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Abstract: Totally umbilical submanifolds in manifolds which are generali-
. sation of recurrent manifolds are investigated. At the end-of the paper two

examples are given.

1. Introduction

Investigating conformally flat Riemannian manifolds of class one,
i.e. manifolds characterized by the property that at least n —1 principal
normal curvatures are equal to one another, R. N. Sen and M. C. Chaki
/([10]) found that if the remaining one is zero, then the curvature tensor
satisfies
(1) Rnijrrt = 201 Raijr + anRisje + aiRnijr + ¢ Rpite + axRaiji

where the °

‘comma” denotes covariant derivative with respect to the
metric. Hereafter, Riemannian manifolds with condition (1) imposed
on the curvature tensor were examined ([1], [2], [3]). Some further gen-
eralisations of the condition (1) for various tensor fields were considered

by L. Taméssy and T. Q. Binh ([11]). In [3] the present author proved




120 S. Bwert-Krzemieniewski

Proposition ([3]). If the curvature tensor satisfies

Rhijrrii = Z biy Rigigisis
P
where the sum includes all permutation p of the indices (h,i,7, k, ) and
{5: (51, e ,1])3”)} i3 a set of some vectors, then there ezists a vector
ar such that relation (1) holds. v
" Hence it follows that on a recurrent manifold, i.e. on a manifold
satisfying the condition
Rhijk11Rpgrs — RpijkRpgrsi1 =0,

at each point where Rj;;; does not vanish relation (1) is satisfied. More-
over, it was proved that on a neighbourhood of a generic point the vector
a; is a gradient ([3]).

+In the paper we begin investigation of totally umbilical subman-
ifolds of manifold satisfying the condition (1) for some vector field a;.
Throughout the paper all manifolds under consideration are assumed
to be smooth connected Hausdorff manifolds and their metrics need not

be definite.

2. Preliminaries

... Let.N be-an:n-dimensional Riemannian manifold with not nec-
essarily-definite metric g5, covered by a system of coordinate neigh-
bourhoods {U;z"}. We denote by Fi';, Rhijk, Rpk, R the Christoffel
symbols, the curvature tensor, the Ricci tensor and the scalar curvature
of N respectively. Here and in the sequel the indices A, 1, kI, 8, t,
u run over the range 1,2,...,n. Let M be an m-dimensional manifold
covered by a system of coordinate neighbourhoods {V; y*} immersed
in manifold N and let 2" = z"(y?) be its local expression in N. Then
the local components g,3 of the induced metric tensor of M are related

’ E

‘t'é_t grs by gap = grsB;Bg, Where Bl = Bye In what follows we shall

adopt the convention

i =B.B;, Biii=BBB!, BIy%= BLB;BIB}.
We denote by I' %y, Kapea, Koa, K the Christoffel symbols, the curvature
tensor, the Ricci tensor and the scalar curvature of M with respect to
gab respectively. Here and in the sequel the indices a, b, ¢, d, e, f run
over the range 1,2,...,m (m < n). The van der Waerden-Bertolotts
covariant derwative ([12], [13]) of BT is given by
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(2) alb_Brb—I—F:tB B
where the “comma” and the dot denote covariant derivative with re-
spect to g, and partial derivative.

The vector field H" defined by H™ = gll—g“ng,b is called the mean
curvature vector of M. Using (2) and the equation

Fbac = (B;-c + F;thz) Bsgdagru

c ab?

we obtaln on M

grsH" B, =0.
The Schouten curvature tensor HT, of M is defined by
ab = Bap-
If the tensor H], satisfies the condition
Hab - gabH
then M is said to be a totally umbilical submanifold of N.
Let NI (z,y,z = m+1,...,n) be pairwise orthogonal unit vectors

normal to M. Then
(3)  grsN;N; =eq4, grsN;Ngj:O (x#y), grsN;B,=0

and

(@) o° = Blig™ + Y e ;.

where e, is the indicator of the vector NI. On a totally umbilical
submanifold M of a manifold N the Gauss and Codazzi equations take
the form ([7])

(5) Kaped = RrstuBthcz + H(gbcgad - gbdgac)
and
(6) RrstuBgzzN;L = Aazgac - Abzgac

respectively, where

H“—:grsHTHS, Agz :Hz~a+ZCyLayzHya Hy :HTN;grs ‘
Yy .
and

Lﬂzy = grsN N:Ia .
Moreover, we have ([6], [7])

. 1 . .
(7) Rm‘tuHngzs — T)‘ (.gbcHd - gdec) y Hc - ch,
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(%) Kabedre = RaijegBY5 4 He (ghegaq — gbdGac) +
1
+ '2" [Ha (gbcged - gbdgec) + Hb (gecgad - gedgac) +

+ Hc (gbegad — gbdgae) + Hd (gbcgae - gbegac)} 3

where the semicolon denotes covariant derivative with respect to the
metric of the ambient space,

(9) Hj,=—~HB[+ > e.A..NT.

-~ We shall also use

~ Lemma 1 ([8)). (1) Let (A:), (B;) be two sequences of numbers which
are linearly independent as elements of the space R™. If Ty;, Sij are
numbers satisfying conditions

Tij Ar + TjxAi + TriAj + SijBr + Sje Bi + SyiBj =0,
Tij =Ty, Sij=Su

then there exist numbers D; such that
Tij=-B:D; - B;D;, S;;= A;D; + A;D;.
(II)  Let Ty, Ax be numbers satisfying conditions
TijAr + TjxAi + Trid; =0, Tij =Ty,
Then either each T5; 1s zero or each A; is zero.

Lemma 2 ([4], Lemma 1). Let M be a Riemannian manifold of dimen-
sion n > 3. If Bhrijr s a tensor field on M such that

(10) Bhijk = —Binjk = Bjkni, Bhijk + Bhji + Bprij =0,

Bhrijkiim) =0,
and aj, A; are vectors fields on M satisfying
arR ik = gijAx — gin 4, ,

'éhen
l hijk ( 1) Gij9hk gzkgh] H

where S = Bpgreg?g".
Lemma 3 ([9], Lemma 3). If ¢;, Pj, Bhijr are numbers satisfying (10)
and '
c1Bhijk + prBiijk + piBhijk + pjBhitk + prBriji =0,
then either each b; =c; + 2p; 18 zero or each Bpijk 18 zero.
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3. Main results

Theorem 1. Let M (dim M > 2) be a totally umbilical submanifold
of the manifold N satisfying the condition (1) for some vector feld a;.
Then the relation

(11) (9rsHTH® — arH )Cupea =0

holds on M, where Capca are components of the Weyl conformal curva-
ture tensor of the submanifold M. |

Proof. Transvecting (1) with HhB,’;’C.ZIe and applying (5) and (7) w-
obtain

(12) Ruijir H" Bylg, =

= ae(gbcHd - gdec) -+ V-[{ebcd - VH(gbcged - gbdgec)+

1 1 1 .
+§ab(gecHd - gedHc) + 5ac(gbeHd - gdee) + §ad(gbcHe - gbeHc) I}

where a, = a,B7, V = a,H". On the other hand, differentiating co-
variantly the left hand side of (7), in virtue of (9), (5) and (6), we
get

(13) [RhiijhB;f;ﬂ = RhijklIHhB;{;Zfz — HK pca+

+H?(gbcGed — gvagec) + gocEae — godEce — gceSbd + gaeShe ,

where Eye = 33, ¢;AdzAer = Eeq and Sy = RpjpH'BIHF = S,
Then, substituting (12) into (13) and taking into account relation (7
we find

(14) (H - V)I{ebcd =

7

= H(H - V)(gbcged - gbdgec) + gbcEde - gdece - gcede + gdeSbc+

1
+ae(gocHa — goaH.) — §(gbcHlde — gvaH jce )+

1 .
+5(gecarHa — geaayHe + gheacHa — gyaacHe + geaaH, — greagH,) .
Hereafter, contracting (14) with ¢°? and alternating the resulting equa-

tion in (b, ¢), we obtain
(15) abHc - aCHb .
Therefore, alternating (14) in (e, b) and using (15), we get
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(16) 2(H = V)Kepea =
= 2H(H — V)(gbced — gbagec)+
+gsc(Eae + Sae) — gva(Ece + Sce) + gae(Eve + Soe) — gee(Epa + Spa)+
+9bcteHg — gyaacHe + geqapHe — gecas Hg—

1
~s(9vcH 1ea — gvaH 1ce + geaH 1be — goeH 1ba),
2

whence we obtain

(17) 2(H = V)Kse = 2(m — DH(H = V)gse + (m — 2)(Epe + Spe)+

m— 2

1
+95c(E+ S+ P = 5Q) + (m — 2)as He — Hipe

and
(18) 2(H-V)K =(m—1)2mH(H —-V)+ 2(E+ S)+2P —q)],
where

E:Ebcgbc, S:Sbcgbcy P:a‘bHcgbcy Q:Hlbcgbc'
Finally, using equations (16)~(18), by an immediate calculations, we

check that (11) holds good. ¢
Transvecting (1) with Bf;’csle and making use of (5) and (8) we

find
(19) I{abcdle - zaeﬂ’abcd + aaI(ebcd + abeaecd + ac-[{abed + adI{abce"l‘

+2Z¢(gbcGad — gvagac) + Za(GbeGed — Ghagec)+

+Zb(gecgad - gedgac) + Zc(gbegad - gbdgae) + Zd(gbcgae - gbegac) y
where Z, = %H, e — a.H, whence we obtain

(20) , I(bcle - zaeI{bc + abI{ec + acI{be + Cl'fI\’fbce + afI{fcbe‘*‘
+2mgche + (m - 2)(gech + gbeZc)a

(21) Kie=2a.K +4asK', +2(m - 1)(m +2)Z. .

Suppose, that at a point z € M the relation

(22)  Kapedre = 2beKabea + baKebed + 0o Kaecd + beKaped + baKapee
is satisfied for a certain vector b,. Then we have

(23)  Kiere = 2beKpe + b Kee + b Kye + bp K pe + b7 K o .

Subtracting (23) from (20), permuting cyclically the such obtained
equality in (b,c, e) and adding the resulting equations, we get
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(24) I{bc(ae - be) + I{ce(ab - bb) + I{eb(ac - bc)+

+(m - 1)(gche + gceZb + gech) =0.

If ac — be and Z. are linearly independent, then by Lemma 1 (I) we
have rankg,, < 2. Thus, for m > 2, either Zy = 0 or Z; # 0 and
Ze = f(ae — be), for f € R — {0}. Subtracting (22) from (19), then
substituting Z. = f(ae — be) and applying Lemma 3 we get (a. —
— be)[Kabea + f(gbegad — gvagac)] = 0 at z. Thus, if Z.(z) does not
vanish and dim M > 2, then on a neighbourhood of = we have f,, = 0.
Moreover, we have '

(25) (af - bf)-[{fbce + gche - gbeZc =0
at a point £ € M where Z, does not vanish.

From the above made considerations we are in a position to obtain
Theorem 2 (cf [5], Th. 3.3). Let M be a totally umbilical submanifold
of a manifold N satisfying the condition (1) for some vector field a; and
suppose that a; is not orthogonal to M. If condition (22) is satisfied on
M for some vector field by which does mot vanish on a dense subset of
M and dim M > 2, then Zy = 0 on M. Conversely, if Zy = 0, then
condition (22) holds on M with by = ay.

Theorem 3 (cf. [5], Ths. 3.6 and 3.7). Let M (dim M > 2) be a totally
umbilical submanifold of o manifold N satisfying the condition (1) for
some vector field a; and suppose that a; 1s not orthogonal to M. If Zy
does not vanish on a dense subset of M, then M is a space of constant
curvature.

Theorem 4. Let M (dim M > 2) be a totally umbilical submanifold
of a manifold N satisfying the condition (1) for some vector field a;.
If M is semi-symmetric (i.e. Kapearies) = 0) and Zy does not vanish
on a dense subset of M, then M is a space of constant curvature and
Zb + ni—(—;_—nK—_T)ab =0.

Proof. Follows from (25) and Lemma 2. {

‘Theorem 5 (cf. [5], Th. 4.1). Let M (dim M > 2) be a totally umbilical
submanifold of the manifold N satisfying the condition (1). If the vector
a; is orthogonal to M, then M is a conformally symmetric manifold.
Proof. If a; is orthogonal to M, then a. = a,B! vanishes. Using
the formulas (19)~(21), by an immediate calculations, we check that
Cabedie = 0 holds on M. ¢

Theorem 6. Let M (dim M > 2) be a totally umbilical submanifold of
a manifeld N satisfying the condition (1) for some vector field a; and
suppose that a; is not orthogonal to M. Then the relation
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(26) -R’abcdle = ceKapea
holds on M for some vector field c. which does not vanish on a dense

subset of M, if and only if

(27) | Ze=0

and

(28) aeI{abcd + acI(abde + adI{abec =0
on M. ‘ »

Proof. Suppose that relation (26) holds on M, i.e. at each point there
exists a vector ¢, satisfying (26). Consequently, we have on M
(29) Ce-[{a.bcd + CcI{abde + cd-[{abec =0
and relation of the form (22) is also satisfied ([3], Prop. 1). According
to the Th. 2, the last condition is equivalent to Z, = 0. Hence, we have
(19) with Z, = 0. Substituting (26) and (27) into (19) we obtain
| (“Ce + 2ae)-[{abcd + a'a]’{ebcd + abh’aecd + acI{a.bed + adI(abce = 07
. whence, in virtue of Lemma 3, ¢, = 4a,. Therefore, using (29), we get
(28) on M. Conversely, if Z, = 0 and (28) holds on M, then (19) yields
Kapedre = dacKaped. O ,

Suppose now that Kopeare(z) =0,z € M. If a. and Z, are not
linearly dependent, then (20) and Lemma 1(I) yield rank g, < 2. Thus,
for m > 2, we have either

Ze=0 and a,=0 or
Ze=0 and a.#0 or

Ze#0, ac#0 and Z.=fa., feR-{0}.
Therefore relation (19) and Lemma 3 result in
Theorem 7. Let M (dim M > 2) be a totally umbilical submanifold of
a manifold N satisfying the condition (1) for some vector field a;. If a;
18 orthogonal to M, then Z, = 0 if and only if Kapeqre = 0.
Theorem 8. Let M (dim M > 2) be a totally umbilical submanifold of
a manifold N satisfying the condition (1) for some wector field a; -and
suppose that M is locally symmetric. If ac(r) # 0 and Z, = 0, then
M s flat. If a; 1s not orthogonal to M and Z. does not vanish at any
point of M, then M is a non-flat space of constant curvature.

4. Some examples

Let NV be an open subset of R", (n > 2), endowed with the metric
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§ijdz'de? = (dz')? + p* fapdz®dz?
a,B,%, + = 2,...,n, where fagdz®dzf is a flat metric and p 15 a
function in z! variable satisfying the equation

pplplll + 3(pl)2pll _ 4p(pll)2 — 0 .
For suitable choosen of IV there exist solutions such that the condition

(1) holds on N and N is not recurrent ([3], Th. 6, Props. 5 and 6).

Let V be a flat manifold of dimension m endowed with the metric

hpodzfdz?, P,Q =n+1,...,n + m. On the manifold N x V define

the metric
grsdz’dz® = §ijd:cid:13] + hde:cPde .
Then on (N x V, g), for suitable function p, the condition (1) is fulfilled

while Rhijk/l = cthijk is not satisfied.
Example 1. Let M be an n-dimensional manifold covered by a system
of coordinate neighbourhoods {W;y%}, a,b,--- = 1,...,n, immersed in

N x V and let 2! = Q(y*), z* = y°, ¥ = Cp, Cp = const be its
local expression in N x V. Then B! = Qq, Bg = 52’, BP =0, where
Qe = Q4. The covariant and contravariant components of the induced
metric tensor of M are respectively

gi11 = (Q1)2 y Jla =™ QlQa’ Jap — QaQﬁ + gaﬂ?

7" =(QaQpF* +1)(Q1)7%, ¢ =-Qpd" Q1) , 9% =§*°.

The only components of the Christoffel symbols which may not vanish
are

!
Pl = 2= Fll = Q'la "‘ZL [e38)
11 ‘ v la Ql Q »

s = @ap = Bes)Q0) ™" = 220005(Q0) ™ ~TL@u(Q0) ™

! !
o p o o = o p o
T, = ”Z;(Qﬂ67 +Qy75) + gy, Tip= o @10

where f;lv are Christoffel symbols of fagdxadiﬂ. Then, using (2), we
check that B],, = 0, so the submanifold M is a totally geodesic one.
Consequently, M is a totally umbilical submanifold in N x V and the
vector field Z, = %H 1e — ae H vanishes. Moreover, the components of
the projection of the vector @; of N x V onto the submanifold M are

1

ag = @1Qa. Ifa; = B — £ 3£ 0 ([3]) and Qa # 0, then, according to

P
the Th. 2, condition (22) holds on M with by = aq.
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The components of the curvature tensor and the Ricci tensor of

M are
"
Ifozﬁ*y& == E};‘ [QﬂQvgaﬁ - QﬂQ&gav + QaQ6§ﬂ7 - Qangﬁé] -+

+(pl)2(§ﬂ’y§a5 - gﬁﬁga'y) 3

i " 3 3
1&1,3'75 - ?Ql(gﬁvQé - gﬂéQ‘y)’

P” 2
Ky = ‘p“(Ql) 36+

!

p/
Kig=(n-1)—Q1Qq,

p

1

Kop =0 -1DEQuQs + [% (n— z><p'>2] as

Moreover, the scalar curvature of M is given by
!

K=(n-1) [2‘%’ +(n — 2)(p')2} :

One can check, that M is a conformally flat submanifold in N x V.
Setting in (28) a = a, b= B, c = 7, d = §, e = v we easily obtain
(n—3)(n ~1)Q, = 0. Thus we have

Proposition 1. For each n > 3 and t > n there ezists t-dimensional
manifold satisfying (1) admitiing n-dimensional totally umbilical and
conformally flat submanifold M such that the condition (1) holds on M
whereas (26) is not satisfied.

Example 2. Let M be an (n — 1)-dimensional manifold covered by
a system of coordinate neighbourhoods {W;2%}, o, 8,7 =2,...n, im-
mersed in N x V and let z! = Cy, 2f = Cp, Cp = const, z® =
= X(2%,...,2") be its local expression in N X V. Then we have
Bl = B =, Bf = aa—f;, Jap = gWng, whence Bi,ﬁ = —f—;—gaﬂ,
Bf,ﬁ = 0. Moreover, in virtue of (3) and (4), we get

v =P T ATV ~
e 1505 (i)

z

Setting fop = 6ap, % =22 + -+ + 2™ we get
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. PSR
4y =& B, =0, H'=-E  go_gP_y,
b
g HH —a,H =2 7,=0,
D

Kapys = 2(0')*(p) 7 (9p+9as — 9859ar) -

Hence we obtain
Proposition 2. For each n > 3 and t > n there ezists t-dimensional
manifold satisfying (1) admitting (n — 1)-dimensional totally umbilical
submanifold M such that the recurrence vector is orthogonal to M (cf.
Th. 5).
Proposition 3. For each n > 3 and t > n there exists t-dimensional
manifold satisfying (1) admitting (n — 1)-dimensional totally umbilical
submanifold M such that g, H"H® — a, H" does not vanish identically
on M (cf. Th. 1).
Proposition 4. For each n > 3 and t > n there exists t-dimensional
manifold satisfying (1) admitting (n — 1)-dimensional totally umbilical
locally symmetric submanifold (cf. Th. 7).
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