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A dendrite means a locally connected continuum containing no simple
closed curve.

A mapping means a continuous function. A surjective mapping
f:X =Y C X is said to be a retraction provided f = f2.

In [1, p. 7] J. J. Charatonik, W. J. Charatonik and J. R. Prajs
introduced a quasiordering < g on the class of all dendrites. We recall
the definition. If X,Y are dendrites, then ¥ < gX if for some Z C
C X homeomorphic to Y there is a retraction f : X — Z. This
quasiordering is not an ordering (i.e. X < gY & Y < pX does not
imply X is homeomorphic to Y). To guarantee this they said that X
and Y are R-equivalent if X < pY and Y < gX and then considered
the quotient of the class of all dendrites. The quasiordering < g induces
the ordering < g on the quotient. We will use for short < instead of
< g in this paper.

J. J. Charatonik, W. J. Charatonik and J. R. Prajs posed a ques-
tion if every chain bounded with respect to this ordering has an infimum
or a supremum (see [1, §7, Q4(b)R, p. 51]). In Theorem we give a neg-
ative answer to this question for an infimum by constructing a bounded
sequence of dendrites with no retraction infimum. In Example we give
a negative answer to this question for a supremum by constructing a
bounded sequence of dendrites with no retraction supremum. We will
use for short ’chain’, 'supremum’ etc. without explicitly noticing the
respect to the ordering < in this paper.

We shall use the notion of order of a point in the sense of Menger-
Urysohn (see e.g. [2, §51, I, p. 274], and we denote by ord (p, X) the
order of the continuum X at a point p € X or just ord (p) if there is
no risk of confusion. Points of order 1 in a continuum X are called end
points of X. Points of order 2 are called ordinary points of X. Points of
order at least 3 are called ramification points of X.

An arc is any space which is homeomorphic to I = [0,1]. We
denote by pg an arc with end points p and ¢g. An arc pg in a space X
is said to be free if pg \ {p, ¢} is an open subset of the space X. Denote
by S, the n-od, i.e. the dendrite where the only ramification point is of
order n € N. Similarly denote by S, the star, i.e. the dendrite where
the only ramification point is of order w.

First we will prove an easy lemma, about the ordering < on den-
drites.

Lemma. Let A, B be dendrites. Then A < B if and only if A s
homeomorphic to some subset of B.
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Proof. Clearly by definition, if A < B, then A is homeomorphic to
some subset of B. For the other implication we can assume that 4 C
C B. We have to find a retraction f : B — A. We define f = Id on A.
Let z € B\ A. We take C that component of B \ A which contains .
There is a unique point y € c1(C) \ C; we define f(z) = y. It is easy to
check that f is a retraction. ¢

An infimum free chain

K. Sieklucki in [3, §1, p. 331-333] constructed a decreasing se-
quence of dendrites {B,}; in [3, §2, p. 333-334] he used the sequence
{B} to obtain a sequence {Cp} of uncomparable dendrites; in [3, §3,
p. 334-335] he created an uncountable family of uncomparable den-
drites. We modify the figure of such a family (see [3, Fig. 4, p. 334] to
obtain a sequence of dendrites without an infimum. We recall from (3,
p. 334-335] an important information.

Proposition. There exists a sequence {C,,}52, of dendrites such that -
the following conditions hold:

(1) for each n € N the dendrite Cy, has only ramification points of
finite order;

(2) Cp < Cry for some m,n € N if and only if n = m.

Fix an end point e, in Cy, n € N. Put a = (0,0), b = (2,0)
and for each n € N denote a, = (=1/n,1/n?%), b, = (2 4+ 1/n,1/n2),
cn = (2 -1/n,0), dy = (cn + cny1)/2. For each n € N, attach a
sufficiently small copy C,, of C,, in the point ¢, (identifying e, and c,)
and a sufficiently small copy 1/371 of an arc in the point d,, (identifying
d,, and some ordinary point of an arc) such that

Xm =abl Daanu benu D@U [j l/)\n
n=1 n=1 n=1 n=m

is a dendrite for each m € N. See Fig. 1.
Similarly we denote

C=abu Gaanu b U | Cn
n=1 n=1 n=1

and
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Fig. 1 — dendrites X1, X2, X3, - -
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Theorem. The chain X1 Z Xy > X3 > ... > C 15 bounded and has
no infimum.
Proof. Clearly, {X,} is a decreasing sequence. Suppose that Y is an
infimum of the sequence {X,,}. We conclude a contradiction.

Observe that X,, > C and X,, > D for each m € N. We conclude
that Y > C and Y > D. We may assume C C Y.

Fix m € N. We have X,,, > Y and Y > D. By Lemma there
are homomorphisms f,, : Y + Y, C X, and homomorphism g : D <
< ZCY.
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Notice that the dendrites X,,,, Y and D have exactly two points of
order w (the points a, b), only one of which (b) is an accumulating point
of ramification points. We conclude fp,(a) = a, fm(b) = b, fm(ab) = ab,
g(a) = a, g(b) = b and g(ab) = ab. For each point ¢ € Y (with % €
€ N) f(ck) is a ramification point of ab C X,,. Because the dendrites
C’k,Cl are <- uncomparable for k # [ (with k,l € N, see Proposition
(2)) and also Cj, is not a retract of an arc (the v-sets’ D,,) we conclude
f m (ck:) = Ck-

Finally we have fp,(acy) = acm C X, and we conclude that YV
has no point of order larger than 3 on the arc acy, for each m € N, and
consequently Y has no point of order larger than 3 on the arc ab.

But we see that each point g(dx) € ab C Y (with £ € N) has order
at least 4. This gives a contradiction. ¢

A supremum free chain

Example. The chain S3 < 54 < S5 <--- < 8, is bounded and has no
supremum.

Proof. Let Y be a supremum of the sequence {S,}. We conclude a
contradiction.

(i) Clearly Y < S,. This gives that Y has at most one ramification
point.

(ii) Denote a = (0,0), b = (1,0) and for each n € N put s, = (1/
/m,0). Let L D ab be a dendrite where the only ramification points are
the points s,, 3 <n € N, and the order of s,, is n for each 3 <n € N.
See Fig. 2.

Fig. 2 — a dendrite L

Obviously, S, < L for each n € N. This gives Y < L. We
conclude that Y has ramification points of finite order only.
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(i) From (i) and (ii) we see that Y is a n-od for some n € N,
which gives a contradiction. ¢ ‘
Question. Are infinite decreasing chains of dendrites only of K.
Sieklucki ([3]) type? '
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