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Abstract: In this paper, by using the coincidence degree theory, sufficient
conditions are given for the existence of periodic solutions of the high order
Rayleigh equation with deviating arguments

=™ (1) + £ (t — 0)) + B(t)gla(t — 7(1))] = p(2)-

In this paper, we will be concerned with a high order Rayleigh
equation with deviating arguments

(1) =M (1) + (' (t — 0)) + B(t)glz(t — 7())] = p(2),

where n > 2 is a positive integer; ¢ is a constant; f,g,5,p and T are

real continuous functions defined on R such that f(0) =0, 8,7 and p

are periodic with period 27, Iglin? B(t) > 0 and fo% p(t)dt = 0. Using
€

coincidence degree theory, we establish a theorem for the existence of

2m-periodic solutions of Eq. (1). When n = 2, o0 = 0 and §(¢) = 1,

Eq. (1) has been studied in [2]. We also hope to extend the results
in [2].
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Theorem 1. Suppose there are positive constants K, D and M such
that
(i) |f(z)| < K forz e R;
(ii) zg(z) > 0 and B(t)|g(z)| > K fort € R and |z| > D,
(iii) g(z) > —M forz < —D.
Then there ezists a 2m-periodic solution of Eq. (1).
Example. Consider the equation

2O (t) + exp{—(z'(t — 1))?} — 1 + ™" arctan(z(t — 7)) = sint.
Take f(z) = exp{—u?}—1, g(t,z) = arctanz, B(t) = 51, o = 1 and
p(t) =sint, 7(t) = 7. It is then easy to verify that all the assumptions
in Th. 1 are satisfied with K = 1, D > n/4, and M = 7/2. Thus this
equation has a 2m-periodic solution.

For the proof we want some preliminaries. Set
X :={z e C"'R,R) | z(t+2r) = z(t)},
and z(® = z; define the norm on X as follows

|zl = max max |z(t)];
0<j<n—10<L5t<L27

and set
Y= {ye C"*(R,R) | y(t +2m) = y(t)}-

Define the norm on Y by ||y|lo = [ Jax ly()|. Thus both (X, ||-||) and

(Y, |l - lo) are Banach spaces. Define the operators L and N by
L:XNC"R,R) =Y, z(t)—z™(@), teR,
and
N:X oY, o) - —f@(t-0) - At)glalt - ()] +p(H), tER,
respectively.
Let Im L and Ker L be, respectively, the image and kernel of the

operator L. Clearly, Ker L = R. Define the projections P : X — Ker L
and @:Y — Y/Im L by

(Pz)(t) = 5 / T et tER,
T Jo

and

@)O =5 [ v teR

respectively, then KerL = Im P and Ker@Q = Im L. Consider the
equation
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(2) 2™ (t) + A (2 (t — 0)) + AB(t)glz(t — 7(1))] = Ap(2),

where A € (0,1). We have

Lemma. Suppose that all conditions of Th. 1 are satisfied, then there
exist positive constants D; (1 < j < n — 1), which are independent of
A, if z(t) is any 2m-periodic solution of Eq. (2), such that

(3) |29 (t)| < D;j and |z(t)| < D +27xD; (t € [0,27], 1 < j <n-—1).

Proof. Let z = z(t) be a 2m-periodic solution of Eq. (2). Since
z("=2)(0) = £("~2)(2r), there exists t; € [0,27] such that ("1 (¢;) =
= 0. In view of (1), we see that any ¢t € [0, 27],

t 2
/ (™ (s)ds g/ |z(™ (s)|ds <
t1 0

< [ 1 s - oplds+

20 =

=y © B)lglals — r(o)llds + A [ T p(s)lds <

<2nK+ O “ﬁ(s)lg[gc(s-q-(s))]lds + 27 og%}éw |p(s)]-

We assert that

2T
) | sttt ~ r(o)de < 2K + 4w
0
for some positive number M7, where 8, = 021%%)5 B(t). Indeed, inte-

grating Eq. (2) from 0 to 2w, and noting condition (i), we see that

2

" BWglalt — ~(6)] — K}t <

0

) / {B(0alals — ()] ~ |f(@'(t — o))}t <

< TR (- o)+ B@)olat — T}t = 0.

Thus letting
={te[0,2n] | z(t — 7(t)) > D}, E»=[0,2n]\ En,
we have
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B(8)lgle(t — r(e)idt < 2mfy max {M, sup lg(a)I},

Es :ZZE[——D,D]

and

{B®)|glz(t — 7(t))] — K}dt < / 1B(t)glz(t — 7(t)] — K|dt =
Ey B .
=/, 1B(t)glz(t — 7(t))] — K}dt <
< - : {B(t)glz(t — 7(t))] — K}dt <

< B(t)|glz(t — 7(t))]|dt + Kdt.

Eq E;
Therefore,
2
B®)\gla(t — r(t))]|dt < 2K + 4npimax { M, sup |g(a)|},
0 ze[—D,D]
as required. Combining (4) and (5), we see that
(7) 2"V (t)] < Dpa,  t € [0,27]

for some positive number D,_;. Next, since z(®»~%)(0) = z(*=3)(27x),
there is some t; € [0, 27}, such that z(*~2)(t3) = 0. In view of (1), we
see that for any t € [0, 27],

¢
/ (1 (s)ds

to

8) 1" Pt) =

27
< / 1= =D ()|dt < 2w Dp_1.
0

Similarly, we conclude for any t € [0, 27],
(9) |zt 1D ()| < 27)Dpo; ((=1,2,...,n—2).

Let D1 = (2m)Dp—1 (i = 1,2,...,n —2). By (7) and (9), implies
that

(10) |zD@®)| <D;, tel0,2r] (G =1,2...,n—1).
Further, note that last equality in (6) implies

F(&'(to)) + B(to)g(z(to — 7(t0))) = 0

for some tg in [0, 27]. Thus in view of condition (i),

18(to)glz(to — 7(to))]l = |f(z'(t0))] < K,

and in view of (ii),
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|£L'(to —_ T(to))' < D

Since z(t) is 2m-periodic, we may infer that |z(¢*)| < D for some t* in
[0, 2n]. Finally, we see that

2(t)] = m(t*)—i—/t* #(s)ds §D+/O "o ()]t <

< D+2nDq, t € [0,2r].

(11)

The proof is complete. ¢

Proof of Theorem 1. Suppose that z(t) is any 2m-periodic solution of
Eq. (2). By Lemma, there exist positive constants D; (1 < j <n—1),
which are independent of A such that (4) is true. For any fixed positive
constant D > max{Dy, Dy,...,Dy_1,D + 21Dy}, set

Q={ze X||=z| <D}

We know that the operator L is a Fredholm operator with index
zero, and the operator N is L-compact on the closure  of Q (see, e.g.,
[1, p. 176]).

For any XA € (0,1) and any z = z(t) in the domain of L is which
also belongs to 092, we must have Lz # ANzx. For otherwise in view of
(4), we see that = belongs to the interior of {2, which is contrary to the
assumption that z € 9Q. Next, note that a function z = z(t) in the
intersection of Ker L and 89 must be the constant functions z(t) = D
or z(t) = —D. Hence

@W)@) = - [ (1)~ Belglalt = 7(0)] + p(6)de =

4

2

:—-21—ﬂ_g(j:ﬁ) [ Byae £ 0

Finally, consider the mapping

27

H(z,s) = sz + —1—(1 —5)g(z) /O~7r p(tydt, 0<s<1.

Since for every s € [0,1] and z in the intersection of Ker L and 91, we
have

1 2T
cH(z,s) = sz® + 2—7;(1 — 5)zg(x) B(t)dt > 0,
0

thus H(z, s) is a homotopy. This shows that
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deg{QNz,QNKer L,0} =

2w
= deg{ - ig(ac)/ B(t)dt, Q ﬂKerL,O} =
2T 0
= deg{—z,Q2NKer L,0} = deg{—z,Q2NR,0} #0.

By Mawhin continuing theorem [1, p. 40|, we find that equation Lz =
= Nz has a solution in dom L N €2, that is to say that there exists a
2m-periodic solution of Eq. (1). The proof is thus complete. ¢
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