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THE PROBABILITY OF A SUCCESSFUL ALLOCATION
OF BALL GROUPS BY BOXES

ABSTRACT. Let p = pn,, be the probability of a successful allocation
of n groups of distinguishable balls in N boxes in equiprobable scheme
for group allocation of balls with the following assumption: each group
contains m balls and each box contains not more than ¢ balls from
a same group. If ¢ = 1, then we easily calculate p and observe that

_m(m-—1)
p—e 2 O‘Oasn7N—>oosuchthata:%—>a0<oo.Inthecase

2 < g we also find an explicit formula for the probability and prove that
p— lasn,N — oo such that a = £ < o/ < 0.

1. INTRODUCTION

Many papers are devoted with problems of the allocation theory (see,
for instance, Weiss (1958), Bekéssy (1963, 1964), the monograph by
Kolchin, Sevast’yanov, Chistyakov (1978) and references therein, Vatutin
and Mikhajlov (1982)). In this paper we intend to study some open prob-
lems related to known results by A.N.Timashev. Namely, in the paper by
Timashev (2000) the allocation theory with a restriction for the number
of balls in boxes is developed. We will study a more general case when
there is a restriction for balls from a same group.

More precisely, we consider the following situation. Let n be the num-
ber of ball groups and let N be the number of boxes in equiprobable
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scheme for group allocation of distinguishable balls. We suppose that
each ball group contains m balls. Denote by B,(n, N,m) the following
event: each box contains not more than q balls from a same ball group,
1 < g < m. The aim of this paper is to find the probability p of the
event B,(n, N,m) and its asymptotic behavior as n, N — oo such that
a =% — agp. We will obtain some explicit formulas for the probability

N

and prove that
1-— C,

where C' is a constant dependent on m and ¢ only.

p< —_
Na-1

2. THE MAIN RESULTS

The number of allocations of the i-th group is equal to N™. The
number of allocations of the i-th group such that each box contains not
more than ¢ balls equals

m!
My (N, q) = > AR
L4-+ily=m
0<h,....In<q
Therefore the probability of the event such that for the allocation of i-th
group in each box it appears not more than ¢ balls

My(N, q) - My (N,q)\"
pi:T and p:gpi:(T .

If ¢ > m then it is clear that M,,(N,q) = N™ and, consequently, p = 1.
In particular, if m =1 or m = ¢ = 2, then p = 1.
Therefore, we only have to consider the case when m > 2 and ¢ < m—1.

Theorem 1. Ifm >2 and 1 < qg<m —1, then

where \
e mz—:l 1 (14 5+ .. %)N—l)
- p— Nv-1 dzv _0'
Moreover N
where
o 172
¢!~ (v —q)!
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Proof. We will use the representation of M,,(N,q) as a Cauchy inte-
gral (see Timashev (2000), formula (4)):

N
! (1+%+...£)
My(N,q) = 2= 74 Tl g

27 zm+l
C

where C' is a positively oriented circle with center at the point z = 0.
Therefore, we obtain

[ m e
p= omi 7{ Nmzm—l-ldz )
C

where .
fz) =1+ % . %
Denote V()
m z
a(m,N,q) = |
It is clear that
a(m,N,¢)\ "
= ()
Since
/ Zq
f'(z) = f(z) - R

by mathematical induction on m, we obtain

a(m, N, q) = N I ()

dzm—1 0
dm=1 N (2) N d™ (20 fN1(2))
e N - - -7 _ —
dzm—1 0 ¢ dzm—1 0

m—1
oam 1 mey A (20N 71(2))
— N™ _ 7 ; N o

Denoting

m—1
L @)
A= ; Nv-1 dz"

we have (1).
Obviously, A > 0. Moreover, for all N,v,q € N, v > ¢ we obtain
d” (29 fN=1(2)) d(z9eN=132) (N — 1) 1!
dzv o dz" o (w=q!
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From this it follows that

0< A
Z:; (v—g! NI N‘”Z (v—q)!
Consequently,
ANY A a

This completes the proof of Theorem 1.

Theorem 2. Suppose that m > 2 and 1 < g <m —1.
(i) If ¢ = 1, then

(Y

_m(m—1)

p—e 2

and

n
* as n, N — oo such that N %

(i) If 2 < qg <m —1, then
p—>1asn,N—>oosuchthata=%§a'<oo.

Proof. (i) We easily have M,,(N,1) = N(N —1)...(N—=m+1) and

_(NN-1 N-m+1\"

1\" 2\" m—1\"
1—— 1——] ... (1——
(%) (%) (-
Therefore, if n, N — oo such that § — ay, then one has

__m(m-1)

—(142+-+m-1)ag _ e

p—e ao,

In the case 2 < ¢ < m—1 we have x=C — 0 as n, N — oo such that
a < . By (2) this implies (ii).
The proof of Theorem 2 is complete.

3. SOME REMARKS

Let ¢ = 3 and ny, Ni, k € N be natural numbers with the properties:
Nip < Nit1, kB € N, and ng, Ny — oo as k — oo such that ay, =
;‘,—’; < o/ < co. Suppose that the events Bz(ng, Vi) are defined on the
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same probability space (2, A,P). Using (2) with ¢ = 3, from (1) with
D = PN,n, We obtain

k=1 k= k=1
— N, < < 00
6 k=1 ' 6 v=3 (v =3)! k=1 Ni

Therefore for almost all sequences of allocations into Ny boxes of ny
groups containing m balls there exists kg € N dependent on w €  such
that for all k¥ > kg and for each allocation each box contains not more
than 3 balls from a same group.

In the case ¢ = 1 this is not true. The case ¢ = 2 presents an open
problem.
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