8), we have

Fopys = Foppq + Fopyo.

Then we have Fy, 3 > F5,11 +2 > 2n + 2. By mathematical induction, (6) holds for each
n>1. O]

Pt} o1 and {£22},5 are log-balanced.

Proposition 12. The sequences {~-

Fop
Proof. Because {Fb11}n>0, {Lon}n>2 and {%}nZl are log-convex, the sequences {=2**},5,
Loy, Fonta Loy,
and {#=},>, are log-convex. Next we show that {221}, and {725 },>, are log-concave.
For n > 2, we obtain

Fonta ? - Fop 1 Fopys _ (n+1)(n* = 1)F3, | —n’Fo_1Fonys
nn! (n?2—1)(n—1)(n+1)! n?(n? — 1)n!(n + 1)!
0 (F3, 1 — Fon1Fongs) + (0° —n — DF3
n?(n? — 1)nl(n+1)!




Loy, ? B Lop_9Lop o B (n+1)(n* —1)L3, — nLoy_9Loyp 1o
nn! (

n2—1)n-Dn+1)! n2(n2 — Dnl(n + 1)!
n’(L3, — Lon2Lante) + (n* —n —1)L3,
n?(n? — 1)n!(n + 1)!

By means of the equalities

F22n+1 — Fy 1 F5,03=—1 and Lin — Lop—9Lopio = —5,

we have
Fopi1\? - Fon1Fonys3 _ -’ +(n* —n-1F;,
nn! (n?2—=1)(n—1)Y(n+1)! n?(n? —nl(n+1)!
Lo\’ Lon—2L2p 12 =P (P —n—1)L3,
nn! (n2—1Dn—-Dn+1)!  n2n2-1)n!(n+1)
For n > 2, put

R(n)=-n*+(n*—n—-1)F;,,, and S(n)=-5n*+(n*—-n—1)L3,.
It follows from Lemma 11 that
R(n) >n*(4n* —5n —4), S(n) > n*(9n* — 14n — 9).
Note that
R(n)>0(n=>2), Sn)>0(Mn>3).

This implies that {Ff;jl }n>1 and {£22}, -, are both log-concave. By Definition 2, {FQZ“ Fn>1

and {£22},, are both log-balanced. This completes the proof. O

3 Conclusions

We have derived some new sufficient conditions for log-balancedness of combinatorial se-
quences. We have further applied these results to show log-balancedness of some special
sequences. One future work is to study log-balancedness of the partial sums for log-balanced
sequences.

4 Acknowledgment

This work was supported in part by a grant of the First-Class Discipline of Universities in
Shanghai and the Innovation Fund of Shanghai University. The authors would like to thank
an anonymous referee for his or her helpful comments and suggestions.

10



References

1]

N. Asai, I. Kubo, and H. H. Kubo, Roles of log-concavity, log-convexity, and growth
order in white noise analysis, Infin. Dimens. Anal. Quantum Probab. Relat. Top. 4
(2001), 59-84.

T. Dosli¢, Log-balanced combinatorial sequences, Int. J. Math. Math. Sci. 4 (2005),
507-522.

T. Dosli¢ and D. Veljan, Logarithmic behavior of some combinatorial sequences, Discrete
Math. 308 (2008), 2182-2212.

L. L. Liu and Y. Wang, On the log-convexity of combinatorial sequences, Adv. in Appl.
Math. 39 (2007), 453-476.

R. P. Stanley, Enumerative Combinatorics, Vol. 2, Cambridge University Press, 1999.

R. P. Stanley, Log-concave and unimodal sequences in algebra, combinatorics and ge-
ometry, Ann. N. Y. Acad. Sci. 576 (1989), 500-535.

F. Z. Zhao, The log-balancedness of combinatorial sequences, Sarajevo J. Math. 11
(2015), 14-154.

F. Z. Zhao, The log-behavior of the Catalan-Larcombe-French sequence, Int. J. Number
Theory. 110 (2014), 177-182.

2010 Mathematics Subject Classification: Primary 05A20; Secondary 11B37, 11B39.
Keywords: log-convexity, log-concavity, log-balancedness.

(Concerned with sequences A000032, A000045, A000108, A000957, A001006, and A005773.)

Received May 9 2016; revised versions received May 11 2016; June 22 2016; July 7 2016.
Published in Journal of Integer Sequences, August 29 2016.

Return to Journal of Integer Sequences home page.

11


http://oeis.org/A000032
http://oeis.org/A000045
http://oeis.org/A000108
http://oeis.org/A000957
http://oeis.org/A001006
http://oeis.org/A005773
http://www.cs.uwaterloo.ca/journals/JIS/

	Introduction
	Main results
	Conclusions
	Acknowledgment

