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Abstract: Rational approximations to Tasoev continued fractions, the ex-
ponential quasi-periodic continued fractions, are given. This general result
includes the previous known results and yields some new approximations.

1. Introduction

Hurwitz continued fractions, quasi-periodic simple continued frac-
tions, have the form

[a'O;a'l)' . '7a'TL7Q1(k:)7 fe ;Qp(k)]l?;l =
= [CL();CL]_, v ,a'TLJQl(l))' o )Qp(l):Ql(2)7' . :Qp(2)7Q1(3)7' . ']7

where a is an integer, a4, ..., a, are positive integers, Q1, ..., @p are
polynomials with rational coefficients which take positive integral values
for k=1,2,... and at least one of the polynomials is not constant.
Tasoev continued fractions ([8], [10]) are also quasi-periodic but
Q;(k) includes exponentials in k& instead of polynomials. The author

obtained the closed form of [0;a,...,a"]%2, in [2], and found some
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“more general forms by applying the similar method in [3]. Namely,
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[0 ua®, vak]iZ, = —=5 n
Z u—ny—ng—n(n+1)/2 H (ai _ 1)—1
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and

[0;ua — 1,1,va — 2,1, ua®+t — 2,1, vak+! - 2]32,; =

i (_l)nu—n—-l,U—na—('n.—l-l)(n—i-z)/Z ﬁ (a'i _ 1)—1
Z (_1)nu—nv—na—n(n+1)/2 H (ai - 1)—1
n=0 i=1

In [4] we found some Tasoev continued fractions with period 3.
Namely,

[0;ua2k—1 — 1,1, va?k — 1|32, =

o0 5 N X .
ZO u—n—lv—na——(n-l—l) 'Hl(alm _ (_1)1)—1
=" =

?

S (Drurnena® [ @ - (1)

n=0 =1

[0;uak —1,1,vak —1]32, =

i u~n—lv—na—(n+l)(n+2)/2 ﬁ (ai _ (_1)i)—1

_ n=0 i=1
Z (_1)nu—nv—na—n(n+l)/2 H (ai — (_1)12)—1
n=0 i=1

In [5] we got some other Tasoev continued fractions with period
3 by obtaining the following
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0;ua®k — 1,1, v — 12, =
i y—2n—1y—2n,—(n+1)* ﬁ (a271 _ 1)—1
. n=0 i=1

5 () e — () in-ta=(et?) T (a2 - 1)1

n=0 i=1

050 —1,1,ua® — 1|2, =

) 2 a. D .
Z (u—2n,v—2n~1a——n + u—-2n——lv—2n—2a—~(n+1) ) (a27, _ 1)—1
— n=0 i=1
) n
S (wv)~2mg—"* [] (a2 — 1)~1
n=0 i=1

Rational approximations to the various Hurwitz continued frac-
tions have been studied by many authors. Especially, Tasoev [10] ob-
tained a general result. Let

o =[ap;a1,...,as,¢1 + kdi,...,Cm + kdm]he1,

where ag is an integer and other partial quotients take positive integral
values. Let £ > 0 be the number of nonzero numbers d; and d =
= maxi<i<m di- Then for C = /d and any € > 0

p‘ < (C +¢)o8logd

a..___
q q?logq

for infinitely many integers p, ¢, while there is a positive constant gg
such that

p loglog g
a—=|>(C—e)———
q‘ ( )q210gq

for all integers p, ¢(> ¢o)-
Tasoev gave a result in the exponential case, too. Let a=
= [ao;ak,...,ak]z"zl with integers ag, a > 1 and m > 1. Then for
N —

C=1/+/a and any ¢ > 0

p
a__
q

< (C+ E)q—?,—w/zloga/(mlogq)

for infinitely many integers p, ¢, while there is a positive constant go
depending on a, m and e such that
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o — %l > (C___ 6)q—-?.—\/zIoga/(mlogq)

for all integers p, ¢(> qo). Some other minor results can be found in [9].

As seen in [4], some of the Tasoev continued fractions coincides
with some of the Rogers—Ramanujan continued fractions. From this
point of view, Shiokawa [7] proved the following. Let f(c,z) be the
Rogers-Ramanujan continued fraction defined by f(o,z) = 1 +
__’_% am2 a:l:3

e 4%, ... Let a, b and d be positive integers such that

ged(b,d) = 1, a > 2 and d divides a and let C = /b/d if (d/b)* >
> a; y/d/(ab) otherwise. Then, for any € > 0

a q

for infinitely many integers p, g, while there is a positive constant gy =
= go(a, b, d, €) such that
f ¢ 1\ _pl (C — ¢)g~2~Vega/loga
b’a q
for all integers p, ¢(> qo). Note that f(d/b,1/a) = [1;ba”*/d,a"],.
In this paper we shall give the rational approximation to a general
Tasoev continued fraction of the type

a=[bo;b1,...,bs,uraf +v1,. .., umak, + vmlie,,
where by is an integer, by, ..., bs are positive integers, uja;? +v; (5=
= 1,2,...,m) takes a positive integral value for k¥ = 1,2,... and at

least one of 1’s is not zero.

2. Main result

It is sufficient to consider the case where

a=[0;uraf +v1,...,ura® + Up, Urg1, . Ur gt
whereu; >0 (1<j<r)andr+1=m.
T l
Theorem 1. Let A=ai...ar, U= [[u; and V = [] vrqp. Then

j=1 v=1
for any € > 0,

o — gl < (14e)qg ¢

for infinitely many integers p, q, while there is a positive constant g
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depending on aj, u; (1 <j<r),v; (1<j<m) and e such that
b

a.._..—
q

for all integers p, q¢(> qo), where

. logajlog(a;...a;—1UV)\ 1
c" = 1252, ((log(uj Vi) - log A logq

\/ilogaj )

>(1-egq >

* viog A -logq

Remark. (1) Ifr=m, u; =1, a; =a and v; =0 (1 < j < m), then
Th. 1 coincides with the Tasoev’s approximation above.

(2) If r=m =2, u; =b/d, a1 = az = a and v; = v3 = 0, then
Th. 1 coincides with the Shiokawa’s approximation above.

As some applications of Th. 1 we can obtain the following new
results.

Example 1. Let

=, —n—1,-n —(n+1)2 (2 iy—1
ou v "a I_Il(a — (-1

a - nw n . . -
3 (—1)rumnumna—n T (a2 — (-1))1
n=0 i=1
= [0; ua?k—1 —1,1,va?* — 1]} .
Set r=2,1=1,a; =ay =a% u =u/a, ug = v, v1 = vz = —1 and

vg3 =1 in Th. 1. Let
_ \/m if u > v;
N { u/(va) ifu<wv.
Then, for any € > 0

< (C—l— 6)(1——2—\/210ga,/10gq

p
a_.—.

for infinitely many integers p, g, while there is a positive constant go =
= go(a,u, v, €) such that

a — %l > (C_e)q—zf\/Zloga/logq

for all integers p, ¢(> qo)-
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Example 2. Let

o0 . M .
Z y—2n—1y—2n,—(n+1) H (azz _ 1)—1

8= n=0 i=1 _
§ ((uv)—2na—n2 _ (uv)—2n—la—(n+1)2) ﬁ (a2?l - 1)—1
n=0 i=1

= [0;uak — 1,1,v — 1]22, .

Setr=1,l=2,a1=a,u1 =u,v;1 =—1, vy =1land v3=v—1in
Th. 1. Then, for any € > 0
IB_ I_) < (:U____i_{_e)q—2—\/210ga/logq
q Va

for infinitely many integers p, ¢, while there is a positive constant ¢y =
= go(a, u, v, €) such that

> v—1 —¢ q—2——\/210ga/10gq
NG

5"
q

for all integers p, q(> go)-

3. Proof of Theorem

For the proof we need the following.
Lemma 1. Let [ag;a1,as,...] be a continued fraction with its conver-

o0
gents pn/qn = lao;a1,...,as] (n=0,1,...). If Zl(anan+1)”l < 00,
n=

then g /(a1a2 - - - an) converges to a finite non-zero limit as n — oo.
Proof ([6], Lemma 1). By the definition,

: 1
g1 = a1, Q2 = 0102 <1 + )
a1a9

1 1 1\t
g3 = aiasaz | 1+ 1+ 1+ =
ai1as aq0as3 a1a2
1 t
= a1a20a3 <1 -+ > (1 + 2 >
10y an0a3

for some t5 with 1/2 < t3 < 1. Similarly, we get

and
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n—1 £
Qn:al<12"'anH (1+ . J_ )

=1

' [e's}
for some t; with 1/2<t;<1 (3<j<n-—1). Hence, if ) (antn+1)7'<
n=1
< oo, then g,/(aias---a,) converges to a finite non-zero limit as
n—o00.Q

Proof of Th. 1. When n = (k — 1)m, we have an+1 =wu;af + vy and

k-1 r
aias .- HH ujaj—';—vj Hvr_l_u.
i=1 j=1
By Lemma 1
k-1 r
log g, = Z Zlog ujaj +v;) + ZlogvH_U +0(1) =
i=1 j=1
k(k —
= (kT) log A+ (k—1)1log(UV)+0(1) =
1 log(UV) >log A
= - — 1}.
(k 2+ log A > 2 +0(1)
It follows that
1 log(UV) 2log qn
kr~=— + :
2 log A log A
As well-known,
1 < Dn 1 < 1
— e —— o — — = ,
(an+1 + 2)Qr2L dn (an-{-l(Jn + Qn-l—l) an—i-lq"rQL

where aipt1 = [@n+1; @n+t2, . .. |. Therefore,

_bn 1 ~
In u qk logai/loggn 2
log aq log{UV) 1 Vv3legay
- (105(7"'1 vV a'l)'— }og A ) log an + \/105 A-1og an
~ Qn .

When n = (k — 1)m + 1, we have ap1 = usa5 + vz and
k-1 r
a102 - (u1af + vy) H ]T[(ujaJ +vj) - H vr+y .
i=1 j=1
Hence,
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1oan:
k-1 r

= log(uia¥ + v;) + ZZlog 'LLJCLJ +v;) + Zlogv,rﬂ, +0(1) =

=1 j=1 v=1

— —k(k; D tog A+ (k — 1) log(UV) + klogas +logus + O(1) =

L

(& 1 N log(a:UV)\? log A
2 log A 2

4

+0(1).

It follows that

ko 1 log(a:UV) n 2log qn
2 log A logA
Therefore, we obtain
In Uo qﬁlog az/ log gn qn
q - (log(u2 \/E)_ 2822 llgsleUV) ) 1051‘171. + Vlﬁ:ioagoqn
~J n .
Similarly, whenn = (k—1)m+ (j — 1) (j =1,2,...,7), we have
ocga; log(ay...a;__ VZloga.
N pn q —(log(uj \/a‘—j)—l E2y g(Ic\:lgA L 1UV)) 1og1q-n \/log,l‘\-glogjqn
L) (P
dn

On the other hand, whenn = (k- 1)ym+ (r—-1+v) (v =1,2,...,1),
we have
1

(UT+U + 2)Q121,

<|a-lz
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