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QUANTIZATIONS OF BRAIDED DERIVATIONS.
1. MONOIDAL CATEGORIES

(submitted by V. V. Lychagin)

ABSTRACT. For monoidal categories we describe braidings and quantizations. We
use them to find quantizations of braided symmetric algebras and modules, braided
derivations, braided connections, curvatures and differential operators.

1 Introduction

We consider quantizations ¢, braidings o and quantizations of braidings o, of monoidal
categories. We mainly work with braidings that are symmetries.

We consider o-symmetric algebras A, modules, co- and bialgebras and internal
homomorphisms and find quantizations of these.

Internal homomorphisms of o-symmetric modules has a braided Lie structure with
respect to the braided commutator. Quantizations of the internal homomorphisms
has the quantized braided Lie structure and can be realized within the original braided
Lie structure by what we call dequantization.

We investigate braided derivations of o-symmetric algebras and modules. The
o-bracket of two braided derivations is a braided derivation. We show that there is a
braided Lie structure on the braided derivations.

A quantizations the braided derivations provides an isomorphism of the modules
of braided derivations and quantized braided derivations. We also show that the
quantizations of braided derivations has the braided Lie structure with respect to the
quantizations of the braiding which can be realized within the original braided Lie
structure by dequantization.

We define braided connections in modules and braided curvatures. We prove that
the braided curvature is A-linear, skew o-symmetric and is an A-module homomor-
phism.

We find quantizations of braided connections and braided curvatures. The quan-
tization of the braided curvature is A-linear, skew o4-symmetric and an A-module
homomorphism with respect to the quantized braiding.
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Finally we consider braided differential operators. We show that there is a braided
Lie structure on the braided differential operators. A quantization the braided differ-
ential operators provides an isomorphism of the original braided differential operators
and quantized ones. The quantization of the braided Lie structure can be realized
within the original one by dequantization.

This paper is the first in a trilogy.

We have found explicit descriptions of all quantizations and braidings in the
monoidal category of modules graded by a finite commutative monoid, [7]. We have
proved the same as for any monoidal category for this category, but the picture is
somewhat more visible in this case. That is, we have a complete description for braided
derivations of graded algebras and graded modules, braided connections, braided cur-
vature, quantizations and so on. This is to be found in the second paper Quantizations
of braided derivations. 2. Graded modules, [8].

In [7] we showed that the Fourier transform establishes an isomorphism between
the categories of G‘—graded modules and G-modules where G is a finite abelian group
and G is the dual of G. Using this we find a description of all quantizations and braid-
ing also for the monoidal category of modules with action by a finite abelian group
G. Again, we have a complete and explicit description for o-derivations of algebras
and modules, braided connections, curvature, differential operators and quantizations
of these structures. This is to be found in the third paper Quantizations of braided
derivations. 3. Modules with action by a group, [9].

There are many interesting applications of these results. One of the more inter-
esting applications is quantizations of braided Lie algebras. In the paper [10], which
is to be published, we show quantizations of semisimple Lie algebras by quantizations
of derivations, for example an alternative quantization of sl (C).

Note that in all three papers we assume that the associativity constraint is trivial.

2 Quantizations and o-commutativity

In this section we shall recall some results needed later. We have to define quanti-
zations and o-commutativity of algebras, modules, co- and bialgebras and internal
homomorphisms. Most of this was done by V. V. Lychagin and many results are
found in [17].

2.1 Quantizations

A quantization [17] of a monoidal category C is a natural isomorphism of the tensor
bifunctor

q @ ®—,
axy @ XY - XQY,

X,Y € Ob(C), which preserves the unit and associativity so that the following dia-
gram
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1®4qy,z

Y

X® (Y ®2)

dX,yez

Xo(Y®Z) > (XeY)oZ

ax,y ®1

(X®Y)®Z

AX®Y,Z

! (6
X0 eoZ) S (XeY)eZ
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commutes for all X|Y,Z € Ob(C). We call this the coherence condition for quanti-

zations.

The composition of two quantizations ¢; and ¢s is a quantization and the inverse

g~ ! of a quantization ¢ is a quantization.

2.2 Braidings

A braiding [18] of a monoidal category C is a natural isomorphism

o : ®—=QKoT

o = oxy: XY —-Y®LX,

X,Y € Ob(C), which preserves the unit and associativity such that the following

diagrams

XY 9Z) 2 (X0Y)9Z XY ®Z) — (XoY)®Z

1®o o o o®1

Y Y Y
X®((ZY) ZR(X®Y), (YRZ)eX YoX)oZ
« [} al=h =Y

oc®1

Y Y 1® Y
Xeo2)oY 225 (ZoX)oY Yo(ZoX) —% Yo (X®Z)

commute. This is the coherence condition on braidings.

The braiding o is a symmetry if

Oy X °0yv,z = Id,

(3)

and a monoidal category equipped with such is called symmetric. We shall work only

with symmetries.
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When the associativity constraint is trivial, the coherence condition gives what we
call the bihomomorphism conditions for any braiding o

(cxz®1)o(1®oyz) = oxgv.z, (i)
(1®oxz)o(oxy ®1)

OX,YQZ> (11)

X,Y,Z € Obj (C).

The trivial braiding is the twist, 7: X Y - Y ® X.

Any braiding composed with the twist, 700, is a quantization since the coherence
condition for quantizations then is satisfied.

Quantizations act on the set of braidings as follows

(0a)xy = q;}X 00Xy OgX)Y;

and o, is also a braiding.

2.3 Algebras

Let A be an algebra in a monoidal category C' with multiplication
H:AQA— A

and unit 9 : e — A.
Given a braiding o we say that A is o-commutative or o-symmetric, [16], [12], if

fp=poo.

Note that when the associativity constraint is trivial, the bihomomorphism conditions
for the o-commutativity of algebras is

po(p®l)o(os.®1)o(1®0y.) = poosy.o(u®l), (4)
o (1@ H) 0 (18 040.)0 (00 ®1) = Ho0s,.0(18 ), (5)
for z,y,z € A.

Given a quantization ¢ we define a quantization A, of the algebra A as the same
object A equipped with a new multiplication

Pg=pogaa: A®A— A

Ay = (A,uq, 77) is an algebra.
If an algebra A in a monoidal category is o-commutative, then it’s quantization
A, is o-commutative [17].

2.4 Modules

Let (A, i) be an algebra in a monoidal category C. Let E be a left A-module with
action
V:A®E—E

in a monoidal category. If not stated otherwise, assume that all modules are left
modules.



MONOIDAL CATEGORIES 17

By a quantization E; of the A-module I/ we mean the same object E equipped
with a new action

I/é:I/quA7E:A®E—>E.

E, = (E, Vé) is also a left A-module in C.
Let A be a o-symmetric algebra and E be an A-A-bimodule. Given a braiding o
we say that E is o-commutative if V! = v" 004 p and V" = vl o o 4 [16], that is,

l

ARE 2+ X

o = (6)

E®A—2 .+ X

and

l/"'

E®A X

o = (7)
l/l

AQE X

commutes. If ¢ is a symmetry then an A-module F is left o-commutative if and only
if it is right o-commutative, that is (6) and (7) implies each other. This means that
when o is a symmetry we need only to consider left modules, not bimodules.

When the associativity constraint is trivial, the bihomomorphism conditions for
any the o-commutativity of modules is

MoM®1l)o(c®1)o(1®o) = Mooco(M®1), (8)
Mo(l®M)o(l®o)o(o®1l) = Mooo(1® M), (9)

where M is p, v'or v", depending on the triplet of A and E.
For any A-A-bimodule E the o-symmetric part is

E,={z€EV (a®@x)=1v"00ap(a®x),v (z®a)=vioopa(z®a),Vac A}.
The quantization of a right A-module E with the action
vV E®QA—E,
is done by giving F the new action
veo=v'oqra:E®A—E.

A quantization of a A-A-bimodule is the same object E equipped with two new

actions E, = (E, 1/51, 1/2). E, is an Ay — Ag-bimodule in C.

E is o-commutative, then E; is 04,-commutative;

v oA E = sz = VZO(O'q)A7E

. r_ 1
and similarly vy = v 0 (0q) g 4-
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Let E, be the symmetric part of the A-A-bimodule FE. Consider the quotient
bimodule E/E, = EY and define Eas the preimage of (E/E,), with respect
to the canonical projection E — E/E,. Proceeding, we get a filtration of E by
bimodules E((,i),i =-1,0,1,... E,(;_l) = 0. We call the bimodule

E; =UE{

a differential approximation of the A-A-bimodule E.

2.5 Coalgebras

Let A be a coalgebra in C with comultiplication A : A — A® A and counit ¢ : A — e.
A is o-cocommutative if
A=c"1oA.

Define a quantization Ay of the coalgebra A as the same object A equipped with
a new comultiplication defined by

Aq:qZ}AOA:A%A(@A.

Ay = (A, Ay €) is a coalgebra.

2.6 Bialgebras

Let A be an algebra in C. Then the tensor square A ® A can be considered as an
algebra with multiplication

pP=(pop)o(leoel).

Let A be a coalgebra in C. Then the tensor square A ® A can be considered as a
coalgebra with comultiplication

A’ =(1®0®1)0c AR A.

A o-bialgebra (A, p, A) in a monoidal category C' is an algebra (A, u) and a coal-
gebra (A, A) such that the diagonal

A (A p) — (A® A, p3?)
and counit are algebra morphisms and the multiplication

pi (A0 A,A%) - (4,A)
and unit are coalgebra morphisms.

The quantization A, = (A, g Aq) is a bialgebra in C| [16].

2.7 Internal homomorphisms

For a closed monoidal category C' and any two objects X and Y in C there is the inter-
nal homomorphism bifunctor hom and the internal homomorphism object hom (X,Y"),

hom: X ® Y — hom (X,Y)
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together with the composition
p" - hom (Y, Z) ® hom (X,Y) — hom (X, Z),

g fr—gof=gxf

The collection of internal homomorphisms is an ”algebra” with respect to .
If C is equipped with a braiding o, then the composition of internal homomor-

phisms is called o-symmetric if
p'=ptoo.

The morphism
evxy thom(X, V)@ X =Y

is called the evaluation map if any morphism f : X ® Z — Y can be represented by
the composition

f=evxyo (f@idx)
for a unique morphism f : Z — hom (X,Y). That is
Mor (Z,hom (X,Y)) 2 Mor (Z® X,Y).
The evaluation map also can be considered as a result of the multiplication .,

evxy (f®@x)=f(x)=f=*ux,

z € X, f €hom (X,Y).

Given a quantization ¢, define a quantization of the internal homomorphisms to
be a quantization as an algebra and we equip the internal homomorphisms with a
new multiplication. Namely a quantization is a natural isomorphism

Qg :hom (X,Y) — hom (X,Y)

defined by
Qq(f)xx=fxqx
for all f € hom (X,Y) and = € hom (1, X), where
f 9= 1" (qhom(x.y) hom(v.z) (f ©9)) = MZ (f®g).

For any quantization we have

Qq(f)xQq(f) = Qu(f*q9), (10)
Qq(z) = = (11)

3 Braided Lie structure of internal homomorphisms

We shall describe the module structure and braided Lie algebra structure of the
internal homomorphisms. We describe the same for the quantizations of the internal
homomorphisms.
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3.1 Module structure of hom (E, £’)

Let o be a braiding in a monoidal category C.

Let A be a o-commutative algebra, let E and E’ be left A-modules and let
hom (E, E’) be the set of internal homomorphisms.

The set hom (E, E’), is an A-A-bimodule with the left and right multiplications
defined by

acA zeFE.
Proposition 1 Let o be a symmetry and E and E’ be o-commutative A-A-modules.
Then hom (E, E') is o-commutative as a module, that is, the diagrams

l
A® hom(X,Y) 2 hom(X,Y)

r

hom(X,Y)® A 2> hom(X,Y)

and .
hom(X,Y)® A Z> hom(X,Y)
o = (13)
i
A® hom(X,Y) — hom(X,Y)
commute.

Proof. Write the actions as

e’UE7E/O(I/l®1) = le,o(1®evE)E/):A®h0m(E,E’)®E—>E’,

evgpro(V ®1) = evE,ErO(1®vfg):hom(E,E')@A@E%E'.
Then

V(@@ f)(z) = vpo(l®epr)@®fou)

= Vg ooo(l®evpp)(a® fRx)
evp.p o (1®vp)o(1®o)o(0®1)(e® f®x)
evp o (1@vh)o(c®1)(a® f®x)

= Vo UA,hom(E,E’) (a ® f) (Z‘) ’
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and

V(f®a)(z) = evEyE/o(l(X)va)(f@a@x)
e o (1000 (120) (f®a®a)
= vpo(evpp ®1)o(1®0)(f®a®)
v ooo(evpp ®1)o(1®@0)(fRa® )
v o(l1®evpp)o(c®@1)o(1®0)o(1®0)(f®a®x)
Vig o (1®evp p)o(c®1)(f®a®a)

= vioo(fwa) (),

a€ A, fehom(E,E),z€E. n

3.2 Braided commutators and Lie structure of hom (F, E)

Let o be a braiding, A be an o-symmetric algebra and E be a left o-symmetric
A-module. Consider hom (E, E).

Definition 2 Define the o-bracket or o-commutator of hom (E, E)
¢y : hom (E, E) ® hom (E, E) — hom (E, E)

by
o =[] =p"—p oo

Proposition 3 Let o be a symmetry. The o-bracket satisfies the conditions,

cco(Wel)avfeg = (Vo(l®e,)—Volvprp®l)oo)(a®f®yg),
coo(leav)(feavg) = (Vo(l®cy)o(o®@1l)+volevpr®l)) (fRa®g),

a€A, f,g€hom(E,E).

Proof.
CUO(VZ®1) = Mho(ul®1)—uh000(yl®1)
= vo(lep")—po(l@r)o(c®l)o(l®oa)
= Vo(lap")—pto( ®@l)o(c@l)o(l®0)
—vto(lepu")o(c®l)o(c®l)o(1®0)

= 1/l0(1®uh)—uhOUO(l/l@l)—ul0(1®uh)0(1®0)
= Vo(l®c,)—to(evgp®1)oo,

and

coo(levt) = pro(l@v)—plooo(1er))
= Mho(yr®1)—|—ylo(1®,uh)o(0®1)
—Vlo(1®ﬂh)o(1®a)o(0®1)
= Vo(evpp®1)+vlo(1®c¢,)o(c®1).
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Proposition 4 The o-bracket is o-invariant,

phoco(co®1)=p"o(1®cy)o(c®1)o(1®0).

Proof.
phoco(c,®1) = phogo((u—puloo)®1)
= ploco(W®@l)—ptooo(p®1)o(c®l),
and
ho(1 ®c,,) (c®1)o(1®o0)

pto (1

pro(le (' —ploag))o(cel)o(leo)
pro(tep)olcel)o(lea)—p'o(leu")o(l®o)o(cl)o(l1®0)
pro(p"e@l)o(cel)o(leo)—p"o(p" @1)o(c@1)o(l®a)
,uhoao(u ®1)—,u oao(uh®1)o(0®1).

|

Proposition 5 Let o be a symmetry. The o-commutator satisfies skew o-symmetricity,
that is, the diagram

hom (X, X) ® hom(X, X) Lo, hom(X, X)

hom(X, X) ® hom(X, X) —% hom(X, X)

commutes, equivalently

Co = —Cx OO0.
Proof.
cooo(fog) = poo(fog)—ptoooo(feyg)
= poo(feg) —p(foy)
= _CU(f®g)7

fyg€hom (E,E). m

Proposition 6 Leto be a symmetry. Then hom (E, E) equipped with the o-commutator
satisfies the o-Jacobi identity,

0(1®¢cy)=cr0(ce®1)+cr0(1®cy)o(c®@1).

Proof. The Jacobi identity applied to three elements in hom (F, E) is satisfied when

o(1®c¢y)
= po(leu") (a)
—ulo(leut)o(l®o) (b)
—pooo (1@ uh) (c)
+uhoao(1®,uh)0(1®0) (d)
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is equal to

o 0(Ce®1)+cr0(1R®cy)o(c®1)

= wo(u®l) (e)
o (Wt ®@1)o(c®1) (f)
—p"ooo (u 1) (2)
—|—Mhoao(uh®1)o oc®1) (h)
o (18 4) o (0 1) 0
—pto(l@u")o(l®a)o(c®1) §))
—pltooo(lap")o(cml) (k)
' oognpo(l@p")o(1@a)o(c®1), )
which is the case since
(@) = ()
pro(leut)=p"o (W @1),
8) = (b):
ho(l@;ﬂ)o(l@a) = ,uhoao(1®ph)o(0®1)
= ho(1®uh)o(1®0)o(0®1)o(0®1),
(c)=();
Wrooo (1o uh) = o (1o uh) o (leo)o (0o 1),
(@ =(h);

,uhocro(1®,uh)o(1®a):uhoao(uh®1)o(a®1)

"o(leou")o(l®o)o(c®l)o(l®o0)
=ulto(u®@1)o(c@l)o(l®o)o(c@l),

,uho(Mh®1)o(a®1):uho(l®uh)o(a®1),

phrooco (W @l)=poco(lep")o(l®as)o(c®l),
since
Mhoao(uh®l) :uho(ﬂh®1)o(a®1)o(1®o’)7
and
prooco(l@p")o(l®@o)o(c@l)=p"o(leu")o(l®o)o(c®@1)o(l®o)o(c®1).

This is shown by using the identities (4), (5) and the fact that, o satisfies the Yang-
Baxter equation,

(1®o)o(c®1l)o(l®o)=(c®1)o(l1®0c)o(c®1).
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Remark 7 In the proof of the propositions 5 and 6 we can assume that the internal
homomorphisms are equipped with the o-commutative composition " = p oo instead
of using the fact that o is a symmetry.

Definition 8 A o-Lie algebra is an algebra equipped with a skew o-symmetric o-
commutator that is o-invariant and satisfies the o-Jacobi identity.

This is the definition of braided Lie algebras as introduced by D. Gurevich, [4].
By the propositions 4, 5 and 6 we have proved the following.

Theorem 9 Let o be a symmetry and an algebra A and a left A-module E be o-
symmetric. Then hom (E, E) is a o-Lie algebra.

3.3 Quantization of hom (E, E)

We will define the quantization of the internal homomorphisms and describe the
structure on the set of all such, also within the original internal homomorphisms.

Definition 10 Given a quantization q and f € hom (E, E), its quantization is defined
by
def
fo(2) = Qq(f) (2) = evppoq(f@a), (15)

r € F.

It is easy to see that @, (f) is an internal homomorphism of the quantized A4-
module E,.

Let f and ¢ be internal homomorphisms. The quantization of composition of
internal homomorphisms is

frqg=ni(f®g). (16)

The collection of all Qq (f), f € hom (E, E), equipped with the quantization of
the composition is denoted by hom? (E,, E,).

By proposition 1 is hom? (E,, E,) a o4-symmetric module if E is a o-symmetric
A-A-bimodule.

By theorem 9, if o is a symmetry is hom? (E,, E,) a o4-Lie algebra with respect
to the o4 — g-bracket (or simply o4-bracket when it is clear that the multiplication or
composition is the quantized multiplication).

Let v be a braiding and p any quantization. Define the v — p-bracket on internal
homomorphisms,

b == =1} = py — py o7 (17)
Lemma 11 The o, — g-bracket satisfies
g, =Cs0q.
Proof.

o=y —pgoog=py—ptogoglocog=plog—oopog=c,0q.
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The inverse of the quantization of f € hom? (E,, E,) is denoted by

Q;l (f) = fe
and is called the dequantization of f.

Lemma 12 The composition of internal homomorphisms satisfies

fc *qgc:(fog)cv (18)
f.g € hom? (E,, E;).
Proof.

ferqge(@) = Q7N (f) % Qr" (9) ()
= evE7qu710(1®evE,E)o(1®q71)o(q®1)(f®g®x)
evgpoq o (u®1)o (g7 ®@1)o(g®l)(f®g® )
Q' (fog) (x)
= (fog).,

|
Note,
Ge = a,

for a € A,.
The set of all Q' (f), f € hom? (Ey, E,), is equipped with the bracket cd, and
the A-module structure
axgfo=voqla®f.), (19)

a € A.

The dequantization of a internal homomorphism operates on A in the classical
manner, but satisfies somewhat different properties than the classical, as the following
theorem states. (See also [14])

Theorem 13 Let o be a symmetry. The o4-Lie algebra structure of hom? (Ey, E,)
can be realized within the classical, hom (E, E), by dequantization as follows.
Let f,g € hom? (Ey, Ey), a € Aq. Then linearity is

(f+9)e=fetge, (i)
A-module structure,
(CLOf)C:a*qfc, (ii)
and the braided commutator satisfies
Qq oo, =c3,0(Q ' ®Q,"). (iii)

Proof. (i):
Q' (F+9 =07 (N+Q" (9.
(#4): By lemma 12,

ac*qfc:a*qfc:(aof)c'
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(iii):

Q1 (1), Q. (9] (x)

= evppoq 'o(l®evpp)o(l1®g ) o(gel)(fRg® )
—evppoq to(l®evpp)o (1®g ) o(gel)o(ca®1)(f®g®x)

= evppoq 'o(W®@1l)o(¢7'®1)o(q®1)(fRg®)
—evppoq lo(W®1l)o(¢'®1)o(ge1)o(0,®1)(f®g® 1)

= Q' ([f,91") (x),

z€E, f,gchom? (E,,E,;). m

4 Braided derivations in monoidal categories

Let C be a monoidal category equipped with a braiding o.
Let A be a o-symmetric algebra in C' with the multiplication u, and F and E’ be
A-A-modules.
Denote by hom, (F,E’) = (hom (E, E’)), the o-symmetric part of the A — A-
bimodule hom (E, E’). The modules
(hom (E, E')\) = Dif f7 (E, E')

ag

are called the braided or o-differential operators, see [16].

4.1 Braided derivations of algebras
With an additional condition we define o-derivations of algebras.

Definition 14 Define o-derivations or braided derivations of A with values in a A-
A-bimodule E as

Der” (E) = {f € Dif f{ (A, E)|f (1) = 0}.

An internal homomorphism f : A — FE is a o-derivation if and only if f : A —
E, C E and f satisfies the braided or o-Leibniz rule, [17],

evapo(l@p)(f©a®b) (20)
= (VTO(GUA,E(@I)—FI/O(1®€UA7E)O(O'®1)) (fea®b),

evapo(l®@u)o(o®l)(a® fRb) (21)
= (VlO(1®evA1E)+1/T0(evA,E®1)O(U®1)) (a® fRDb).
If the braiding is a symmetry, then the two Leibniz rules implies each other.

From now on, assume that every braiding o is a symmetry. We can then assume
E is a left A-module.
Proposition 15 Der? (E) has a left A-module structure defined by
W (a®) (b)Y Vo1 evar) (a®d®b) =ad (b)), (22)

0 € Der? (E), a,b € A, vVl is the action of A on E.
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Proof. We need to show that v/, (9) is a o-derivation, that is satisfies the o-Leibniz
rule, and using the o-Leibniz rule for 9,

Vlo(1®yl)o(1®evAA®1)
0 (be) = B E ' oORb
ad (be) (+VIEO(1®VIE)(1®1®60E,E)0(1®U®1)>(a® RbRc),

a,b,c € A, 0 € Der? (E), and

vho(levh)o(l®@evaa®l)+vho(1@vh) (1®1l®evpp)o(l®o®1l)

= I/IEO(Z/SE®1)0(1®6’UA,A®1)
+vlo((poo)®@1)o(1®1®evpp)o(l1®o®1)

= vVho(evaa®l)o(V@1®1)
+rlgo(1@vh)o(l@l®evpp)o(c®l®l)o(l1®o®1)

= Vho(evaa®l)o(V®1®1)

+rpo(l®evpp)o(ler®l)o(c@l®l)o(l®o®l),
and the condition,
Va®d) (1) =ad (1) =0,

is satisfied. m
If we consider Dif f{ (A, E) and not Der? (E) then there is a right A-module
structure.

Proposition 16 Dif f7 (A, E) has in addition to the left A-module structure defined
by (22), a right A-module structure defined by

VP 0@a) (b)Y evapo(lep) (@®amb)=0a(ab),
0e€ Difff (AE) , a,be A.
Proof. The o-Leibniz rule for da is,

vpo(evap®1)o (W ®1®1)
+rl o (1®evap)o(dpapy®@1)o (" ®1®1)

8a(bc)( )(3®a®b®c). (23)

Using the o-Leibniz rule for 9,

da(be) = evapo(l@u)o(l®1®@u)(0Ra®bc)
= evapo(l@p)eo(l®ou®l)(@®a®b®c)

( vipo(evap®1l)o(l®@p®1l)
+rho(1®evap)o(c®@1)o(1®@u®1)

>(3®a®b®c),
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a,b,c€ A, 0 € Dif f{ (A, E), we see that (23) is satisfied as

vVgo(l®evap)o(c@l)o(1@u®1)

bo(l@evap)o(l®@v®@l)o(l®o®l)o(c®l®]l)
o(1

(
= Vho(l®v)o(l®l®evap)o(l®o®@1)o(c®@1®]l)
!

= vV

vpo(p®l)o(l1®1l®evag)o(l®o®l)o(c@1®1)
vho(ue1)o(e@1)o(1®1®evap)o(l®o®1)o(c®@1®1)
vVpo(l®@evap)o(p®1l®1)o(c@1l)o(l®o®1)o(c®@1®1)
lo( ®evap)o(c®l)o(V@1l®1)o(c®1®1)
o( Revap)o(c®@1)o(®1®1)o(c®@1®1)o(c®@1®1)
= o(l®evap)o(c®@l)o( ®@1®1).

]
For the rest of the paper, consider the o-derivations of a o-symmetric algebra A
with values in A, denoted by
Der? (A).

Proposition 17 The o-commutator of two o-derivations of A is a o-derivation of
A,
¢o : Der? (A) ® Der? (A) — Der? (A).

Proof. The o-Leibniz rule is satisfied for the o-commutator of two o-derivations,
Co (01 ©8s) (ab) = " (01 ©8s) (ab) — p" 0 0 (91 @ Ba) (ab)

Co (01 ®D2) (@) b+ po(l1®@eva ) (o(cy (01 ®D2) ®a)®b),

a,b € A, 01,05 € Der? (A), as we see,

evaao(1®evan)o(1@1®p) —evaao(l@evaa)o(c®1®1)o(1®1®p)
=evga0(l®@p)o(l1®@evaa®1l)+evaao(1l@p)o(l®1®evan)o(l1®o®1)
—evga0(1@p)o(l®evaga®1l)o(c®@1®1)
—evaa0(1l@p)o(l®l®evaa)o(l1®o®1)o(c®@1®1)
=po(evaa®l)o(l1®@evaa®@1)+po(l®evaa)o(c®@1)o(l®evsas®1)
+po(evaa®l)o(l1®1®evas)o(l®o®1)
tuo(l®evaa)o(l®1®evaa)o(c®@1®@1)o(1®o®1)
—po(evga®1)o(l1®Revaa®1)o(c®@1®1)
—po(l®@evga)o(c®@1)o(l®evaa®1)o(c®@1®1)
—po(evaa®1)o(1®1Qevaa)o(l1®o®1l)o(cR®1®1)
—po(l®evaa)o(1®1®evaa)o(0®1®1)o(l®c®1)o(c®1®1)
=po(evaa®1)o(c, ®1@1)+po(l®evaa)o(c@1)o (W ®1®1)
—po(l®evga)o(c®@1)o(ph®@1®1)o(c®@1®1)

=po(evaa®1l)o(ce ®1®@1)+po(l®evaa)o(c®@1)o(c, ®1®1).

Furthermore,

Co (01 ® 8y) (1) = p" (01 ® B2) (1) — p" 0.0 (81 © D) (1) = 0.

o (
o (
o (
o (
o (
o (

Corollary 18 Let the braiding o be a symmetry. Then Der® (A) equipped with the
o-commutator is a o-Lie algebra.
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4.2 Braided derivations of modules

Let A be a o-symmetric algebra and let E be a o-symmetric A-module.

Definition 19 An operator 0 : E — E is said to be a o-derivation of E over 04 €
Der? (A) if 8 satisfy the o-Leibniz rule with respect to 94

d(ax) =0 (@) +vzo(1®evaa)o(o®1)(0®a®1), (24)
v €FE,ac A and v, is the action of A on E.

The pair (9,04) is called a o-derivation of E over A. (We could also call this pair
a 0-D-module, [13].)

The morphism 7 : (9,04) — 04 we call the projection from the o-derivations of
E over A to the o-derivations of A.

The set of o-derivations of F over A is denoted by Der(®4) (E).

Proposition 20 Der(®4) (E) has a left A-module structure defined by

yfl(a)(ac) = VlEo(1®evE)E)(a®8®x):aﬁ(x),
0 € Der(>A) (E), ac A, x € E.

Proof. Just repeat the proof of proposition 15. =
If we consider Dif f¢ (F, E) and not Der(®4) (E) then there is a right A-module
structure.

Proposition 21 Dif f7 (E, E) has in addition a right A-module structure defined by

vy (0) (x) =4 evgpo(1® V%) (0®a®zx)=0(ax),

oeDifff (E,E),a€ A, x € E.
Proof. Just repeat the proof of proposition 16. m
Proposition 22 The o-commutator of two (o, A)-derivations of E is a (o, A)-derivation
of E,
o : Der®A (E) @ Der@4 (E) — Der@4 (E).

Proof. Simply repeat the proof of proposition 17. m

Corollary 23 Let the braiding o be a symmetry. Then the (o, A)-derivations of E
equipped with the o-commutator is a o-Lie algebra.

We get the following sequence of o-symmetric left A-modules and o-Lie algebras

0 — hom (E, E) — Der>4) (E) 5 Der® (A).
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4.3 Quantization of braided derivations of algebras

Consider derivations of a o-symmetric algebra A.

Definition 24 Given a quantization q and O € Der? (A) define the quantization of
0 by
Qq(0)(a) =evanoq(d®a),

ae€A.

Sometimes we use the notation 9, = Q, (9).
Qq (0) is an operator of the quantized algebra A,. Denote by Der?e (A,) the set
of all Q, (9), 0 € Der? (A), equipped with the quantized composition.

Theorem 25 Given a braiding o, let o4 be the quantization of o. The operator

Qu i (Der”(4),co) — (Der®s (4,),¢4, ), (25)
0 € Der?(A)r— Qq(0) € Der?e (Ay),

is an isomorphism of modules between the o-derivations of A and the o4-derivations

of Aq

Proof. We need to show that the o,-Leibniz rule is satisfied

Qq (0) (a*ygb) = Qq(9)(a) ¥gb+ps0qo(1®evan)o(l1®q)o(o;®1)(d®a®b)

eva,a0(1®py)oqo(l®q)

= (a0 (0an® 1) +pz0 (1@ evan)o(o®1)oqo(1®g)
= (pao(evaa®1)+pyo(l®evaa)o(c®l))ogo(g®l)
(Hgogo(evaa®1l)+p 0(l®evaa)ogo(c®1))o(qgel)
:(MAoqo(eUAyA®1)—|—,quqo(1®evAA (1®q) o(q 1®1) U®1))o(q®l)
=pyg0qo(evaa®l)o(qg®l)+ps0oqo(l®evan)o(l®qg)o(og®1)

where

dagDere(4),B © (Tpere(a),4 @ 1) = (0pere(a),a @ 1) 0 qpers (a0 a,B

by naturality.
Note that the o4-Leibniz rule is satisfied for the o4,-commutator of two o4-derivations
which follows from proposition 22. m
By proposition 1 is Der?e (A,) a o,-symmetric module and by theorem 9 a o,-Lie
algebra with respect to the o, — g-bracket.
o

By theorem 13 the o4-Lie algebra structure of (Der"q (Ag) cqq) can be realized
within the classical one by dequantization.
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4.4 FEvaluations and commutators

For both o- and o4-derivations, evaluating a derivation of some element corresponds
to taking the braided bracket of the derivation and that element.

Proposition 26 Let A be o-commutative algebra, O € Der® (A) and a € A. Then
d(a)=c, (0®a).

Let
0y = Qq (0.) € Der?e (A,)

and a € Ay. Then
Oq (a) = . (Og®a).

Proof. Let 0 € Der? (A) and a € A,b € A. The o-Leibniz rule is
0(ab) =0(a)b+po(l®evga)o(c®1) (00 aDb)

and since
O0(ab) =evaa0 (¥ ®1)(0®a®b),

when we consider 9 simply as an internal homomorphism, and
po(l®evaa)o(0®1)(0®a®b)=evaaso(V®1)o(c®@1)(0®@a®b),
clearly, by rearranging the Leibniz rule we get
d(a)=c, (0®a).
Let 0 € Der® (A). By the o4-Leibniz rule we have
eva,a0 (1@ p)(Qq(0)®a®b)
= (po(evaa®l)+po(l®evaa)o(c®1))(0®@a®b).
Since
evaao(1®p)(Qq(0)®a®b) =evaao (¥ ®1)(Qq(0)®a®b)

and
po(l®evga)o(c®1)=evg o0 (ul®1) o(oc®1),
clearly, by rearranging, the evaluation of Q4 (0) on a € A, is
evaa(Qe0)®a) = (ur —o O’) (Qq(0) ®a)
3, (Qq(0)®a).
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4.5 Quantization of braided derivations of modules

Consider derivations of a o-symmetric algebra A and a o-symmetric A-module F.
Let (8,04) € Der®4) (E).

Definition 27 Given a quantization q, define the quantization of (0,04) by
Qq(0)(z) = evancq(@®x),
x € FE. If x € A, then this is the quantization of 04 defined in section 4.3.

Qq (0) is an operator of the quantized module E;. Denote by Der(7a:44) (Ey) the
set of all Q4 (9), 0 € Der(@4) (E), equipped with the quantized composition.

Theorem 28 Given a braiding o, let o4 be the quantization of o. The operator
Q, (Der(”’A) (B), cg) — (Der(”‘“A‘Z) (Ey), cgq) , (26)
d € Der™? (E)— Qg () € Der@e4d) (E,),

is an isomorphism of modules between the o-derivations of E over A and the o,4-
derivations of E4 over Ag.

By proposition 1 is Der(7a4a) (Ey) a o4-symmetric module and by theorem 9 a
o4-Lie algebra with respect to the o, — g-bracket.

By theorem 13 the o-Lie algebra of the structure of (Der("q’Aq) (Eq), cZ ) can be

) Tq

realized within the classical one by dequantization.

5 Braided connections and curvatures
Let o be a symmetry, A be a o-symmetric algebra and F a o-commutative A-module.
Definition 29 A o-connection in E is a A-module homomorphism V

V : Der? (A) — Der®4) (E),

such that
moV = Id.

Definition 30 A o-connection V is flat if it is a o-Lie algebra homomorphism, that
18,

Voc, =c,0(VRV).
Definition 31 In general, define the o-curvature of V to be
Ky : Der? (A) ® Der? (A) — hom (E, E),

Ky =c,0(V®V)—Voc,.
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Theorem 32 The o-curvature Kv is a o-homomorphism of E, that is,
evppo (Ky@v)=vlio(l®evpp)o(c®l)o(Ky®1®1),
which maps Der? (A) ® Der? (A) @ AQ E to E, and it is skew o-symmetric,
Ky =—-Kyoo.
Furthermore Kv satisfies

Kvo(yl®1) = oKy,
Kvo(l®yl) VoKyo(o®1).

Proof. (i): Note that
evg, o (Kv ® ul) =evgpo(1® I/l) o(Ky®1®1).

Then
€VE | © (Kv®1/l) =vo(l®evpp)o(c®1)o(Ky®1®1)

if and only if

evppo (l®v) =vlo(l®evpp)o(c®1) :hom(E,E)® A® E — E.

By proposition 1 and by the symmetry of o,

33

(iii)
(iv)

v o (1 ® evp, /) o (Thom(p,m),4 ® 1) = evp pro (1 ®vl) :hom (E,E')® AQE — E’

for o-commutative A-modules F and E’.
(ii):
—Kyoo = —¢,0(V@®V)oog+Voc,00
—cs000(VRV)+Voc,00
= ¢o(Ve@V)=Voc,
= Ky,

by proposition 5.
(iii):

Kyo (V' ®1)

CUO(V®V)O(V1®1)7VOCJO(Z/I®1)
= CUO(Vl®1)0(1®v®V)—VOCUO(l/l@l)

= Vo(1®c,)o(1@VaV)—vo(evaa®@1)ooo(1@VeV)

—Vorlo(1®cy)+Vorlo(evaa®@1)oa
= Vo(l®c,)o(1@VeV)-ro(l®V)o(l®c,)

= oKy,
if and only if

vo(evaa®1)ooo(1®@VR@V)=Voro(evas®1)oa,
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which clearly is satisfied.
(iv):
Kvo(1®y) o(VeV)o (1®1/l)—Vocgo(1®yl)
= o(l® )o(v®1®v) Voc,o (1@
= Vo(1®c,)o(0®1)o(VR1aV)+violevaa®1)o(VR1aV)
~Vorlo(1®cy)o(oc@1)—Vorio(evaa®1)
= Vo(1®c)o(1®VAV)o(o@1)—v'o(1®@V)o(1®cs)o(c®1)
= VlOKvO(O‘®1).
Note that
o(Ve1l)=(1®V)oco
by the naturality of braidings. m

5.1 Quantization of braided connections and curvatures

Let V be a o-connection in E. Then the quantization of V,
Qq (V) =V, : Der® (A,) — Der@a44) (B,).

is defined by
def

QuoVoQ," (27)

that is, the following diagram commutes
\Y
Der@ A (E) «—— Der°(A)

Qq Qq

\Y
Der@o4d(E)) <L Der®a(A,)
Proposition 33 The quantization V, is a o4-connection in E,.

Proof. Clearly,
oV, =1d,
as
Tq :quon;I.
]
Let V4 be a o,-connection in E,. Then the o, — g-curvature of V, (or simply

og4-curvature when it is clear that the multiplication or composition is the quantized
multiplication),

Kg i Der? (Aq) -0, Der? (Ag) — Enda, (E,),

is defined by
K%q = cgq 0 (Vqg®Vy) = Vgo ng-

Let us state the properties of the o, — g-curvature.
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Theorem 34 The o, — g-curvature is a o,-homomorphism, that is,

evg o (K%q ® I/é) =vio(l®evgp)o(og®1)0 (K%q ®1® 1) , (i)
which maps Der?e (A,) ® Der®e (A,) @ Aq ® E, to E,, and is skew o4-symmetric,
K% =K% oo, (ii)
Furthermore K%q satisfies
KL o(h®1) = vho (1 ® K%q) , (iii)
Ky o(l@vy) = vyoKg o(og@1), (iv)

Va € A.
Proof. (i): See the proof of (i) of theorem 32.
(ii):
K8 = o o(V,8V,)—V,od,
= _ng oqu(Vq®Vq)+qucgq 00q

= —Ky, o0,

Ky, o (vy@1)
= ¢ o(Va@Vy)o(ri®l)=Veodl o(v,o1)
= cgqo(yé®1)o(1®v ®Vy) =V, ocgqo(yg®l)
= Véo(l@df,) 1eV, ®V)—V o(evaa®1)oo,0(l1®@V,®V,)
—V ov o<1®cq )—i—quyf]o(evA’A@l)oaq
= l/flo(1®cgq)O(1®Vq®vq)—1/20(l®vq)o(1®cgq)
— Véo(l@K%q)
if and only if,
ygo(evA7A®1)oaqo(1®Vq®Vq):quyéo(evA,A(X)l)oaq,
which clearly is satisfied. (iv):
KE, o (1804) =, o (V,8 V) o (1614) ~ Vot o (154)
= yéo(l@c%) (0,@1)0(1®V, ®V)+VéO(EUA,A®1)O(1®vq®Vq)
—V,ov 0(1®cq)0( 1) = Vgovho(evaa®1)
é (1®cgq>o(0q®1)o(1®vq®vq)—vqoy o(l@cq >o(0q®1)
= fIOKq o(og®1).

|
We have the following condition for the braided curvature of dequantizations of
braided derivations.
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Theorem 35 The o4-curvature of the connection V, defined by

Ky, =c¢s,0(Vq®Vy) = V400, (28)

q

and the o4 — q-curvature K& of the o-connection V of E defined by

K& =ct o(VEV)-Voc, (29)
are related as follows,
Q' o Kv, = K30 (Q,' ®Q,"). (30)
Proof. Proof of (30):
Ky, = ¢,0(Vq®Vy) —=V40c,,

= Qqoct o (Q1®Q. ") o ((QoVeQ;") @ (QuoVoQ,))
~QqoVoQ, oQuock o (Q' ®Q,")

— qucgqo(v(@V)O(Q;l@Q;l)*quvocgqo(Q;I(g)Q;l)

= QuoK{o(Q' ®Q.").

6 Braided differential operators

We shall see how the picture is for braided differential operators.

6.1 Braided differential operators in algebras

Let o be a braiding and A be a o-symmetric algebra.
Recall that the module

(hom (A, A))¥ = Dif f7 (A, A)

is called the braided or o-differential operators in A order at most k.
An equivalent and more familiar way to define a o-differential operator of order
at most k is the linear map

f:A— A

such that

o0(1®cs)o0|1l1® - RLlR¢c | (@W®a1®@ - @ar®f)=0 (31)
k

Vag,...,ar € A. Denote by Dif f7 (A, A) the set of o-differential operators of order
at most k. Note,

feDifff (A, A) ¢ (f@a) € Dif fi_1 (A, A),Va € A.

Let Dif f7 (A, A) = UDif fZ (A, A).
From [15] we have the following two results.
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Proposition 36 The o-commutator of two o-differential operators:
feDiff] (A,A) and g € Dif f7 (A, A)
s a o-differential operator of order at most i+ j — 1,
co (f®g) € Diffl;_1(AA).
The next result also follows from theorem 9.

Corollary 37 Ifo is a symmetry and an algebra A is o-symmetric then Dif f (A, A)
1$ a o-Lie algebra.

Proposition 38 There is an A — A-module structure on Dif f7 (A, A) defined by
() = v f)b)=af @), (32)
() = v'(f®a)(b)=f(ad), (33)
ab € A f € Diff*(AA), and v (a® f), v (f®a) € Diffg(AA), for | €
Diff7 (A, A).
Proof. Let
ol =1l1® - ®lecele -l |,
————— ——————
i1 (k+3)—(i+1)

than the left action on a braided differential operator again is a braided differential
operator,

oo0(1®cy)o0[1® - ®1®cy | 0 19 @19
k k+1

= Coo[l® @10 |o|lo -1 ((V+evasoa)o(1er)))
k—1 k

= (¢,0---0 1®---®1®((VlO(,u@l)+/LO(1®61}A’A)O(1®O’))O(O‘®1))
k

= (¢,0-:-0 1®®1®Vl o 1®®1®CU o 1®®1®0—®1
SN—— SN——— N——
k k+1 k

_ ylo(1®cg)0--~0 1@ ®01Qc, 001,20,..Ook+1,k+2
N—_———

k+1
= O7
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when applied to ag ® a1 @ -+ ® ax @ b ® f, and also the right action on a braided
differential operator again is a braided differential operator,

;o0(l®cy)o0|1® - R1QRc¢c, |o|l® - @1xv"
k k+1

= ¢,0-0[1®---®1R¢c, | 0 1®"'®1®((I/l+€UA7AOO')O(1®I/T))
k—1 k

= (¢,0---0 1®"‘®1®(VTO(I/l®].)+€UA,AO(1®N)O(1®U)O(O—®1))
k

= 00 |1® - R1IRV |o[l® - Q1QRc, ®1
S—— —
k k

= Vo(ee®1l)o-0|1l® ®1Rc, ®1
——
k

when applied to ag ® a1 ® - ®ar ® f ®b, ag,...,ax, b€ A, f € Diff7 (A, A). m
Consider the symbol of the differential operators which is the leading part with
respect to derivatives,

Smbli (A, A) = Dif f (A, A) [Dif f{_, (A, A),
then we have the Z-graded object
Smbl? (A, A) =) Smbif (A, A).

The class of [f,g]” € Diff7 ;1 (A, A),

[f, 97 € Smbl7,; | (A, A),

depends on the class of the two o-differential operators f € Diff7 (A, A) and g €
Diff7 (A, A), hence there is a o-Poisson structure on the braided symbol algebra,

[15].
6.2 Braided differential operators in modules

Let o be a braiding, A be a o-symmetric algebra and let E be a o-symmetric A-
module.

Definition 39 The module

(hom (B, B) = Dif f{ (B, E)

[ea

is called the braided or o-differential operators in order at most k of E.
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Denote the o-differential operators of order at most & in E by Diff,ga’A) (E,E)
and we consider Dif f("4) (B, E) = UDiff,iU’A) (E,E).
From [15] we have the following two results.

Proposition 40 The o-commutator of two o-differential operators
feDiff"V(E,E) and g € Diff"" (B, E),

18 given by
o . O',A
[f7g] GDfoZ(+] )(E7E)a

and so has order at most i + j.

Corollary 41 If o is a symmetry and an algebra A and a left A-module E are o-
symmetric then Dif f° (E, E) is a o-Lie algebra.

We consider the A — A-module structure on Dif f7 (E, E).

Proposition 42 There is an A — A-module structure on Dif f° (E, E) defined by
() = V(e f)(x)=af(2),

() = V' (f®a)(z)=f(az),

ac€ A, xeFE, feDiff°(E,E).

Proof. The proof is the same as for proposition 38. m
Consider the symbol of the differential operators which is the leading part with
respect to derivatives,

Smbli; (E,E) = Dif ff (E,E) /Dif fi_, (E, E),
then we have the Z-graded object
Smbl’ (E,E) =>_ Smblf (E,E).

The class of [f,g]” € Diff{ ; (E, E),

[f,9]” € Smblg,; (E,E),

depends on the class of the two o-differential operators f € Diff? (E,E) and g €
Dif f7 (E, E), hence there is a o-Poisson structure on the braided symbol algebra.

6.3 Quantizations of braided differential operators in algebras
We can define quantization of o-differential operators in algebras. Let A be a o-

commutative algebra.

Definition 43 Given a quantization q and f € Dif f7 (A, A) define the quantization
of f by s
Qq (f) (a) = fq(a) = evaacq(f®a),

a € A.
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Qq (f) is an operator of the quantized algebra A,. From [14] we have the following
theorem.

Theorem 44 Given a braiding o, let o4 be the quantization of o. The operator

Qu + (Diff7 (A, A),cq) = (Dif f7¢ (Ag, Ag) 4, ). (34)
fe Diff?(AA) — Qq(f) € Diff7e (Aq, Aq),
s an isomorphism of modules.

The symbol of Qg is an isomorphism of modules

SmbL(Qq) + (Smbl” (A, 4) ¢5) — (Smbi%s (A, Ag) 4 ). (35)
f e Smbl? (A, A) — Smbl (Qq) (f) € Smble (Aq, Ay) .

By proposition 38 is Dif f%¢ (A4, Aq) & 04-symmetric module. By corollary 37, if
o is a symmetry then Dif ¢ (A, Ay) is a 04-Lie algebra with respect to the o, — ¢-

bracket and the quantized composition. Furthermore there is a o4-Poisson structure
on the quantized braided symbol algebra Smbi%« (A4, Ag).

By theorem 13 the o,4-Lie algebra structure of (Diff"q (Aq,Aq),cgq> can be

realized within the classical one by dequantization.

6.4 Quantizations of braided differential operators in modules

Let A be a o-symmetric algebra and let E be a o-symmetric A-module.

Definition 45 Given a quantization q and f € Dif ("4 (E, E) define the quanti-
zation of f by
def
Qq (f) () = [y (2) = evppoq(f@a),

re k.
Qq (f) is an operator of the quantized module Ej.

Theorem 46 Given a braiding o, let o4 be the quantization of o. The operator

Q, + (DiffON (B, E) ;) = (Dif f04) (B, By) b, ). (36)
fo€ Diff@N(E E)— Qqu(f) € Dif fOr4) (B, E,),

s an isomorphism of modules.
The symbol of Qg is an isomorphism of modules

Smbl (Qg) - (Smbl(“’A) (E,E),ca)ﬂ(Smbl("q’A‘Z) (Eq,Eq),cgq), (37)
f e Smbl'Y (B, E) —s Smbl(Q,) (f) € Smbll+44) (B, E,).

Proof. The isomorphism as o-differential operators and o-symbols is shown in [14].
]

By proposition 42 is Dif f(7e44) (E,, E,) a 0,-symmetric module. By corollary
41, if ¢ is a symmetry then Dif f(@a4q) (Eq, Ey) is a o4-Lie algebra with respect to
the o4 — g-bracket and the quantized composition. Furthermore there is a o4-Poisson
structure on the quantized braided symbol algebra, Smbl(7¢:4q) (Eq, Ey).

By theorem 13 the o4-Lie algebra structure of (Diff(‘TQ’Aq) (Eq, Ey), cqq) can be

o

realized within the classical one by dequantization.
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