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ABSTRACT. We are interested in the approximation in the L*-norm
of variational inequalities with two-sided obstacle. We show that the
order of convergence will be the same as that of variational inequalities
with one obstacle. We also give multilevel projective algorithm and
discuss its convergence.

1. INTRODUCTION
Let K be a closed convex set in Hj () defined by
K={veHyQ):®<v<VinQ}

where 2 C R? is a bounded convex polygon, ®, ¥ € W?2*(Q)(s > 2) are
two given functions that satisfy ®|g < Ulg and ®|gn < 0 < ¥|gn. We
consider the following two-sided obstacle problem: find u € K such that

a(u,v —u) > f(v—u), YveK, (1)
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where a(u,v) = [, Vu-Vodz, f(-) = (f,-), f € L*(Q) and (-, -) is the L?

inner product.
Theorem 1. Problem (1) has a unique solution u € Hg(Q2) N W>5(Q).
The proof is similar to variational inequalities with one obstacle(see [6]).

Remark 1. u, ®, U are Holder continuous functions by W3(Q) —
Co(Q) with 0 < v < 1.

A lot of results on L>-error estimate for the finite element approxima-
tion of obstacle problems have been obtained(see [1, 4, 5, 7, 8, 10]). In
this paper, we will discuss L*-error estimate for the finite element ap-
proximation of problem (1) by using the results of variational inequalities
with one obstacle. Based on results in [13] we establish a rate of conver-
gence h%|logh|, provided ®, ¥ € W»*°(Q) and f € L>()). This result
has be established in a different way (see [4]). At last, we will present a
multilevel projective algorithm (see[14]) and discuss its convergence.

2. PRELIMINARIES

In this section, we will construct two variational inequalities with lower
and upper obstacles respectively which have the same solution as problem
(1). Firstly, we make some preparations.

Set three sets as follows:

Wy ={ze€Q:u(z)=>o(x)},
Wy ={ze€Q:u(zx)="Y(z)}
and
W3 =Q— (W UWy).
It’s easy to see that Wy, W5 is two disjoint closed sets and then write

r= diSt(Wl, W2> > 0. (2)

Lemma 1. There exist three open sets Wi, i = 1,2,3, which have the
following properties:

W, C Wl, Wy C WQ, Wg - Wg,

Wl ﬂWQ - @
and

W, = Q.

1
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Moreover, there is a partztzon of unity {0;}3_, satisfying 0 < 0; € C=(Q),
0; =0 on Q\VVZ and Zi:1 0, =1.

Proof. Let Ty = {Q/}F_, be a set of coarse mesh of © with mesh size
H < r/2 —46. Here r is defined in (2), 0 << r is a positive number,
and i = 1,2,...,k, are disjoint open sets satisfy U¥_ € = Q. Then
we refine I'y to get [y, a set of fine mesh with mesh size h < §/2. Let
Q;,i=1,2,---  k, be the enlarged subdomains of €2} defined by

Q= J@ () 7)\09Q) |7 € T, and dist(7, Q) < 6/2}.
The union of §2; cover Q with overlap size 20 and diam($;) < r/2. Fol-
lowing [2], let {6:}%_, be a partition of unity satisfying 6, € C>(€Q),
6; >0, 6; = 0 in Q\Q and SF 6, = 1. Classify {€ M| into three
groups: for i = 1,2, W; = UQ mWﬁé(z,{ﬂ } W; = Uan W UWa) :@{Q }.
Let 0; = > g cw, 0,(i = 1,2,3), the lemma can be easily verified. [

Lemma 2. Let u be the solution of (1), then
—Au=f ae inWs, (3)
where Ws are defined as in Lemma 1.

Proof. From the definition of W5 we known that ® < u < ¥ in Ws. Let
D(W5) denote the set of infinitely differentiable functions with compact
support CC Ws. For any & € D(Ws), extend it by zero to Q\Ws, we can
take positive ¢ sufficiently small such that v = u+ qv € K. From (1) we
have

a(u,v) = (f,0).

What’s more,

a(u, ) :/Vqude: —/uAdex: —/ Auvdz,
Q Q Q

where the last equal follows from the definition of weak derivative. There-
fore
/(—Au — f)odx = / (—Au — f)odx = 0.
Q Wi
By the arbitrary of o, we have —Au = f in W3. O

Remark 2. Use the same techmque in Lemma 2, we can also get —Au >
fin Wy and —Au < f in Wh.

Let K1 ={ve H}(Q) NH*(Q) :v>d} Ky, ={ve H(Q)NH*Q):
v < U}
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Remark 3. v € Ki(or K3) is Holder continuous function by embedding
theorem, therefore v is bounded.

Lemma 3. a(u,w) > f(w) if w € H (W) and u+w € Ky, where u is
the solution of (1), and w is extended by zero to Q\Wj .

Proof. For 0 < gq < 1, we consider the two cases: if w(z) > 0, then
(u+qw)(x) > u(x) > ®(z); if w(x) < 0, then (u+qw)(x) > (u+w)(z) >
®(x). So we have u + quw > @ for 0 < ¢ < 1. Furthermore, from the
definition of Wi, we know that dist(Wi,Wy) > r/2 and it is easy to
verify that u < ¥ on T¥{. Since w is bounded by Remark 3, there exists
a sufficiently small positive ¢ < 1 such that ¥ > u + qw € K. Take
v =u+ quw in (1), then we have a(u,w) > f(w). O

We now construct two variational inequalities with one obstacle. De-

fine )
—Au x e W
(1) — 2,
/ { f otherwise (4)
and .
—Au zeW
(2) — 1
/ { f otherwise, (5)

where u € W25(Q) is the solution of problem (1). It is obvious that f®
and f® € L*(Q). From Lemma 2 and Remark 2, we have

fO< <@ ge in Q. (6)
Problem I: Find u; € K such that
a(uy, v —uy) > fYw—wu), YoeK;. (7)

Problem II: Find uy € K5 such that

aug, v —ug) > fP (v —uy), W€ K. (8)
Remark 4. Problems (7), (8) have unique solutions in W?*(Q2) (see [6]).
Lemma 4. Problems (1), (7) and (8) have the same solution.

Proof. For simplicity, we only prove problems (1) and (7) have the same
solution. Let u be solution of (1). For any v € Ky, v; = 6;(v —u) €
HYN Q)N H?*(), i = 1,2,3, have supports C W; respectively and the
restriction of v; are in H} (W;) N H*(W;). Here 6;, i = 1,2, 3, are defined
as in Lemma 1. Obviously, v —u = Zf’zl v; and

a(u,v —u) = a(u,v1) + a(u, v2) + a(u, vs). (9)
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It’s easy verify that u +v; € Kj;. So by Lemma 3 and (4) we have
a(u,v1) > f(vg) = fQ fuide = fW1 fuide = fW1 fWode = fQ fDvde =
f®(v1). By Lemma 2 and (4), we can directly verify that

a(u,v3) = (—Au,v3) = / —Auvzdr = —Auvzdz
Q W3

= | f(l)vgda::/f(l)vgdw:f(l)(vg).
Ws Q

Similarly, a(u, vs) = f*(v;). So we have
a(u,v—u) > fO (v + vy +v3) = fY (v —w).

Thereby, u is a solution of problem (7). By the uniqueness of the solution
of problem (1) and problem (7), the lemma is proved. [

3. MAIN RESULTS

Let a triangulation T}, be defined over €2, satisfying the shape regularity
and maximum angle conditions(see [1]). Let Vj, = V,(T},) denote the
space of continuous piecewise linear functions over Tj,. Take V), = Vi N
HE (). For v € C%Q), let m,(v) € Vj, be nodal interpolation of v, that
is, v = m,(v) holds at each vertex. Let @), = m,(P), ¥}, = m, (V). Take

Kh:{’UGVhI(I)hSUS\I’h},
Kf(Ll):{UEVh:UE(I)h}
and
Kf(f) ={veV,:v< U}
The correspondent discrete problem of (1) is: find uy, € K}, such that
a(up, v, —up) > f(op —up), Yo, € K. (10)

And the correspondent discrete problems of (7) and (8) are: find u,(f) €
Kf(f),i = 1,2, such that

alu o =) 2 O —uy), Vo, € K, (1)

respectively. We assume, for i = 1,2, that
o= uf || < Ch*|logh”, 0 < p,y < 2. (12)
We will use the assumption (12) to estimate the error bound of ||u—up||so-
Denote {z; : i = 1,2,...,my} the interior node set and {x; : i =
mp+1,...,n,} the boundary node set of Tj,. Let {gogf)}?:hl be the nodal
basis for Vj, with ¢§j) (xj) = 0;;. P, be a canonical function from Vi
to R™. Namely, for any v, = > " yigogf), let y = Pyu, with y7 =
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(Y1, Ymy, ). Let A" = (aij)m,xm, be the stiffness matrix given by
aij = Jq Vgp}f)Vgog)da:. To obtain our main results, we need the following
lemmas.

Lemma 5. (see [9, 11]) If the triangulation T}, satisfies mazimal angle
condition, A" is M-matriz.

Lemma 6. If the triangulation T}, satisfies maximal angle condition,
Ale > 0,
where e = (1,1,...,1)T € R™.

Proof. By maximal angle condition, a(y;, ¢;) < 0 for i # j(see [3, 13]).
So we have for ¢t =1,2,...,mp,

mp mp
(Ahe)z‘ = Zaz’j = Za(%» ©i)
j=1 j=1
mp nhp
> alps,e)+ Y ales, ) =a(l ) = 0.
Jj=1 Jj=mp+1

The lemma is followed. O

Lemma 7. [12] Let sets I C {1,2,...,mp}, J ={1,2,...,mp}\I. For
any y,y € R™ , if yr < yr and (A"y); < (A"y);, we have that
Y=,
where A" is the stiffness matrixz given before.
Take z = Py, 20 = Pul’(i = 1,2), ¢ = P,®), and ¢ = P,U,,.

Discrete problems (10) and (11) are equivalent to the following three
algebraic problems respectively:

( (Ahz)i =g if o<z <Yy,

(Ah2); > gi if 2z = &,
B = (13)

(A Z)Z S gZ Zf Z’L w’“

L ¢ <z <y

([ (Ar20), = gD if 2 s,
(AP2M), > g i 20 = g, (14)
2N > ¢;

(A7), = ¢? if 2P <,

§ (ARz®), < g g SO =y (15)
~(2) <,
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where
g=:<02¢f5,~-,UZ¢Y%U)T
and
9 = (P O ™)) =12

By (6) we know

gV <g<g®.
Lemma 8. If the assumption (12) holds, we have
21 — ChMlogh|Te < 2,
where e = (1,1,...,1)T € R™.
Proof. By the assumption (12), we have
u,(ll) — Cht|logh|" < u < ¥,
and therefore
PAS - Ch*|logh|"e < 1.
Define I, J by
I={i| 4" =o3u{i| s =y,
J=A{12...,mp}\I,
respectively. It’s easy to verify that
zj(»l) — Ch*|logh|" < z;, jel.
From (13), (14), (16) and Lemma 6, we have that
(A"2); = gs
and
A(zY — ChM[logh]e) s < (A2, = ¢ < g5
The lemma follows from (18), (19), (20) and Lemma 7. [
Lemma 9. If the assumption (12) holds, then

A Ch*|logh|"e > z.

The proof is similar to that of Lemma 8, we omit it here.
By Lemmas 8 and 9, we have

up) — Chllogh|” < wy, < ug) + Ch*|logh™.

Then, the following theorem becomes obvious.

49
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Theorem 2. If the assumption (12) holds, we have
llu — un||oo < Ch*|loghl|”.
When s = oo, [13] has obtained the estimate
lJu — u,(f)Hoo < Ch®|logh|, fori=1,2.
Therefore by Theorem 2, we have the following theorem.

Theorem 3. If s = co in problem (1), we have

1w — up||oo < Ch?|loghl.

4. MULTILEVEL PROJECTIVE ALGORITHM

In the sequel, we assume s = oo in problem (1). We consider a sequence
of regular triangulations 7}, of the polygonal domain €2 determined as
follows. Suppose T}, is given and let 1}, , k > 2, be obtained from T}, ,
via a systematic subdivision. Edge midpoints in 7}, , are connected by
new edges to form T}, . Let hj be the mesh size of T}, and satisfy

by =2"" Y k=12....
Let V}, denote the space of continuous piecewise linear functions with
respect to T}, that vanish on €. Note that
Thk—l C Thk = th_1 C th.

Similarly, we use my, denote the number of the interior nodes of T}, .
Next we will discuss how to solve the discrete problem (13) on the mul-
tilevel mesh.

Let K© be a vector space associated with K, defined as follows:

K9 ={yeR™|¢ <y <4}
Let Py be the projective operator from R™ into K®. Therefore, for
any y € R,
(y = Pxoy, 7 — Proy)p <0, forallje K,
where (+,-)g is Euclidean inner product. Now we can define an operator
PG" : R™ s R™ by
PG"(y) = Pgo(y — pn(A"y — g)),

where

1
Ph = N (AP
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Here, Aoz (A") and A, (A") are the biggest eigenvalue and the smallest
eigenvalue of A" respectively. Notice that Ay (A") = O(1), Apin(A") =
O(h?), and the condition number of A" A(A"), satisfies

Amas _ O() = Om).

Denote || - || the Euclidean norm of R™», then we have the following
theorem.

A(AM) =

)\min

Theorem 4. z € K© solves the discrete problem (13), then for any

y € R™,
1PGH () = 2| < (1 = lly = 21,
(PG () = <l1 < (1= sl — 21

here | is a positive integer.

The proof of the theorem is similar to that in [14].

Now we define the intergrid transfer operators. Let [ Z:_l : R™Me-1
R™m defined by I,Z’:fl(y) = Phk(zzf‘l yicp,(fzil) for y € R™%-1. In the
following, we will give the multilevel projective algorithm.

Algorithm MP:

Step 1: Solve the exact solution Z,, of problem (13) on the coarsest
mesh;

Step 2: For k > 2, the approximate solution on the kth level is gotten
by

Zhy, = (Pth)TkI}iL:_l(ghkfl)a

where the positive integer 73 is chosen such that

1 1
Tk < .
A(Ahk)) T 5+2y1+m/2

Here m is the maximal number of triangles sharing a common vertex.

(1-

Now we give the convergence results of algorithm MP.
Theorem 5. If Z,,, (k=1,...), is generated by algorithm MP, we have
|2, = Zn, || < Chlloghl,
where zy,, € K" is the exact solution of problem (13) on k-th level.
Theorem 6. If Z,,, (k=1,...), is generated by algorithm MP, we have

[, — Qn, (G )| 120y < Ch?|loghl,
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where up, € Vy, is the exact solution of problem (10) on k-th level,

Qn,

: R™w — V), is defined by
mp,
Qn, (y) = Zymﬁfk), for any y € R""%.
i=1

The proofs can be seen in [14]. We omit them here.
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