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ABSTRACT. For the monoidal category of graded modules we find
braidings and quantizations. We use them to find quantizations of
braided symmetric algebras and modules, braided derivations, braided
connections, curvatures and differential operators.

1. INTRODUCTION

We consider quantizations ¢, braidings ¢ and quantizations of braidings
o, of the monoidal category of graded modules. The grading is by a finite
commutative monoid. We work with braidings that are symmetries, in
fact, in this category are all braidings symmetries.

We consider o-symmetric graded algebras A, graded modules, graded
co- and bialgebras and graded internal homomorphisms and find quanti-
zations of these.

We have found explicit descriptions of all quantizations and braidings
in the monoidal category of modules graded by a finite commutative
monoid and they depend only on the grading, [8].

That is, first of all we have found explicit formulas for o-symmetric
graded algebras A, graded modules, graded co- and bialgebras, graded
internal homomorphisms, braided derivations, braided connections and
curvature. Then we have found explicit formulas for quantizations of
these structures.

From [9] we have the following results. Graded internal homomor-
phisms has a graded braided Lie structure with respect to the braided
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commutator. Quantizations of the graded internal homomorphisms has
the quantized braided Lie structure and can be realized within the orig-
inal braided Lie structure by what we call dequantization. We shall go
through this in details for graded braided derivations.

We investigate graded braided derivations in o-symmetric graded al-
gebras and modules. The braided bracket of two braided derivations is
a braided derivation. We show that there is a braided Lie structure on
the braided derivations.

A quantization the braided derivations provides an isomorphism of
the graded modules of braided derivations and quantized braided deriva-
tions. We also show that the quantizations of braided derivations has
the braided Lie structure with respect to the quantizations of the braid-
ing which can be realized within the original braided Lie structure by
dequantization.

We define braided connections in graded modules and braided curva-
tures. We prove that the braided curvature is A-linear, skew o-symmetric
and is an A-module homomorphism.

We find quantizations of braided connections and braided curvatures.
The quantization of the braided curvature is A-linear, skew o ,-symmetric
and an A-module homomorphism with respect to the quantized braiding.

Finally we consider braided differential operators, their symbols and
quantizations of these. Because of the Z-grading of the braided symbols
we can extend the notion of braiding and quantization of these to include
the Z-grading.

This paper is the second in a trilogy.

The results here are all proved for any monoidal category, except for
when grading is explicitly involved. That is, we have shown that all the
results here also are true for braided derivations of algebras and modules,
braided connections, braided curvature, quantizations and so on of any
monoidal category. This is found in the first paper Quantizations of
braided derivations. 1. Monoidal categories, [9].

In [8] we showed that the Fourier transform establishes an isomorphism
between the categories of Gf-graded modules and G-modules where G is
a finite abelian group and G is the dual of G. Using this we find a
description of all quantizations and braiding also for the monoidal cate-
gory of modules with action by . Again, we have a complete and ex-
plicit description for braided derivations of algebras and modules, braided
connections, curvature, differential operators and quantizations of these
structures. This is to be found in the third paper Quantizations of braided
derivations. 3. Modules with action by a group, [10].
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There are many interesting applications of these results. One of the
more interesting applications is quantizations of braided Lie algebras.
In the paper [11], which is to be published, we show quantizations of
semisimple Lie algebras by quantizations of derivations, for example an
alternative quantization of s[5 (C). To find this quantization we use the
fact that sl (C) is graded by Z and consider the exterior algebra, hence
there is a Z x Z-grading which gives nontrivial quantizers.

Note that in all three papers we assume that the associativity con-
straint is trivial.

As noted, most of the proofs are found for general monoidal categories
in [9], but almost all proofs will be repeated for clarity.

2. GRADED MODULES

Let M be a finite commutative monoid. Let R be a commutative ring
with unit.

Denote by modg (M) the strict monoidal category [19] of M-graded
R-modules,

X = DmenXm-

Denote the grading of a homogeneous element x € X either by |z| € M,
or write z,,, m € M. Throughout the paper is everything stated in terms
of homogeneous elements.

The arrows of modg (M) are grading preserving morphisms.

The tensor product X ®r X’ of two objects in modg (M) is defined,

(X Qr X )i = @igj=m(X; @r X).

Quantizations and braidings of this category is described in [12] and
[8]. Recall that any quantization of the monoidal category modg (M) is
realized by a 2-cocycle q € Z*? (M, U (R)),

¢ j)q (L +k)q(i+g kg (G.k) =1, (1)
1,7,k € M. When we factor out the trivial quantizations we are left
with H? (M,U (R)). For homogeneous elements z € X, y € Y in the
M-graded modules X and Y a quantization has the form
q:z@y—q(z),[y))z@y.
Note that quantizations preserve associativity constraints.

Any braiding in modg (M) is realized by ¢ : M x M — U (R) which

is a bihomomorphism,
o(i+j,k) = o(i,k)o(j k),
o(i,j+k) = o(i,j)olik),
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and a symmetry,
o(i,7)o(j,1) =1,
1,7,k € M. For homogeneous elements z € X, y € Y in the M-graded
modules X and Y a braiding has the form
o:x@yr—o(lz],y))y @

Any braiding ¢ is also a 2-cocycle gives a quantization when composed
with the twist, 7 o o.
A quantization by ¢ of a braiding o is

Uq (Zaj) = q_l (],Z)U(Z,])Q(Z,j),
1,5 € M.
2.1. Quantizations of graded algebras. An algebra A in modg (M)
is called an M -graded R-algebra and is equipped with multiplication

AR A— A

which maps A; ® A; to A+, 1,5 € M.
Given a quantization ¢, a quantization of an algebra A in modg (M)
is a new multiplication p, defined as follows

Hq (@@ D) = axqb=q(lal,|0]) ab

where a,b € A are homogeneous and the multiplication on the right hand
side is the old multiplication.
Let o be a braiding and let A be a o-commutative algebra in modg (M),

ab = o (|al, [b]) ba

for all homogeneous a,b € A
Let ¢ be a quantization and o, be the quantized braiding. Let A be a
o-commutative algebra in modg (M). Then A, is o,-commutative,

ax,b=0,(lal,|b])b*,a
for homogeneous a,b € A,.
2.2. Quantizations of graded modules. An A-module E in modg (M)
is called a (left) M-graded A-module and is equipped with an action
v:A®FE — FE

which maps A; ® E; to Ei4j, ¢,7 € M and similarly for right modules.
For the category modg (M) a quantization of a left, respectively right,

A-module E is

a+' z=q(la|2])az,
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respectively
z " a = q(|z],]a]) za,
for homogeneous a € A, x € E.
A A-A-bimodule E is o-symmetric if
ar = o (la],|z])za,
za = o(|z|,|a])azx,
for homogeneous a € A, x € F.
Note that since the braidings are symmetries will left o-symmetric A-
module structure imply right o-symmetric structure, hence we need only
to consider left A-modules.

Let E and E’ be two o-symmetric A-A-bimodules and £ ® E’ be their
tensor product. Define the action of A on £ ® FE’,

a(z®2) = ar@a2 +o(a],|z])r®ar,

(z@2)a = z@2a+o (2| |a])ra® 2,

for homogeneous a € A, x € E, 2’ € I/, and F ® E’ is o-symmetric.

2.3. Quantizations of graded coalgebras. A coalgebra A with co-
multiplication A : A — A ® A in the monoidal category modg (M) is
called an M -graded R-coalgebra. The comultiplication A maps

An— D Ai®A;
i+j=m

Let o be a braiding and let A be a o-cocommutative coalgebra in
modg (M), that is,

A= > dea’= > o7 la")2" @2 =0 oA (2)
|2 [+|2"|=|z| |2 +|2"|=|z|

for homogeneous z, 2/, 2" € A.
A quantization of a coalgebra A in modg (M) is equipping A, = A
with a new comultiplication A,, defined by

Ag(z) = qily Yo dead”

|2 |+|2"|=|z|

_ Z q—l (‘ﬁl‘, ‘$//|) 2 ® SL’//,

|2 |+|2"|=|z|

for homogeneous z, 2, 2" € A.
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If A is o-cocommutative, then A, is o,-cocommutative. The o,-co-
commutativity is

/ no__ -1 " /
E T Qqx" =0, g T Q¢

o=l o=l
= > a2 Do (2L 12" gt (2] 12" gt (12", J2']) " @
1o =l

= > o L") () ") " @ 2,

|2 |+|2"|=|z|

for homogeneous z’, 2" € A,. The comultiplication in the two last lines
is the comultiplication of A.

2.4. Quantizations of graded internal homomorphisms. The cat-
egory modg (M) is a closed, that is internal homomorphism hom (X, Y)
exists for all objects X, Y.

Remark 1. If M = G s rather a group than a monoid, then for any
two objects X andY in modg (G) there exist a grading on hom (X,Y") as
f € hom (X,Y), which maps X; toY;, is given the grading j —i € G and
the internal homomorphisms can be considered as objects in modg (G).

A quantization g, of all hom is a new multiplication defined by
11l = 11" © Ghom(v,z) hom(x,y) : hom (Y, Z) ® hom (X,Y’) — hom (X, Z)

and

gxq f=qllgl;|fl)go f,

frqgw=q(fl|=]) £,

for homogeneous f, g and z of grading |f|, |¢|, |z| € G.

From [9] we have the following results. Internal homomorphisms of a o-
symmetric graded module E over a o-symmetric algebra A, hom (E, E),
has a braided Lie structure with respect to the braided commutator,

L7 =ut—p oo

Quantizations of the internal homomorphisms has the quantized braided
Lie structure and can be realized within the original braided Lie structure
by what we call dequantization. We shall go through this in details for
braided derivations in the next section.
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3. BRAIDED DERIVATIONS IN GRADED ALGEBRAS

In this section we shall discuss braided derivations in o-commutative
graded algebras and quantizations of these.

By remark 1, let from now on M = G be a finite abelian group.

Let R be a field, o be a braiding in the monoidal category of G-graded
modules and A be a G-graded o-commutative R-algebra.

Definition 2. A o-derivation of A of degree |0| € G is an R-linear
operator 0 : A — A such that

0: Ay — Agija,
g € G, that satisfies the o-Leibniz rule,
9 (ab) = 9 (a) b+ (|0],]al) ad (b), (2)
where a,b € A are homogeneous and a is of grading |a| € G.

The set of o-derivations of degree k is denoted by Der{ (A) and the
set of all o-derivations by Der? (A).
A left A-module structure on Der? (A) is defined by

(ad) (b) = a(9(b)),
for homogeneous a,b € A, 0 € Derfy, (A), and
CL& € De'f’ﬁl‘_i_'a‘ (A) .

Definition 3. A o-commutator (or o-bracket) on homogeneous elements
01,00 € Der? (A) of degree |01| and |0y respectively, is defined by

[01, 82]0 = 8102 — 0 (|81|, |02|) 0281.

Proposition 4. The o-commutator of two o-derivations is a o-derivation
of the combined degree,

[81, 82]0 c D67’|081|+‘a2| (A) s
01, 82 € Der? (A)
Proof. The o-commutator of two derivations satisfies the o-Leibniz rule,

([01,,]") (ab) = [0, Ba]” (@) b+ o (|01] + 12l [a]) a [y, 8] (b)),
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for homogeneous 01,0, € Der? (A), a,b € A, which is easily proved,
101, 05]° (ab) = 0,05 (ab) — o (D4, D) Budy (ab)
= 01 (02 (a) b+ 0 (|0a], |al) adz ()
— 0 (01],02]) 92 (01 (a) b+ o (|04], |a]) a0y (b))
= 0102 (a) b+ o (|01, 0| + |a]) D2 (a) D1 ()
+ 0 (1921, al) 01 (a) 0> (b) + o (|01], |a]) o (|0a], |a]) ad1 05 (b)
— 0 (01],02]) 0201 (a) b — o (01|, |02]) o (02|, |On] + [a]) D1 (a) D2 (b)
— o (0], [02]) o (|01], |al) O (a) O (b)
— 0 (01],10:) o (|01], |al) o (|0s], a]) ad20: (b)
= 010y (a) b+ o (|Oh] + |02, |a]) ad102 (b)
— 0 (01],105)) 9201 () b — 0 (01],[0a]) o (|O1] + (2], |al) ad201 (D)
= [01,02]" () b+ o (|O1] + |e], [a]) @[04, 0o]” (b) -
|
Proposition 5. The o-bracket satisfies the conditions,
[a01, )" = a0, 05]” — o (|a] + |01],]02]) D2 (a) O, (3)
[01,a00]" = o (|0, |al) a[Or,05]” + 01 (a) Os, (4)
Ya € A.
Proof.
[0, 0o]” (b) = a0105 (b) — o (|a] 4 |01], D) D2 (ady) (D)
= ad105 (b) — o (|a| + (01, |92]) (92 (a) 91 (b) + o (|2], |a]) ad201 (b))
= (a[0,3]” — o (la] + |01],]0s]) O (a) O1) (D) ,
(01, a0,]” (b) = 01 (adk) (b) — o (|01], |a] + |Da[) adx01 (b)
=01 (a) 92 (b) + o (|01}, |a]) ad1 02 (b) — o (|0h], |a| + |02]) ad201 (b)
c= (o (|01],]al) a[01,0a]" + 01 (a) O2) (b) -
|

The braided derivations is a braided Lie algebra as defined in [5].

Theorem 6. Der? (A) is a G-graded o-Lie algebra with respect to the
o-bracket, that is, the following properties are satisfied,

[Der? (A), Der? (A)]” C Der? (A), (i)

[Derf (A), Der? (A)]° C Derf,; (A), (i)
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i,J € G, skew o-symmetricity,
[01,0]7 = =0 (01,02 02, &1, (i)
the o-Jacobi identity for derivations,
(01,102, 05]°17 = [[01, 0], 05]” + 0 (|04],|9:) [0z, [01, 05]7)7, (i)
for 01,04, 05 € Der? (A) of degree |01], |02, |05| respectively.
Proof. Let’s do the proof for skew o-symmetricity,
[01,3]7 = 010, — 0 (01],|0:]) 0201
= 0 (01],102) 0201 — 0 (04],105)) & (|02} |61]) D201
= —0(01],10:) [0, 01]" .
|

3.1. Quantizations of braided derivations in graded algebras. Let
A be a o-commutative G-graded algebra. Given a quantization ¢ and an
operator 0 : A — A of degree |J| define it’s quantization

def

g (a) = Qq (9) (a) = q(|9],]al) 0 (a), (5)
for homogeneous a € A,

(), (0) is an operator of the quantized M-graded algebra A,.
The quantization of composition is

01 %4 Oy = q(|01|,]02|) 01 0 Da. (6)

Denote by Der? (A,) set set of all @, (9), 0 € Der? (A), equipped with
the quantization of the composition.

Theorem 7. Given a braiding o, let o, be the quantization of o. The
operator

Q, + (Der (A),[=,—I") = (Der®s (A,) [~ -I") . (7)
9 € Derpy(A)— Q,(0) € Derrgl‘ (A,) .

is an isomorphism of modules between the o-derivations of A and the
o,-derivations of A,.

Proof. The o,-Leibniz rule is satisfied
Qq (9) (axgb) = q(lal,|0]) ¢ (2], [a] +[b]) O (ab)

¢ (191, lal) ¢ ([0 + lal, [b]) (9 (a) b+ (|0], |a]) ad (b))
Qq (9) (a %4 b) = Qq(9)(a) %4 b+ 04 (|0];]al) ax, Qq (9) (b)
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where
Qq (0) (a) *4 b
= q (|91, lal) ¢ (19] +[al, [6]) 9 (a) boy (|9], |a]) a x, @y (9) (b)
=q " (lal,10]) o (9], ]al) ¢ (19, a]) a %, Q4 (9) (b)
=q"" (lal,[0]) o (0], ]al) ¢ (19, ]al) ¢ (|al, 0] + [b]) ¢ (2], [b1) a0 (b)
= q([91,lal) ¢ (19] +[al, [6]) o (|0], |al) ad (b) .
The o,-commutator of two derivations satisfies the o,-Leibniz rule,

(01, 0a]g" (ab) = Oy xq 0 (ab) — a4 (0], |02)) B *q O (ab)

= (01 %4 02) (a) b+ q (|01, |De]) og (|01], |02] + |a]) D2 (a) D1 ()
+q(|0:],101]) 04 (10s], [al) 01 (a) 02 (b)
+ 04 (|01 +|02], al) adi *4 O (b) — 04 (01], 02 Do 4 O1 (a) b
—q(|0s],[01]) o (011, 02]) o4 (|02, |On] + [al) O1 (a) Oa (b)
—q(|0n],|%2]) a4 (O] |02]) oq (101, |a]) D2 (a) O (D)
— 04 (O], 102]) o (|01] + |02], |al) ada x4 O1 (b)

= (01 %4 O02) (a) b+ a4 (|01 + |02, |a]) a (01 %, 02) (b)
— 04 (01],102) (02 %4 01) (a) b
— 04 (01],10;) 74 (|01] + 182, [al) @ (82 % 1) (b)
= [01,02]"" (a) b+ 0 (|01] + |8al |al) a [Br, Ba]”* (D),
for homogeneous 0, 0y € Der?e (A,). 1
Der?a (A,) is a 0,-symmetric A,-module,
00, BT = a0y, B — oy (lal + 01, 10D B (@) 01, (8)
01, 088]7 = o, (1041, al) @[04, 82177 + 0 (a) B, 9)
for homogeneous 0y, 0 € Der? (4,), a € A,.

Furthermore, Der?e (A,) is a 0,-Lie algebra with respect to the (o,—q)-

bracket, [—, —]77.

Let g1, g2 and ¢ be quantizations, then
Qarge = Qg © Qg

and
qul = Qq_l

The inverse of the quantization of an operator 0 of A, is denoted by

Q' (0) =0..
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As an object, (4,), = A, = A.
Proposition 8. The composition satisfies

(O1). #q (82), = (010 Ba)., (10)
for graded operators 0, and 0, on A,.

Proof.
Q7' (1) % Q7' (9:) (a)
=q(|01],12]) 7" (101].10s] + lal) a~" (|2, |a]) 9102 (a)
= q " (|01] +10:], |a]) D105 (a) = Qq_l (0100,) (a),
for homogeneous a € A,. 1
Let v be any braiding and p any quantization. Define the y—p -bracket,
[_7 _];7
on operators, for which the composition between the operators is *,,
00,0217 = Oy 02— (1], 15]) By 0. (1)
Proposition 9. Let 0, € Derfy  (A), 9; € Derfy, (A), then
([01,02]7"), = [(O1),.. (D) J 7" -
Proof.
[81, 82]Zq = 01 *q 82 —O0yq (|01|, |02|) 02 *q 81
= q(|01],[02]) 010
—q 7 (|02, 101]) o (1011, |8a]) g (1011, [D21) 4 (102l |01]) 201
= q(|01],102]) [01, 6n]" .
|

Definition 10. Define dequantization of Der® (A,) as the inverse of the
set of all Q;l (0), 0 € Der? (A,), equipped with the [—, —]Z‘Z bracket and
the A-module structure

a*q 0 = q(lal,10]) ad, (12)
for homogeneous 0 € Der? (Ay) and a € A

The dequantization of the braided derivations operates on A in the
classical manner, but satisfies somewhat different properties than the
classical, as the following theorem states.
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Theorem 11. The braided Lie algebra structure of Der?e (A,) can be
realized within the classical, Der? (A), by dequantization.

For homogeneous elements 01,0, € Der?e (A,), a € A,, the following
linearity is satisfied,

(01 + ), = (0), + (Ba)., (i)
A-module structure,
(aodh),=ax,(01),, (ii)
and for the commutator,
([01,02]7"), = [(O1),., (D) J 7" - (iii)

Proof. (1):
Q, (01 +8y) =Q, (01) + @, (0s),
(71), A-module structure: By proposition 8,
Qe *q (81)0 =a *q (81)0 = (CL © 81)07
(14i), o,-bracket:
Q7" ([01,8)7") (a) = ¢~ (|01] + 1821, |a]) (8102 — 04 (|01],105]) B201) (a)
is equal to

(D), (32) )7 = a7 (1011, 10a] +lal) ¢~ (1021, |al) g (101],|D2]) 2105 ()
— ¢ (1021, 101] + lal) ¢~ (104], lal) g (102], |011) o (1011, |02]) D201 (a)
=q " (|0 + 102, lal) =" (104],102]) 4 (|4, 182]) 9105 (a)
— ¢ (|0u] + 102/, lal) ¢~ (1021, 101]) ¢ (102], 01]) 7 (1041 [02]) 0201 (a)
= ¢ ([01] +10a], |a]) (0102 — 04 (|04],|02]) 8201) (a) ,
for homogeneous a € A,, 01,05 € Der? (A,). 1
3.2. Evaluations and commutators. For both o- and o,-derivations,

evaluating a derivation of some element corresponds to taking the braided
bracket of the derivation and that element.

Proposition 12. Let A be o-commutative algebra and 0 € Derfy (A),
a € Ayg. Then the evaluation of 0. on homogeneous a € A is

9 (a) = 10,d]" .

Let
0y € Derps (4,) .
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Then the evaluation of the derivation on some homogeneous a € (Aq)‘a|
is equal to taking the o, — q-bracket of 9, and a,

9y (a) = [0y, a];" .
Proof. Let 0 € Derfy (A) and a € Ajg,b € Ap. By the o-Leibniz rule
9 (ab) = 9 (a) b+ 0o (|0],al) ad (b),
and clearly, by rearranging,

d(a) =1[0,a]” = da — o (|9), |al) ad.

For proof of the second half of the proposition let 9, € Derr;‘ (A,) and
a € Ay, b € Ap|. By the o-Leibniz rule

9y (ab) = 9y (a) % b+ a4 (0], |al) a x4 9y (),
and by rearranging,

0y (a) = [0y, a]]" = 0y xqg a — 04 (|0],]a]) a x4 0,

q

4. BRAIDED DERIVATIONS IN GRADED MODULES

Let R be a field, o be a braiding in the monoidal category of graded
modules; A be a G-graded o-commutative R-algebra and E a G-graded
o-symmetric A-module. Let

Oy : A— A
be a G-graded o-derivation of A.

Definition 13. An operator of E, 0 : E — FE is said to be a graded
o-derivation over 04 of degree |0| € G if O is R-linear,

0:Ey — Egq),

geG
0] =104l

and satisfy the o-Leibniz rule with respect to Oy,
9 (ax) = 0a(a) x + 0 (|9],]a]) ad (z)

for homogeneous x € E and a € A.
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The pair (0, 04) is called a o-derivation of E over A.

The morphism 7 : (9,04) — 04 we call the projection from the o-
derivations of E over A to the o-derivations of A.

The set of all o-derivations of E over A of degree g € GG is denoted by
Derl (E) and the set of all o-derivations of E over A (equipped with
the quantization of the composition) is denoted by Der(®4) (E).

A left A-module structure on Der™4) (E) is defined by

(ad) (b) = a (9 (z)), (13)
and

o,A
ad € Der(s), (E), (14)

for homogeneous a € A, x € E 0 € Der(U|A (E).

The o-commutator is defined as for o-derivations of A.

Proposition 14. The o-commutator of two o-derivations is a o-derivation
of the combined degree,

[81,82] c Derla H‘)|6 | (E)
for homogeneous y,0y € Der@4 (E).

Proof. The o-commutator of two derivations satisfies the o-Leibniz rule
over A,

([01,0]") (ax) = [(O1) 4, (82) 4" (@) = + & (101] + 10a], |al) a [01, o) () ,

for homogeneous a € A, which is proved as follows,

[01,32]7 (ax) = 0105 (ax) — o (01],]0a]) 201 (ax)
= (01) 4 (B2) 4 (@) z + o (0], |02] + |a) (82) 4 (a) O ()
+ 0 (|0s], |al) (91) 4 (a) D2 () + o (|04], |al]) o (|02], |a]) ad1 0> (2)
o (01],102]) (02) 4 (O1) 4 (@)
o (01],102]) o (0], |01] + |al) (01) 4 (a) D ()
o (0], 102]) o (|0n], al) (82) 4 (a) 01 (2)
o (01,102 o (|on], |al) o (|0a], |a]) ad20: (x)
= (01) 4 (02) 4 (@) x + 0 (|01] + 05/, |a]) ad1 s (z)
— 0 (01],102]) (02) 4 (01) 4 (@) x — & (01],[0a) o (|01] + |2l |al) @020 (2)
= [(01) 4+ (92) 4" (@) x + & (|O1] + |2], |al) a[01, Bo]” ().
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Proposition 15. The o-bracket satisfies

[&81,82]0 = a [01,82]0 — 0 (|a| + |01|, |02|)02 (CI,) 01, (15)
[01,a82]” = 0 (|81|, |a|)a [81,02]0 + 01 (Cl) 02, (16)

for homogeneous 9y, 05 € Der@d (E) and a € A.

Theorem 16. Der@4) (E) is a G-graded o-Lie algebra with respect to
the o-bracket. That is, the following properties are satisfied,

[Der @A) (E), Der(@4) (E)r C Der@Y (E), (i)
Der™ ) (B), Der™" (B)|" € DerZ (), (i)

and [0y, 0] is a o-derivation over [(01) 4, (02) 4|7, the o-bracket is skew
o-symmetric,

01,057 = —0 (01|, |0a)) [0z, O], (ii)

and the o-Jacobi identity for derivations is satisfied,
(01,102, 05]°17 = [[01, 0], 05]” + 0 (|04], |02 [0z, [01, 05]7)7, (i)
for homogeneous 0y, 0y, 05 € Der' ™) (E).

We get the exact sequence of graded A-modules and G-graded Lie
algebras

0 — End% (E) — Der@® (E) 5 Der? (A) (17)

where End (E) is the o-symmetric (graded) endomorphisms of E over

A.

4.1. Quantizations of braided derivations in graded modules.
Let A be a o-commutative G-graded algebra and E a o-commutative

G-graded A-module
Given a quantization g and an operator

0:F—FE
of degree ||, define the quantization of 0,
9y () = Qq (9) (x) = ¢ (|0], |2]) 0 (2), (18)

r € L.

(), (0) is an operator of the quantized module E,,.

Denote by Der(@a49) (E,) set set of all Q, (9), € Der™? (E), equipped
with the quantization of the composition.
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Theorem 17. The operator Q) is an A-module isomorphism between the
o-derivations of E over A and the o,-derivations of E, over A,

Q, : (Der("’A) (E),[-,-]7) — (Der("q’AQ) (E), -, —]Zq) , (19)
o, 0q,Aq
0 € Derly™ (B) — Q,(9) € Derly™ (E,).
That is, Q. (0) satisfies the o,-Leibniz rule with respect to Qy (04)

Qq (9) (az) = Qq (9a) (@) x + 04 (|9, |al) aQy (9) (z) , (20)
for homogeneous & € Der™A (E), x € E,, a € A,.

Der(@a44) (E,) is a o,symmetric module, satisfying (8) and (9), and

is a 0,-Lie algebra with respect to the o, — g-bracket, [—, —]Zq.

Theorem 18. The Lie algebra structure of Der®«4) (E,) can be realized

within the classical, Der'™% (E), by dequantization. That is the following
1s satisfied. The linearity,

(01 + 02), = (01), + (Ba)., (i)
for homogeneous 0y, 9, € Der®e) (E,), A-module structure,
(o), =ax,(01),, (ii)
and the commutator,
([01,02]7"), = [(O1),., (D2) ] " - (iii)

for homogeneous 91,0y € Der @« (E,), a € A,.

We get the following commutative diagram exact sequences of graded
A-modules and G-graded Lie algebras

(21)
where
def 1
WqIQqOﬂ'OQq . (22)
5. BRAIDED CONNECTIONS AND CURVATURE IN GRADED MODULES

Let 01,0y € Der? (A) be homogeneous.

Definition 19. A o-connection in a o-symmetric graded module E is a
o-symmetric graded module homomorphism YV of degree 0

o o,A
V: Derfy (A) — Der‘(all ) (E)

such that
moV = Id.
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Definition 20. A o-connection V is flat if it is a o-Lie algebra homo-
morphism, that is,

V ([01,05]7) = [VO1, VL],
for all 0,,0, € Der? (A).
Definition 21. In general, define the o-curvature of V to be
Ky (01,00) = [V, V3] — V ([01,05]7).
Theorem 22. Given homogeneous 0 and 0o, the o-curvature
Ky : Der? (A) ® Der? (A) — Enda (E),

applied to O, and Oy is a o-symmetric endomorphism of E, that is,

Ky (01,02) (adh) = o (|01] + |0s], @) aKv (01, 02) (O1) , (i)

and Kv is skew o-symmetric,

Ky (01,02) = =0 (01],[02]) Kv (02, 01) - (i)
Furthermore Kv satisfies the o-symmetric A-module homomorphisms

Ke (ady, 8y) = aK (91,05, (iif)

Kv (01, a0;) = 0 (01} |a]) aKv (01, 02) , (iv)
ac A
Proof. (i):

Ky (01,0,) (ax) = [VO1, V] (ax) — V ([01, 02]7) (ax)
=[(VO) 4, (VD) 4" (@) x + o (|01] + |0, ) a [VOr, V] ()
— (V([01,02]")) 4 (a) x = o (|01] + (8], |a]) a (V ([01, 92]7)) (2)
= [01,05]° (a) x + o (|01| + |02|,a) a [VO1, V5]’ ()
— 01, 00]" (a) x = 0 (|01] + 1], |a]) a (V ([01, 02]7)) (2)
=0 (|01 +0s, @) (a[VO1, VD]" () — a (V ([0, 0]")) (2))
=0 (|01] +|0s|,a) aKvy (01, 05) (x) .

Ky (01,0;) = [V01,V0]" —V ([01,3]7)
= —0(0],|0a]) [VO2, VO] = V (=0 (01],]02) [02,1]7)
= —O'(|81|,|82DKV (82,81).
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(iii):
KV (a@l, 02) = [V (0,81) ,V@g]” — V ([a@l, 82]0)

—q ( [(VO1),V]” — o (la| + (0], |0:]) V (02) (a) V (1) )
—aV [0, 05)" + o (la] + |01, 10,]) V (9, (a) 01)

=a([(Vd),Vd]” —V[0,0]).
(iv):
Ky (O1,a0,) = [V, V (ady)]” — V ([01,ads]”)
= [V01,a(V®)]" = o (01} ]a]) V (a0, 5]
= 0 (0illal)a[VOr, (V)" +V (81) (a) V (82)
—0 (01} |a]) aV ([01,0,]") + V (01 (a) O2)
= 0 (01} |al)a([VO, V)" —V [01,05]°) .
|
5.1. Quantization of braided connections and curvature.
Definition 23. Let V be a o-connection in E. The quantization of V,
V,: Der? (A,) — Der@e49) (E,) .

s defined by
def

V, = Q,0oVo Qq_l, (23)

that is, the following diagram commutes

\Y%
Der @Y (E) «—— Der?(A)

Qq o

\%
Der@e4d(E,) +L Der?e(A,)
Hence, V, is a splitting of the lower sequence in (21).

Proposition 24. The quantization of a connection V, V., is a 04-
connection in L.

Let V, be a o,-connection in £,. Then the o, — g-curvature of V,
Kg, : Der?® (Ay) ® Der? (Ay) — Enda, (Ey),
is defined by
K3, (01,0:) = [V401, Va7 =V ([31, 52]Zq) : (24)
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Theorem 25. The o, — g-curvature satisfies
Kg (01,02) (ax) = 04 (|01| +(0s], ) aKS, (01, 05) (), (i)
and is skew o4-symmetric,
Kg, (01,02) = =0 (01],|0]) K3 (02,01) -

Furthermore, the o, — q-curvature satisfies the o,-symmetric A,-module
homomorphisms

Kg, (a0, 0y) =aKg (01, 0), (ii)
K%q (O1,a0;) =0, (01] ]al) aK%q (O, a) (iii)

a€A,.
We get the following picture for dequantizations of braided derivations.

Theorem 26. The o, — q-curvature K¢ of the o-connection V of E
defined by

KL((01),+(22),) = [V (21),, V (2).)7 = 9 ([0, (@2).]]") . (25)
and the o4-curvature of the o4-connection V, defined by
Ky, (01,05) = [V401,V405]°" — V4 ([01,0:]7) (26)
are related as follows,

(Kv, (01,02)), = K& ((0h),, (2),) (27)

01,09 € Der®a (A,). If V is flat o-connection in E with respect to the
o-curvature Ky, then is V is flat in E with respect to the o,—q-curvature
K& and V is a flat o,-connection in E, with respect to the o,-curvature

Kvy,.
Proof. Proof of (27):
Ky, (01,0)
= [V, 01, V,05]7" — V, ([01,02)7)
= [QuoVoQ, (D),Q0VoQ," (9:)]"" —QgoVoQ," ([0r,0])
= Qu (IV (0).), V (@),)17") = Qq 0V ([(@1),., (@2).]]")

)
= Q, (IV((@).), V(@) =V ((00)... 2).]]"))
= Q, (KL ((00), (22),)
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If KV (81, 82) = 0, then
Kg ((01),,(02),) = [V (9),,V ()] =V <[(01)c ,(02).]7
= q(101],102]) ([V (91),., V (82) )" = V ([(9),., (82).]7)) = 0.
|
The formula (27) means that

Ky, (01,0:) (x) = Qq(Kg (D)., (8).)) (x)

= q(|01],102]) Q¢ (Kv ((01).,(82),)) ()

= q(|01] + 102}, [z]) ¢ (|01], 102]) Kv ((01).., (02),) (2),
forxz € F.

6. APPLICATION TO 7-DENSITIES AND 7-FORMS ON R.

Consider the real line, R, and -densities on R,

0= f(x)(|dx]),
and ~-forms on R
0 = f(z)(dz)",
v € R and f is a function on R. Denote by €2, the set of all y-densities
on R.
If v = 1, then we have differential 1-forms on R, if v = —1, then we
have vector fields on R and if v = 0, then we have functions on R.
For a function on y, ¢ (y), a y-change of variable is

9 () dy — g (F () [F'|" (dz)"

if y=1F(z).

() = @,erf2y is an algebra with the multiplication

QR0 — g,
f (@) (|da))* @ g (z) (|dal)” = fg () (jdz)*".
Definition 27. Define a bracket on 2 by
[foldz|”, g,|da]"] = [f5, 9] |d |7,

where

95, 1] :79lﬁf7 _ﬁgﬁf«/p
gp € Qﬁ and f’Y c pr.

Clearly,
[€2,Q,] € Qp1y1,
since f! € Q,_; when f, € Q,.
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Proposition 28. Q) is a R-graded Lie algebra. That is,

[957 f’Y] - - [fﬁvg’Y] )

and the Jacobi identity is satisfied,

[hm [gﬁ’ f’y“ = [[ha,gﬁ] ) f’y] + [gﬁ> [how f'y]] )
ha € Q4,95 € g, f+ € €,.

Now consider a collection of n-tuples

F={vy=0---,7,)} CR",

such that for v, € I' the sum v+~ € I"and v ++' — 1, € I for all
i=1,...,n, where 1, = (0,...,1,...,0), 1 in the sth place.

For each v = (v4,...,7,) € I' consider €2, = @,.€Q,. and the I'-graded
module Qr = ©,€2,. Clearly is Qr a I'-graded Lie algebra.

Any quantization of r is given by

q(7,7") = exp (i (Py,7")),

where P is a skew symmetric n X n-matrix and the quantization of the

standard twist, 7, = ¢~! o 7 0 ¢, is realized by

¢ (V1) a(7,7) = exp (20 (Pv,7")) .

Then the quantization of Q) by ¢ is a I'-graded 7,-Lie algebra, that is,

(97, f] = —exp (2i (P, 7)) [fv%gw] )

and the Jacobi identity is satisfied,

[h'yv [g'y’v fv”]] = [[hw 9“/] ) fﬁ/”] + exp (2i (P, 7/>) [g'y’v [h'yv f'y”” )

hy €82y, 9y € Qyp, for € Q.

Note that even if I' is infinite there is no problem to extend the theory
in this paper to this case as long as there is some minimal grading ¢ such
that there is no f € Qr with grading by v <.

7. BRAIDED DIFFERENTIAL OPERATORS

We shall see how the picture is for braided differential operators. Let
G be a finite abelian group.
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7.1. Braided differential operators in graded algebras. Let A be
a o-symmetric G-graded algebra.

Define a graded o-differential operator f of degree |f| € G and order
at most k as the linear map f: A — A, such that

[ Ag— Agiip,
g € G, and
[a07[alv"‘[akvf]a'”]a]o :07 (28)
Yag,...,a; € A.

Denote by Dif f7; (A, A) the o-differential operators of order at most
k and degree i and by Dif f7 (A, A) the set of all of order at most k.

Let’s consider Dif f7 (A, A) = UDif fZ (A, A).

From [16] we have the two following results. The o-commutator of two
o-differential operators f, € Diff7 (A, A) and fo € Diff7 (A, A) is a
o-differential operator of order at most i + 7 — 1,

[fi, fol” € Difff ;-1 (A A).

and Dif f7 (A, A) is a o-Lie algebra. Furthermore, clearly,
1, £2l7 € Dif f7 v g (A A)
for homogeneous fi € Dif f7 ;| (A, A) and f, € Dif f7 1, (A, A).

Proposition 29. There is an A — A-module structure on Dif f7 (A, A)
defined by

Va® f)(b) = af(b),
v (f@a) ) = flab),

a,b € A, f € Diff?(A,A) and af, fa € Dif 7141l (A, A), for homo-
geneous f € Dif 7+ (A, A).

Proof.

lag, [a1, . .. [an, bf]7 - -]°)°

= [ag, [a, .. - [ax—1, (ax (bf ) — o (Jax], [0] + 1 f]) (Of) ax)]” - --17]"

= [ao, [a1, .. - Jag—1, (o (Jaxl, b)) (ba) f — o (lax], [b] + [f]) bf (ax))]”---17]°
= o (lal, [0]) [ao, [ar, - . - [ar—1, Dlax, I7)7---]7]°

=0 (|lag| + -+ |aol, |0]) b[ao, (a1, . .. [ax, f]7---]°]" =0
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Also the right action on a braided differential operator again is a braided
differential operator,

lag, [a1, . .. [ax, fO]7 -+ -]°)°

lao, [ax, . . - [ar—1, (ax (f0) — o (laxl, | f] + [6]) (fb) ax)]”---]7]°
lao, [ax, .- [ar—1, ((ar f) b — o (lax], [f]) f (axd))]” - ]7)°

= [ao, [ay, ... [ax—1, [ar, f]7 0] - 'ma

= [a'07[a'la"'[akaf]g"']a]ab:Oa
for homogeneous ay, . ..,ar,b € A, f € Dif f7 (A, A). 1

Consider the symbol of the differential operators which is the leading
part with respect to derivatives,

Smblj (A, A) = Dif f{ (A, A) [Dif f 1 (A, A),
then we have the Z-graded object
Smbl” (A, A) =) Smblf (A, A).

keZ

The class of [f1, fo]” € Dif f7; 1 141 (A A),

[f1, fa” € SmbIT i 4y4150) (A5 A)

depends on the class of the two homogeneous o-differential operators
fi € Dif 7, (A, A) and fo € Dif 7 1, (A, A), and there is a graded
o-Poisson structure on the braided symbol algebra.

7.2. Braided differential operators in graded modules. Let A be
a o-symmetric algebra and let E be a o-symmetric A-module.

Define a graded o-differential operator f of E of degree |f| € G and
order at most k as the linear map f : £ — E, such that

fiEy— Egyip),

g € G, and
[z, ag, - . . [ax_1, f]7--+]7]" =0, (29)

Yag,...,ar_1 € A, v € E.

Denote by Dif f7; (E, E) the o-differential operators of order at most
k and degree i, the o-differential operators in order at most k of E by
Dif £ (E, E) and we consider Dif f©4 (E, E) = UDif f"* (E, E).
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From [16] we have the two following results. The o-commutator of two
o-differential operators f; € Dif f7 (E,E) and f, € Diff{ (E, E) is a
o-differential operator of order at most i + 7,

[f1, fo]” € Dif (B E).
and Dif f (E, E) is a o-Lie algebra. Furthermore,

[f1, fo” € Dif f7 im0 (5 E),

for homogeneous fi € Dif f7\; (E, E) and f> € Dif f7|;,

Proposition 30. There is an A — A-module structure on Dif f7 (E, E)
defined by

(E,E).

V(a® f)(x) = af (z),

vi(f@a)(r) = flax),
and af, fa € Diff7 ;. (E,E), for homogeneous a € A and f €
Dif f7 (E,E).
Proof. The proof is the same as for proposition 29.

Consider the symbol of the differential operators which is the leading
part with respect to derivatives,

Smblg (E7 E) = szflg (EvE) /szflg—l (EvE) )
then we have the Z-graded object
Smbl” (E,E) =Y _ Smblf (E,E).
keZ

The class of [f1, f2]” € Dif £ 11015 (B B),

[f1, o] € SmblY; 11415 (B E)

depends on the class of the two homogeneous o-differential operators
i € Diff|, (E,E) and f, € Dif f7 (E, E), and there is a graded
o-Poisson structure on the braided symbol algebra.

7.3. Quantizations of braided differential operators in algebras.
We define quantization of o-differential operators in algebras.

Definition 31. Given a quantization q and f € Dif f}, (A, A) define the
quantization of f by

Qq (f) (a) = ¢ ([fl,al) f (a),

for homogeneous a € A. Sometimes we use the notation f, = Q, (f).
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Q, (f) is an operator of the quantized graded algebra A,. Denote
by Dif f? (A,, A,) the quantization of all o-differential operators of A
equipped with the quantization of composition.

From [15] we have the following result. Given a braiding o, let A be a
o-commutative algebra. Let o, be the quantization of o. The operator

Qu & (DIff7(A,A),[]7) = (Dif 7 (A A0, LI7") . (30)
[ € Diff7 (A, A) — Qq(f) € Dif [7* (Ag, Ay),
is an isomorphism of modules. The symbol of (), is an isomorphism of
modules

SmblL(Qg) : (Smbl (4, 4),[]7) — (Smbl™ (4, 4,) [ ]7") . (31)

q

f e Smbl7 (A, A) — SmblL(Q,) (f) € Smbl™s (A, A,) .

By proposition 29 is Dif f? (A,, A,) a o,-symmetric module and a
o,-Lie algebra with respect to the o, —¢g-bracket and the quantized com-
position.

Furthermore, there is a o,-Poisson structure on the quantized braided
symbol algebra.

The braided differential operators of A satisfy theorem 11 with Der
replaced by Dif f and the o,-Lie algebra structure of Dif f7¢ (A,, Ay)
can be realized within the classical one by dequantization.

7.4. Quantizations of braided differential operators in modules.
Let A be a o-symmetric algebra and let E be a o-symmetric A-module.

Definition 32. Let ¢ be a quantization and [ € Diff‘(ﬁ’A) (E,E) be
homogeneous. Then the quantization of f is defined by

Qq (f) (x) = ¢ ([, |]) f (2),

where x € E 1s homogeneous.

Sometimes we use the notation f;, = Q, (f).

Q, (f) is an operator of the quantized graded module E,. Denote by
Dif fleedd (B, E,) the quantization of all o-differential operators of A
equipped with the quantization of composition.

Given a braiding o, let E be a o-commutative A-module. Let o, be
the quantization of o. The operator

Qu (DI (B, B),[I°) — (Dif f ) (B, B)) L177) . (32)
f € Dif {7 (E, E) — Q, (f) € Dif 74 (Ey, ),
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is an isomorphism of modules. The symbol of (), is an isomorphism of
modules

Smbl (Qq) : (Smbl”Y (E,E),[]7) — (Smbl(”‘I’Aq) (Eq, By [, ]Zq) ,(33)
f € Smbl'”N (B, E) — Smbl (Q,) (f) € Smbl®+9) (E, E,).

This is shown in [15].

Dif floadd) (B, E,) a o,-symmetric module and a o,-Lie algebra with
respect to the o, — g-bracket and the quantized composition. Further-
more, there is a o,-Poisson structure on the quantized braided symbol
algebra, Smbl(7+49) (B, E,).

The braided differential operators of E satisfy theorem 18 with Der
replaced by Dif f so the o,-Lie algebra structure of Dif fe4d) (E,, E,)
can be realized within the classical one by dequantization.

7.5. Braided symbol and G @ Z-grading. Any G-graded differential
operator has a fibration by Z. However, the symbol of the braided dif-
ferential operators of G-graded algebras A and modules E, Smbl? (A, A)
and Smbl4) (E, E), is Z-graded and so there is a grading by G @ Z.

Instead of only considering quantizations and braidings with respect
to the G-grading, we consider such with respect to the grading G' & Z.
In [11] we consider such quantizations and braidings in connection with
exterior and symmetric algebras. We recall the following description of
symmetries and quantizations for this case.

Let G = G @® Z and denote its elements by g = (g, gz).

Any symmetry

g: (GOZ)x (GaZ)— U(C)
of the monoidal category of G = G @® Z-graded modules is defined by
5(9,9) =0(9.9)7(92.92) 7 (9,92) 7" (¢, 92) , (34)

where we have a symmetry of G-graded modules,

0l(catonx ety =0 : Gx G = U(R),
a symmetry of Z-graded modules,

0l((oyemx({oyez) =T 1 ZX L — U (R),
and a bihomomorphism,

|caionxoyezy =7 : G X Z — U(R).
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A quantization g of G = G x Z-graded modules is of the form

73.9) = a(g9.9")5(9.9%) % (¢, 92)p (92, 9%)
= q(9.9) % (g9,97) > " (¢, 92), (35)

where g,¢' € G,
l(cofopnx(oyez) = % : G X L — U (R)

is a bihomomorphism,

dlcaiopxcaioy =q¢: G xG—=U(R),

is quantization of G-graded modules and p, which is a representative of
the second cohomology of Z, is trivial.

Considering Smbl® (A, A) and Smbl"? (E, E) as G-graded, they are
equipped with a symmetry & of G, where 5|({0}@Z)x({0}@2) = 7 and
5|(G’@{0})><({0}69Z) = 7 trivial, that is ¢ = 0.

Remark 33. If we quantize Smbl® (A, A) and Smbl>Y (E,E) by the
quantizer v = 7| (cafoy) x({oyaz) then the resulting algebra is Smbl® (A, A)
and Smbl@Y) (E, E) that are &-Poisson algebras with respect to the braid-
mng
5(3.9) =0(9,9)v(9.92)7" (¢, 92) -

We show the quantized braided Poisson structure for the quantization of
Smbl? (A, A) and Smbl®Y (E,E) for a general braiding & in theorems
34 and 35.

Note that ¢ |0yez)x({oyez) = T always will be trivial since the structure
arises from Smbl? (A, A) and Smbl>Y (E, E).

Assume we have a braided symbols Smbl® (A, A) and Smbl®4 (E, E)
with respect to a symmetry &, 7| o1ez)x({0joz) = T = 1.
We use quantizations of the form (35). A quantization of a symbol

f € Smbl (A, A) or f € Smbl ) (B, E) is

fa(@) =q(([f1, k), (Jz], 1)) f (z),
where the homogeneous z (in either F or A) is given the grading (|z|, 1),
lz| € G.
The 7 is an isomorphism of modules
Smbl (Qq) = (Smbi” (A, A),[.]) = (Smbl™® (Ag, A7), [177) . (36)
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and
Smbl (Q;) : (Smbl™ (E,E),[,]) — <Smbl 7049 (By Ey) [ )27 ) (37)
f € Smbl»N (B, E) — Smbl (Q;) (f) € Smbl®49 (B, E,).
We obtain the following properties for the quantization of Smbl? (A, A).

Theorem 34. Smbl%7 (A, A;) is a G = G®Z-graded 54-Poisson algebra
with respect to the o5 — q-bracket, that is the following properties are
satisfied:

[Smbl7? (Ag, Ag) , Smbl™t (Ag, A)]Z € Smbl®t (Ag, A7), (i)
[Smbl"fﬂ (Az, A7), SmblJT (A, Aq)] ;
C SmbLL 1 1v1a1 (Ans Aa) )

skew 0 z-symmetricity,

1, folg" == ((fil,9) (LS D)) [fes A1 (ii)
the o4-Jacobi identity,

lea 7]
= [l 27 1] AN ATIATNAK }j, (iif)

and

(1, Fofsl7" = [f1, 237 fs + 3 ((fil 1), (1f2 5)) fa [fr, f3137 (iv)

for fr € SmblIJT, (Ag, Ag), fo € Smbl], (Ag, Ag), fs € Smblt, (Ag, Ag).

Except for (i’) we obtain the same properties for the quantization of
Smbl@Y (E, E).

Theorem 35. Smblr49 (B, E;) is a G = G @© Z-graded &4-Poisson
algebra with respect to the 65 — q-bracket, that is the properties (i), (ii),
(111) and (iv) of theorem 34 are satisfied when replacing A; by E; and
Smbl®a by Smbl@e47) | and

q

[S b7 (Ey, Eg) , Smbl7 ) (By, By) q
C Smbl\77"%) (Eq, By, (i")

g,h € @G.
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