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Abstract: The aim of this paper is to give the general construction of con-
tinuous solutions of the equation G™ = F', where n > 2 is a fixed integer and
F : S' — 5% is a given homeomorphism. Our basic assumptions are that
F' has no periodic points and the iterative kernel of F has some algebraic

property.

1. Introduction

Let S' = {z € C: |z| = 1} be the unit circle with the positive
orientation. Assume that a homeomorphism F : S — S? is without
periodic points. Then «(F), the rotation number of F, is irrational and
F preserves orientation (see [5]).

Denote by L the set of all cluster points of the orbit {F*(z), n €
€ Z} for a z € S1. This set does not depend on z € S and Ly either

E-mail address: psolarz@wsp.krakow.pl




138 P. Solarz

equals S* or is a nowhere dense perfect set (see [5]).

For every continuous mapping F : §* — S there exist a con-
tinuous function f : R — R and an integer k such that F(e?mz) =
— ¢2mif(@) z € Rand f(z+ 1) = f(z) + k, = € R The function f is
said to be the lift of F and the integer k is called the degree of F, and
is denoted by deg F'.

Proposition 1. ([4]) Let F,: G : St — St be orientation-preserving
homeomorphisms and suppose that there exists a continuous function
B : St — S such that ®(F(z)) = G(®(2)), z € S*. Then o(G) =
= o(F) deg ®(mod 1).

Proposition 2. ([4], [9]) Let F' be a homeomorphism with no periodic
points. Then the Schrioder equation

(1) p(F(2)) = sp(z), z€8,
where s = e2™(F) has a unique continuous solution ¢ : St — St such
that o(1) = 1. Moreover, degp = 1 and ¢ is invertible iff Ly = St

If Ly # S*, then the set

KF = @[Sl \LF],

where ¢ is the continuous solution of (1) such that ¢(1) =1, is said to
be an iterative kernel of F' (see [10]).

Tt was proved by M. C. Zdun [10] that if Lr = S', then the

homeomorphism F has exactly n iterative roots of n-th order that is
continuous solutions of the functional equation

(2) G"(2) = F(z), z€S"

However, if Ly # S, then F has iterative roots of n-th order with the
rotation number % (a(F) 4 m) if and only if

(3) (\/[n]s)m Kp = Kr,
where
(Vinks) =@, mefo,... n—1}

Moreover, in this case F has infinitely many iterative roots depending
on an arbitrary function. In [10] M. C. Zdun also gave the construc-
tion of iterative roots. The problem of existence of iterative roots of
homeomorphisms of the circle has also been worked out by J. H. Mai
in [8].
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In this paper we give a construction of iterative roots. We do this
on the strength of the method given by M. Kuczma in [6] (see also [7]),
i.e. we find an extension of a function defined on the set S*\ L.

2. Preliminaries

Let u,w,z € S', then there exist unique ¢;, ¢ € [0,1) such that

we?™ = z and we?™2 = . Define

u<w=<z iff 0<t; <ty
and

uXw=xz ff 1<ty or tp=0

(see [1]). The properties of these relations can be found in [3] (see
also [2]). If u,z € S',u # z, then there exist ¢,,t, € R such that
ty <t <ty+1and e =g 2™tz = 5 Pyt

(u,2) = {e"™ : t € (tu,t.)},
this set is said to be an open arc.

The following lemma is easy to check.

Lemma 1. Let Li,Ly, Ly C S' be pairwise disjoint open arcs and
u,w,z € S be such that u € Ly, w € Ly, z € L. If u < w < z, then
uy < w1 < 21 for every uy € Ly, wy € Lg, z; € L.

Let A C S* be such that cardA > 3. We say that the function ¢ :
: A — S1 is strictly increasing (respectively increasing) with respect to
the cyclic order if for every u, w, z belonging to A such that v < w < z
we have p(u) < @(w) < ¢(z) (respectively p(u) < p(w) < ¢(2)). It is
easy to check that every strictly increasing mapping is an injection and
if F, G are strictly increasing, then so are the mappings F~! and FoG.
Moreover, a homeomorphism F : §* — S preserves orientation if and
only if F' is strictly increasing.

Let F' : S' — 8! be a homeomorphism without periodic points
and Lr # S', then the set S'\ Ly is a countable sum of pairwise
disjoint open arcs. Denote the family of these arcs by A. Let M =
= {c(I), I € A}, where ¢(I) is the middle point of the arc I ¢ S. Put
I, := ¢ *(p) for p € M. Thus we have the decomposition

S\ Lp = U I, andpel, forpe M.
pEM

Lemma 2. ([10], [3]) Let F' be a homeomorphism without periodic
points, Ly # S' and v be a continuous solution of (1) such that (1) =
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= 1. Then for every p € M is constant in I, and there exists a
q € M such that F[I,] = I,. If, moreover, an integer n > 2 and an
m € {0,...,n — 1} are such that (3) holds, then a function H : M —
— M defined by

(4 Hp) =37 ((Vinls) @), peM,

where ® := |, is a strictly increasing bijection and F[Ip] = Ign ()
forp e M.

Let us note that H*(p) # p for i # 0, since a(F) ¢ Q.

We introduce the following relation on M

p ~ q iff there exists an integer ksuch that ¢ = H:(p).

It is clear that ,,~” is an equivalence relation on M. Let E be an
arbitrary subset of M which has exactly one point in common with
every equivalence class with respect to the relation ,,~”.

3. _Main result

Theorem. Let F: S — S be a homeomorphism with no periodic
points such that Ly # S. Assume that (3) holds for an integer n > 2
and an m € {0,...,n—1}. If gp i : Iy(p) — Lgr+1(py forp € E and
k€ {0,...,n—2} are increasing homeomorphisms, then there erists a
homeomorphism G : St — S such that G™* = F and GIIHk(p) = gp,k

forp€ E and k € {0,...,n —2}. Moreover,

9 a(G) = —(a(F) +m).

Proof. Let us construct an auxiliary function G, which we shall extend
to the whole circle S!. Fix a p € E and define

(6) Ip,n—1 ;:Fog;(l)og;’%o...og;ﬂll_Z.

For every integer i there exist a unique [ € Z and r € {0,...,n—1}
such that ¢ = In 4+ r. Hence for every i € Z\ {0,...,n — 1} define

(7) 9p,i = Op,ln+r = Fl Ogpr© F_-l

Weri(py”

It follows by Lemma 2 that



On iterative roots of a homeomorphism 141

(8) 9p,i [Ta (p)] = Igiti(p) fori€ Z.

In fact, =4 Tgs ] = F" [T )] = Trr )y Gpor [T )] = Lirrsr )
and F! [IHTH(],)] = Igin+rt1(p)y = Igi+1(p). Consequently,

(9) 9pi : Lip) — Triva(p) for
p € F, 1 € Z are increasing homeomorphisms.

For every g € M there exist a unique p € E and a unique integer ¢ such
that ¢ = H*(p). Define

(10) G(2) = gpi(z) forzel, ge M.

It follows by (8) and (9) that the function G: '\ Ly — S\ Lz is a
bijection. We shall show that G satisfies the equation

n

G (2) = F(z), zeS'\Lp.
For this purpose we are going to show that

-1 -1 -1
(11) gpi=Fo Ipi—n+1°9pi-nt+2°---°0p i1

for all integers ¢ > n — 1 and
_ -1 ~1 ~1
(12) 9p,i = 9pit1°9pit2© -+ C9piyn_10° FIIHi(p)

fori<n-—1.
We prove this by induction. Obviously for i = n — 1 we get (11)
by (6). Assuming (11) to hold for a k —1>n — 1, we get

(13) ko, = 9pk—1°9pk—20 -+ O gpk—n-

We may write the index % in the form k¥ = nl + r, where [ > 1, and
re€{0,1,...,n—1}. By (7) we have
Ip.k = Gp,lntr = FoFto gp,r © Fi*lopt!

ek ()

=Fo p,(i—1)n-+r © F‘I;l =Fo 9p,k—n © Fl}_;

ak (p) k(p)

Using (13) we see that
-1 —1
Ipk=Fog,, ni10...0 9pk—1-

Hence by induction (11) holds for ¢ > n — 1. Moreover, we also have
(13) for all k > n. Fix anr € {0,1,...,n—2}. From (13) for k = n+r
we have :
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_ -1 _ —1 —1 -1
gp,r - gp,T OF OF'IHr(p) - gp,r ng"r ng,'r-f—l ... ogp,n—{-r—-l OFIIHr(p)7

S0 gp, satisfy (12). The proof of this part is completed by showing that
gp.i satisfy (12) for i < —1. To do this note that by (7) and (6) we get

— _ 1 _
gp,——l - gp,—TH"(”“l) - F © gp,n—l © P1|IH—1(p) -
_ -1 -1 -1
= 9p0°9p1-+-°9pn—2° F]IH—l(p)’

80 gp,—1 satisfies (12). Fix a k € Z such that k < —2. Suppose that
gp.k+1 fulfils (12). Hence

(14) FIIH;;H(,,) = Op,k+n © 9p,k+n—1° --- O gp,k+1-

We shall prove that g, satisfies (12). There exist an [ € Z and an
r€{0,1,...,n— 1} such that k = In +r. By (7) and (14) we have

— -1 I+1 —]-1 _ -1
Gpo=F""0oF T ogproF OF[IHk(p) = F ng,k-i-nOFlIHk(p)

~1 -1
= 0p k1% ©9p ktn—1© F”Hk(p),
which completes this part of the proof.
By (10) and(8) we have

AT

G (2) = gp,i4n—=10---0 gp,i+1 0 gpi(2) for z € Ipri(p).

Thus, for i < n — 1 using (12) we obtain G"(z) = F(z) for z € Ty p)-
However, for i > n — 1 it follows from (8) and (11) that

9p,i © Gpi—10-..9Gpi-nt1(2) = F(z) for z € Igi-n+i(p).

Hence f}n(z) = F(z) for z € I;(p), j =2 0. Thus
G"(2) = F(z) for z€ S*\ Lr.

Now we shall show that G is strictly increasing. To do this take u,w, z €
€ S\ Lr such that u < w < z and consider three cases

1° There exist a p € E and an i € Z such that {u,w, 2z} C g
By (9) and (10) it is clear that G(u) < G(w) < G(z).

2° There exist p,q € E, 4,j € Z such that H'(p) # H?(q), and
one of the following conditions is fulfiled:

(a) {’U,, Z} C IHi(p)',’w S IHj(q),
(b) {u,w} C IHi(p),Z € IHj(q),
¢) {z,w} C Igigp),u € Ini(g)-
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According to Lemma 2 in [3] it suffices to consider only case (a).
Then (2,u) C Igi(p), whence by (9),

—_—
—p

9p,i[(2,0)] = (9p,i(2), 9p,i (W) = (G(2), G(w)) C Igi+1(y)-

Since G(w) € IHj+1(q) and IHj+1(q)ﬂIHi+1(p) = (), it follows that f}(u) =~
< G(w) < G(2).
3° There exist p,q,t € E, 1,4,k € Z such that H'(p) # H7(q) #
# H*(t) # H'(p) and u € Tgi(py, w € Igi(q) and z € Iyr(yy). Hence by
Lemma 1
Hi(p) < H(q) < H*(1)
but H is strictly increasing so
H™(p) < H'T'(q) < H*" (1),
Using Lemma 1 once more we have
G(u) < G(w) < G(z).
Thus, we have shown that G is a strictly increasing bijection.
Since the set S'\ Ly is dense in S, it follows (see [2]) that the
function G has a unique homeomorphic extension G : S* — S1. More-

over, G satisfies (2). It remains to prove (5). Let z € I, p € M, then
by (8) and (10), G(2) € Ig(p). By Lemma 2, we have

#(G(2) = (HP) = (Vinls) @) = (Vinls) «(2)

Hence G and the rotation R(z) = (ﬂn]s) z are semi-conjugate. By
Prop. 1 and Prop. 2 we get a(R) = oz(G)dglgcp(mod 1) and degy = 1,
thus G' and R have the same rotation number, which is our claim. ¢
Remark. Under the assumptions of Theorem every solution of (2) sat-
isfying (5) may be obtained in the manner described in the proof of
Theorem.

Proof. If G is a solution of (2) satisfying (5), then by Lemma 1 in [10]
LF = Lg, SO

SI\LG:S]'\LF——— U I:,',.
pEM

Define functions p € E g,; forp € E, i € Z by gp,; = Gl-’m(p)' It is
clear that they are strictly increasing. Next we prove that
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(15) GlIp) = Ig(p) forpe M.

Let us observe that by Prop. 2 there exists a continuous solution of the
equation

$(GE) = (Vinls) $(z), z€8'
such that 1 : §* — S, (1) = 1. Moreover,

(&) = ((Vinls) )" w(),

so v satisfies (1) and % = @, by the uniqueness of the solution of the
equation (1). Fix a p € M. By Lemma 2 there is a ¢ € M such that
G[I,] = I; and

{2(0)} = 0 (G| = % [GIL]] = (VInls) wil,) =
= (Vinls)_elty] = {(VInls) @)},

so by (4), ¢ = H(p), which gives (15). What is left is to show that g,
for p € E satisfy (6) and (7). Observe that from (2) for z € I, we get

gp,n—l ...0 gp,l (e} gp’O(Z) = F(Z),
S0
gpn-1(z) = F o g;,é ...0 g;,}l_Z(z), z € Ign-1(p)
and we have (6). We conclude from (2) that Go F = F o G, hence
(16) GoF'=Flo@G, €.
Fix z € Igr(p), 7 € {0,1,...,n —1}. Thus from (16), Lemma 2 and
the definition of g, ;, i € Z we have
9p,in+r © Fl(z) =F'o 9p,r(2),

which gives (7), and the proof is completed. ¢ »

The author wishes to express his thanks to Prof. Marek Cezary
Zdun for suggesting the problem and for his helpful comments, and to
the referee for the information about the Professor Mai’s paper [8] and
for substantial suggestinons concerning the revision of this paper.
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