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Abstract: In this paper we deal with the connection of n(g)-permutable
semigroups and (r,t)-commutative ones. We show that, for every pair of
integers n and ¢ with n>3 and n — 1 <c<2n—4, there is a semigroup S
such that p(S)=mn and ¢(S)=c, where p(S) and ¢(S) denote the degree
of n(z)—permutability and of commutativity of S, respectively. Moreover, we
prove that, for every pair of integers n and m with n>5 and 2 <m < 2n — 4,
there is a semigroup which is n(3)-permutable but not (7,t)-commutative for

any r and t with 4 ¢t = m. By these results we have 2n — 4 <¢(n) <2n—3
(n>5) which is a partial answer to the open problem raised in [5].

Throughout this paper N1 denotes the set of all positive integers.
For notations and notions not defined here, we refer to [3]. As in [8],
a semigroup S is said to be n(,)-permutable (n € NT, n > 2) if, for
any n-tuple (s1, 82,...,8n) of elements of S, there is an integer ¢ with
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1 <t <n-—1such that
3132"'3t3t+1"'3n:3t+1"'5n3132"'3t-

By the degree of n(s)-permutability of a semigroup S we shall mean an
integer p(S) > 2 such that S is p(S))-permutable but not
(p(S) — 1)(2)-permutable. Following [6], a semigroup S is said to be
(r,t)-commutative (r,t € N1) if for any elements s1,2,...,Sr4¢ of S,

5182 "~ SpSp41 " Spqt = Srg1 7 Sp45182 0 Sr.
In [1], it is proved that every (r,t)-commutative semigroup is also
(1,7 + t)-commutative. Thus we can define the degree of commuta-
tivity ([1]) of a semigroup S as an integer ¢(S) € NT such that S is
(1, ¢(S))-commutative but not (1,¢(S) — 1)-commutative.

It is clear that an (r,t)-commutative semigroup is (r + t)(q)-per-
mutable. It is obvious that the converse is true if r +t < 3 (see [8]). By
Lemma 2 of [8] and the fact that every (r,t)-commutative semigroup is
(r',t')-commutative for every ' > r, t' > ¢, it follows that, for every
integer n > 4, there is a semigroup which is n(,)-permutable but not
(r,t)-commutative for any positive integers  and ¢ with r ¢ < n. In
[8], the author raised the following question. Does n(y)-permutability
(n > 4) of a semigroup S imply (r,t)-commutativity of S for some r and
t. In [2], the authors gave a positive answer to this question for finite
semigroups. In [4], M. Gutan proved that the answer is positive for
arbitrary semigroups. He proved that every n(,)-permutable semigroup
is (n — 1,n — 1)-commutative (n > 4). In [5], he also proved that
every n(z)-permutable semigroup is (1,2n — 4)-commutative (n > 4).
Denoting by P n(m.n € Nt n > 2) the proposition

P i If Sis an arbitrary n(,)-permutable semigroup then there exist
r and ¢ in NT with 7 +¢ = m such that S is (r,?)-commutative,
consider

¢(n) = min{m € N¥; Py, ,, is true}.
It is evident that ¢(2) = 2 and, by [8], »(3) = 3. In [5], it was proved
that o(n) < 2n —3 and so p(4) = 5. It is an open problem to find p(n)
for n > 5 (see [5]). It is obvious that ¢(n) > n (see also Lemma 2 of
[8]). In this paper we show that 2n — 4 < ¢(n) < 2n — 3 for n > 5.

For a product 8159 -+ s, of elements s; (1 =1,2,...,n) of a semi-
group S let p; = s;- - sps1---8i—1 and I, = {j € {1,2,...,n}; pi =
= p;}. We note that sy denotes the identity element of S 1. The follow-
ing lemma plays an important role in our investigations.
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Lemma 1. If S is an ny)-permutable semigroup then, for every non-
negative integer k and py = s189 - spyk € S™HE, the cardinality of Ip,
is at least k + 2.

Proof. We proceed by induction on k. Let |I,,| denote the cardinal-
ity of Ip,. If & = 0 then |[,,| > 2 for every p; € S™, because S is
n()-permutable. Assume that |, | > k + 2 for some nonnegative in-
teger k and for every p; € Stk Tet $1,82,...,8n+k+1 be arbitrary
elements of S. As S is an n(y)-permutable semigroup, by Lemma 1
of [8], S is also (n + k + 1)(y)-permutable. Hence, there is an index
i € {2,...,n+ k + 1} such that p; = p;. Consider the product ¢ =
= 5182 (8;~18;) " Spiky1 € ST By the assumption I, > &+ 2.
As |I,| < |I, |, therefore |I,,| > k+3. {

Construction. Let Fx be the free semigroup (without the empty
word) over the set X = {a,b}. If w € Fx then {(w) denotes the length
of w. Let z be an integer with z > 4. Consider the pairwise disjoint

subsets A., B. C,, D, of Fx defined as follows. Let

B, = {az_(zg_l)ban_z; g=1,2,... [Z - 1} } ,

2

CZ - {az_zhbawz/—l; h = 1’ 27 T [%:I } ;

D.={we Fx; lw)==z}—-(4.UB,UC.).
For a fixed integer n > 4 and for an arbitrary nonnegative integer k,
define the following congruence

Ontk = {(w1,we) € Fx X Fx: wy =ws or l{wy),l(wy) >n+k or

30 <0e,5,t, <k (wi,wy € By or wi,wy € Cpgj or wi, w2 € Dygy)}

Let Spyr = .7‘_;\'/&’”_;_/;.
Theorem 1. The factor semigroup Spiy is n(q)-permutable if and only
if k <n—4. In this case p(Snyr) = n.
Proof. Assune that S,4j is n(y-permutable. As the length of the
elements of B,y and Cpyp is n + k, both of B4, and Cp have at
least k& + 2 elements (see Lemma 1). Hence |By4 U Chgr| > 2k + 4.
On the other hand | B4 U Cpar| = n + k. Therefore, 2k +4 < n + k
from which we get &k <n — 4.

Conversely, assume that & < n — 4. Let s1,59,...,8, € Spyt be
arbitrary elements. Counsider words ¢; € Fx such that qa,4p = 35
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(i=1,2,...,n). ¥(qrq2---¢n)>n+k then (¢142* Gn, g2 qn1) €
€ aptr and s0 5182+ 8y = S+~ S$ps1. Assume {q1q2---¢n) < n+ k.
Then there is an integer ¢ € {0,1,...,%k} such that {(¢1¢2---¢n) =
=n+i U qggn € Doy then (1927 ny G2 qn@1) € Qnti

and so 81828, = S2--:8,87. Assume q1q2---¢n € Bpyi;. Then
there is an index j € {1,2,...,n} such that the word ¢; contains the
letter b as a factor (and so ¢1,42,-..,¢j—1,¢j+1,--- ¢n do not contain

b). Assume that [(¢1¢2---¢¢) and [(gr - - ¢n) are odd numbers for all
te{l,2,...j—1}andr € {j+1,...,n}. If j =1 then I(g,) is odd
and I(¢;) r =2,3,...,n — 1 is even. Hence

(q1g2 -+ gn) > 2(n—2)+ 2> 2n — 4.

This is a contradiction. In case j = n we can get a contradiction in a
similar way. Assume j ¢ {1,n}. Then (¢;) and (¢, ) are odd and {(g,)
is even for every r = 2,3,...7 — 1,74+ 1,...,n — 1. Therefore,
Hgigza - gn) 2 2(n—3)+3>2n—4
which is a contradiction. Consequently, {(g1¢2---¢¢) or [(gr---gn) is
even for some ¢t € {1,2,...7 — 1} and r € {j + 1,...,n}. Thus
Qi1 qnq1 Q¢ € Bpgi o gr - qnq1 - gr—1 € Bpy; and so
8189 8p = St41 " SpS182 -8t OL 8182+ Sp = Sy * 'v'8n8132 T 8r—1
for some ¢t € {1,2,...j—1}and r € {j +1,...,n}. We get a similar
result in case q1qa ... ¢n € Cpyi. Hqrqa - qn € Apgi then 5189 -2 5, =
=59 -+ 8p51. Thus Sppy is ngg)-permutable. As Spyy is not (n —1)(g-
permutable, p(Sp4+x) =n. O
Corollary 1. The semigroup Spir (4<n,0<k<n—4) is (1,n+k)-
commutative, but not (1,n + k — 1)-commutative.
Proof. It is clear that Shy; is (1,n + k)-commutative. As B, 41 N
N Cpiyr = 0, the semigroup Sy44 is not (1,n + & — 1)-commutative. {
Next we deal with the connection between p(S) and ¢(5) for an
arbitrary semigroup. '
Theorem 2. For every integers n and ¢ withn >3 and n —1 < ¢ <
< 2n — 4, there is a semigroup S such that p(S) =n and ¢(S) = c.
Proof. By Remark 2 of [8], a semigroup is 3(5)-permutable if and only
if it is (1,2)-commutative. Assume n > 4. It is evident that every
(1,t)-commutative semigroup is (¢ + 1)(z)-permutable. From this it
follows that ¢(S) < p(S) implies ¢(S) = p(S) — 1. By the construction
contained in the proof of Th. 3 of [1] or Th. 3 of [9], it follows that there
are semigroups S such that p(S) = n and ¢(S) = n — 1. Therefore, we
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can suppose that n < ¢ < 2n — 4. Then, for the semigroup S, defined
above, p(5) =n and ¢(S) =c. {
Theorem 3. For every pair of integers n and m withn > 5 and 2 <
< m < 2n — 4, there is a semigroup which is n(2)-permutable but not
(r,t)-commutative for any r and t with r +t = m,.
Proof. Let n be an arbitrary integer with n > 5. If m is an integer
with 2 < m < n then the assertion is true (see Lemma 2 of [8]). As-
sume that n < m < 2n — 4 for some integer m. Then n > 6. Let k
be a positive integer such that m = n + k — 1. Clearly, 2 < k < n —
—4. Consider the semigroup S, defined in the Construction. By Th.
1, Spyr is n(z)-permutable. Assume that S, is (r, t)-commutative
for some positive integers r and t with r +¢t = m =n+ k —1. If r
is odd then consider the element "+ —2p ¢ Byti—1. Since Spiy is
(7, t)-commutative, we obtain that a"t*=2p, gntk—r—2p47 ¢ Qptr and
so atthFTT=2pgr By tk—1. However, since 7 is odd this is impossible.
If » is even then a"t+—1p, ¢nth—r=2pg2q7—1 ¢ Bt and so the parity
of n4+k —1and n 4+ k& — r must be the same. This is also impossi-
ble. Consequently Sy 4 is not (r,t)-commutative for any r and # with
r+t=m.
Corollary 2. For every integer n > 5, we have 2n—4 < w(n) < 2n-—3.
Proof. By Th. 3, if Py, ,, is true for some positive integers m and n
with n > 5 then m > 2n — 4. Thus ©(n) > 2n — 4. This and the fact
@w(n) < 2n — 3 proved in [5] together imply our assertion. ¢

The following lemma is an addendum to the problem of finding the
exact value of o(n).
Lemma 2. If an ny)-permutable semigroup S (n > 4) is (r,t)-commu-
tative for some r and t with r +1 = 2n — 4 then either r and t are even
or S is (1,2n — 5)-commutative.
Proof. Assume that S is a semigroup such that it is n(2)-permutable
and (r,t)-commutative for some integers n,r and ¢ with n > 4,
r+1=2n —4. Assume that S is not (1,2n — 5)-commutative. Let d
denote the greatest common divisor of ¢t and r. By Cor. 1 of [1], S is

(hd,2n — 4 — hd)-commutative for every h = 1,2,..., Q'—Zd_—i — 1. Then
d > 2. We can suppose that d > 2. As S is not (1,2n—5)-commutative,
there are elements s1,59,... 52,4 of S such that

P1 = 85182 - Sap—4 75 S92 - 8ap—481 = Pa.

By Lemma 1, [I,,|,|[p,| > n—=2. As [, N1, =0, |L,,| = |I,,] =n—2.
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For:=10,1,...d—1, let

271—4}

J,-:{(h—l)cl+z’+1; h=12,..., 7=

It is easy to see that J; contained in either I,, or I,, for every ¢ =

=0,

Therefore, n — 2 =

1,...d — 1. Moreover
d—1
UJi=1{1,2,...,2n —4}.
i=0

Mg for some positive integer g. From this it

follows that d = 2g. Thus r and ¢ are even.{

We note that, from Lemma 2, it follows that if a semigroup S is

n(y)-permutable and (7, t)-commutative such that n—2is a prime, n > 4
and r +t = 2n — 4 then S is (2,2n — 6)-commutative.
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