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Abstract: Let R be a prime ring of characteristic different from 2, ¢ and
d non-zero derivations of R, I a non-zero right ideal of R, Sai(z1,...,z4)
the standard polynomial in 4 variables. Suppose that, for any z,y € I,
dld([z, 1), [z,y]] = 0. If §4(I,I,I,I)] # 0, then both & and d are inner
derivations induced respectively by the elements a,b, that is §(z) = [a, 7]
and d(z) = [b,z] for all z € R, such that al = bI = 0 and ba = 0.

This paper is included in a line of investigation concerning the re-
lationship between the structure of a prime ring R and the behaviour of
some derivation defined on R. The well known Posner’s second theorem
states that if R is a prime ring and d is a non-zero derivation of R such
that [d(r),r] € Z(R), the center of R, for all 7 € R, then R is commuta-
tive [17]. Later many authors obtained a number of results in this con-
text by considering appropriate conditions on the subset P(d, k,S) =
= {[d(s),s]x /s € S} for a suitable subset S of R. For example, if I is
a non-zero two-sided ideal of R and f(z1,...,%,) a multilinear polyno-
mial, Lee and Lee proved that the condition P(d, %, f(I)) = 0 implies
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that either f(zy,...,zn) in central valued on R or char(R) = 2 and R
satisfies the standard identity Sa(z1,...,z4) [11]. In a recent paper we
proved that if I is a non-zero right ideal of R, f(z1,22) = [z1,22] =
= z179 — o371 and char(R) # 2, then the condition aP(d, 1, f(I)) =0,
for a € R, forces al = ad(I) = 0, unless the case when S4(I,1,1,I)] =
=0 [7]. Let now d and ¢ be non-zero derivations of R and, as above, |
a non-zero right ideal of R, f(z1,22) = [z1,22]. Here we will consider
the situation when §(P(d, 1, f(I))) = 0 and we will prove the following
Theorem. Let R be a prime ring of characteristic different from 2,
d and § non-zero derivations of R, I a non-zero right ideal of R. If,
Jor any =,y € I, 6([d([z,y]),[z,y]]) = O then both § and d are inner
derivations induced respectively by the elements a, b, that is §(r) = [a, 7]
and d(r) = [b,r] for all 7 € R, such that al = bl = ba = 0, unless the
case when Sy(I,1,1,1)I =0.

Before beginning the proof of our result, for the sake of complete-
ness, we prefer to recall some basic notations, definitions and some
easy consequences of the result of Kharchenko [10] about the differen-
tial identities on a prime ring R. We refer to [1, Ch. 7] for a complete
and detailed description of the theory of generalized polynomial iden-
tities involving derivations.

Fact 1. We denote by @) the Martindale quotients ring of R and let
C = Z(Q) be the extended centroid of R ([1, Ch. 2]). Tt is well known
that any derivation of a prime ring R can be uniquely extended to a
derivation of its Martindale quotients ring @, and so any derivation of R
can be defined on the whole @ [1, p. 87]. Moreover, if R is a K-algebra
we can assume that K is a subring of C.

~ Now, we denote by Der(Q) the set of all derivations on Q. By a
derivation word we mean an additive map A of the form A = dids . .. dp,,
with each d; € Der(Q). Then a differential polynomial is a generalized
polynomial, with coefficients in @, of the form ®(%7z;) involving non-
commutative indeterminates z; on which the derivations words A; act
as unary operations. The differential polynomial ®(%ix;) is said a dif-
ferential identity on a subset T' of @Q if it vanishes for any assignment of
values from T to its indeterminates z;.
Fact 2. Let Diy be the C-subspace of Der(Q) consisting of all inner
derivations on  and let d and § be two non-zero derivations on R. By
[10, Th. 2] we have the following result (see also [15, Th. 1]):

Let R be a prime ring of characteristic different from 2, if d and
¢ are C—linearly indipendent modulo Diy and ®(%71;) is a differential
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identity on R, where A; are derivations words of the following form
d, d, 6%, 6d, d*, then ®(y;;) is a generalized polynomial identity on R,
where y;; are distinct indeterminates.

As a particular case, we have:

If d is a non-zero derivation on R and ®(z1,..., Ty, drq,. A,

dz:cl, ceey d? Zr) is a differential identity on R, then one of the following

holds:
(i) either d € Djy
(ii) or R satisfies the generalized polynomial identity

Q(z1, . T, YLy Yny 21y -+ 5 Zn)-

Fact 3. Denote by T' = @Q * cC{X} the free product over C of the
C-algebra @ and the free C-algebra C{X}, with X a countable set
cousisting of non-commuting indeterminates {z1,...,%n,... }. The el-
ements of 7' are called generalized polynomial with coefficients in Q.
Moreover if I is a non-zero right ideal of R, then I, IR and IQ satisfy
the same generalized polynomial identities with coefficients in Q. For
more details about these objects we refer the reader to [1] and [5].

Fact 4. The assumption S4(I,7,1,I)I # 0 is essential to the main
result. For example, consider R = Endg (V), for F a field and
(V : F) > 3 (possibly infinite), and let e;; be the usual matrix unit
in R. Let I = (e11 + es2)R, ¢ the inner derivation induced by the

element a = e, that is 6(z) = [eas,x] = €20 — zegs, d the inner
derivation induced by the element ey3, that is d(z) = [e13, 2] = e137 —
— xeis, for all z € R. In this case, notlce that S4(z1, 2,3, 24)T5 is an

identity for I, moreover

[e22, [e13, [(e11 + e22)21, (€11 + ea2)2]]5] =0

for any z1,z2 € R, but clearly essl £ 0.
Lemma 1. Suppose that § is the inner derivation induced by a € R
and d is the inner derivation induced by b € R. If R does not satisfy
any non-trivial generalized polynomial identity then the Theorem holds.
Proof. Here we suppose that R does not satisfy any non-trivial general-
ized polynomial identity. The conclusion will be that al = bl = ba = 0.

Denote [g(I) the left annihilator of I in R. Suppose first that
{1,a,b} are linearly C-independent modulo lz(I), that is (aa + Bb +
+ )] =0 if and only if « = 8 = v = 0. Since R is not a GPl-ring,
a fortiori it cannot be a Pl-ring. Thus, by [14, Lemma 3] there exists
zo € I such that {zo, azo, bzo} are linearly C-independent. In this case




6 V. De Filippis

we have that
la, [b, [zoz1, Toxa]]s]
is a non-trivial generalized polynomial identity for R, a contradiction.
Therefore {1, a, b} are linearly C-dependent modulo [g(]), that is
there exist «, 8,7 € C, not all zero, such that (aa + b+ v)I = 0.

Note that if @ = 8 = 0 then also v = 0. Hence either 8 # 0 or
a # 0. From now we divide the proof in three cases:

CASE 1. a=0and 8 #0.

If v = 0 it follows that BbI = 0, that is bl = 0.

On the other hand, if v # 0, by (8b+ -v)I = 0 we have that there
exists 0 % A € C such that (b+ A\)I = 0. Since b and b = b+ A
induce the same inner derivation, we may replace b by b’ in the basic

hypothesis. Therefore, in any case we may suppose bl = 0. Thus [
satisfies the identity

[a'7 [bv [xlv mQ]]Q] = [CL, [5131, :EQ]Zb]'

If {1,a} are linearly C-independent modulo Ig(I), by [14, Lemma 3],
since R cannot satisfy any polynomial identity, we have that there exists
zo € I such that {zg, azo} are linearly C-independent. So the identity

[a, [T0T1, ToTa] ]

is a non-trivial generalized polynomial identity for R, a contradiction.

Hence there exists o’ € C such that (a—a/)] = 0. As above, since
a and o’ = a — o' induce the same inner derivation, we may replace a
by a’. Therefore, in any case we may suppose al = 0.

All these facts say that, for all 1,z € I,
0= [a, [b, [z1, z2]]2] = —[z1, z2]%ba.

By [6] we have that either [z1, z2]z3 is an identity for I or.ba = 0. Since
R is not GPI, the first conclusion cannot occur, therefore al = bl =
=ba = 0.

CASE 2. a5 0 and 8= 0.

If v = 0 it follows that cal = 0, that is al = 0.

On the other hand, if v # 0, by (aa +v)I = 0 we have that there
exists 0 # A € C such that (a4 A)I = 0. Since a and o’ = ¢ + A induce
the same inner derivation, again we may replace a by a’. Therefore, in
any case we may suppose al = 0. Thus [ satisfies
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0= [a,[b, [z1,22]]2] =
= ablz1, 2] — b[z1, T2]%a — [21, 22]%ba + 2[z1, T2]b[z1, T2]a

and right multiplying this by z3 € I, I satisfies

2

) ab[ml,mg] 3.
By using again [6], either [z1,z2]?z3 is an identity for I or abl = 0.
Since R is not GPI, the first conclusion cannot occur. So, by abl = 0,
we have that [ satisfies
[b, [1111, (Eg]]ga.
If {1,b} are linearly C-independent modulo {g(I) then, again by [14,
Lemma 3], since R is not PI, there exists zg € I such that {zg,bzg} are
linearly C-independent. In this case '
[0, [zoz1, ToZa)]2a
is a non-trivial GPI for R, a contradiction.
If there exists §' € C such that (b— 8')I = 0, since b and b’ =

= b — [ induce the same inner derivation, we may replace b by &'. So
bl = 0, I satisfies

[CL, [b7 [xly mQ]]Z] = [zly xZ]zba
and as above, since R is not GPI, we must have ba = 0.
CASE 3. a0 and 8 # 0.

In this case there exist v/, 8’ € C, with §’ # 0, such that ay =
="y + B'by, for all y € I. Thus, for all yg € I, R satisfies

[a, [, [yoz1, yoz2]l2] = ablyoza, yofb"z]z + 7' [yoz1, yoza) b+
(A) +06'b[yoz1, y0$2]2b — 29'[yox1, YoZ2]blyoz1, Yoz2]—
_213/b[y0x17 yOxQ]b['yofcl, yoxz] — [b, [90331, y0$2“2a’-

If {1,b} are linearly C-independent modulo [g(I) then, again by [14,
Lemma 3], since R is not PI, there exists zq € I such that {zg, bz}
are linearly C-independent. In this case, for yo = o, the (A) is a
non-trivial GPI for R, a contradiction.

If there exists 8" € C such that (b — 87)I =0, since b and b’ =
= b — (" induce the same inner derivation, we may replace b by b'.
Therefore b = 0. It follows that I satisfies

(B) CL[CEl,CBQ]Qb - [5131,:13‘2]2()(1,.

If {1,a} are linearly C-independent modulo [g([) then, as above, there
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exists zo € I such that {xp,azg} are linearly C-independent. In this
case

alzory, Tow2)?b — [Toz1, zo72]ba

is a non-trivial GPI for R, a contradiction.

On the other hand, if there exists o’ € C such that (a — /) =0,
since a and a’ = a—a’ induce the same inner derivation, we may replace
a by a’. Hence al = 0. It follows from (B) that I satisfies [z1, z2]%ba
that is ba = 0, since [z1, z2]z3 cannot be an identity for I (this follows
again from [6]). ¢
Lemma 2. Without loss of generality, in case ¢ is the inner derivation
induced by the element a and d is the inner one induced by the element
b, R is simple and equal to its own socle, IR =1 and a,b € I.

Proof. By Lemma 1, R is GPI and so @ has non-zero socle H with
non-zero right ideal J = IH [16].. Note that H is simple, J = JH
and J satisfies the same basic conditions as I, in view of [15]. Since
Ja # 0 and Jb # 0, we may replace a and b respectively by 0 # cia
and 0 # cyb, for some c1,¢c2 € J. Now just replace R by H, I by J, a
by ci1a, b by ceb and we are done.

Lemma 3. Let R = M,(F') be the ring of n X n matrices over the field
F' of characteristic different from 2 and n > 3. Let d be a non-zero
inner derivation of R, a a non-central element of R and I a non-zero
right ideal of R. If [d([r1,72]),[r1,m2]la =0, for all r1,r9 € I, then d is
induced by an element b such that bl = ba = 0.

Proof. First say b an element of R which induces the derivation d. We
denote e;; the usual matrix unit with 1 in the (i,j)-entry and zero else-
where and write a = ) asje;;, b = 3 byje;;, with a;; and b;; elements
of F'. Moreover assume I = eR for some e = ZZ=1 e;; and t > 2.

In what follows we first suppose that (b— 8)I # 0, for any 8 € F
to derive a contradiction.

Suppose that there exist 7 # j such that b;; 5 0 (§ < ¢). Without
loss of generality we replace b by b;jl(b— bj;) so that we assume b;; = 1
and bjj =0.

Let [:c,y] =. [ejj,eﬁ] = ej; € [I, I] Then 0 = [b, Bjilga =
= —2ej;bejia. We have that, for all ¢ 5 j such that b;; # 0, eya =
= 0. Soif i < k < n such that by; 5% 0, for k& # 7, then exra = 0.

Let now k 7 j such that by; = 0. For [z,y] = [ej5,e5 + k] =
=e€j; +ej; € [I,I],
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0=1[bej+ ejkl20 = —2(ej; + ek )b(eji + ejr)a
and left multiplying by (es; + esx)

0= (67;7; -+ eik)(eﬁ =+ ejk)b(eji -+ ejk)a = (eii -+ eik)a = €;L0.
Therefore the matrix a has just only one non-zero row, write a = ¢;;a.

Let now k£ < j and k # j. For [z,y] = [ej; + exj, €jk] = €55 — €4;
we have [b, e;i — exj]aa = 0. Left multiplying by e;; we get

0 = eyilb, ejx — exjlaa = e[, ek — exjlaeja =
= eiibejja = (ei;biz)(e;;0)
and from b;; # 0 we have ej;a = 0 that is a = 0.

Assume now b;; = 0 for all 4 # j and j < t. Since (b — B8)T # 0,
for 8 € F, in this case there exist 1 < 7,8 < ¢, with-r # s, such that
brr # bss. Replacing b with (b, — bss) (b — bss), we may assume that
brr =1 and bgg = 0.

Let f be the F-automorphism of R defined by f(z) = (1 — ers)-
(1 + ers). Thus we have that f(z) € I, for all z € I and
[f(0),[z1,z2]]2f(a) = 0, for all zy,22 € I. If a # 0 then f(a) # 0

and, as above, the (r, s)-entry of f(b) is zero. On the other hand
f(b) - (1 - e’r‘s)b(l + 67‘5) =b-+ brre'rs - bSSeTS
that is by = bss, a contradiction.
This means that there exists § € F such that (b— ()] = 0. Denote
b— [ = p. Since b and p induces the same inner derivation d, we have

that [p, [r1,72]]2a = 0 with pI = 0. In this case, by the assumption of
this Lemma, we have

0 = [p, [z1, Zs]]2a = [z1, z2]*pa.

Since Sy(I,1,1,1)I # 0, it follows that [z, z2]? is not an identity for T
and so, by [6], we conclude that pa = 0. ¢
Lemma 4. Let R be a prime ring of characteristic different from 2,
I a non-zero right ideal of R, d an inner derivation of R and a € R.
If [d([r1,m2]), [r1,m2)]a = O, for all r1,72 € I, then d is induced by an
element b such that bl = ba = 0, unless the case when Sy(I,I,1,1)I =
=0.
Proof. Suppose that Sy(I,1,1,I)I # 0. As a reduction of Lemma 1,
we have that if R is not a GPI-ring, then we are done. Thus consider the
only case when R satisfies a non-trivial generalized polynomial identity.

Thus the Martindale quotients ring Q of R is a primitive ring
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with non-zero socle H = Soc(Q). H is a simple ring with minimal right
ideals. Let D be the associated division ring of H, by [16] D is a simple
central algebra finite dimensional over C' = Z(Q). Thus H ® ¢F is a
simple ring with minimal right ideals, with F' the central closure of C.
Let b be an element of R which induces the derivation d. Moreover
b, [z1, z2]]2a = 0, for all 1,29 € IH ® ¢ F (see for instance [5, Th. 2]
and [12, Prop.]). Notice that if C is finite, we choose ¥ = C.

Suppose that for all 8 € C there exists ¢ € IH such that
(b—pB)c# 0. Denote p = b— 3, so pc # 0, moreover b and p induce the
same inner derivation. Since H is regular [9] there exists g = g € IH,
such that c € TH, and e? = e € H ® ¢F, such that

9,Pg,9p,a,c,pc,cp € e(H @ ¢ Fle =2 M,(F) and n > 3.
Let T1,22 € ge(H @ ¢ F)e and a = eae # 0, then
0 = ep, [z1, z2]]2a = [epe, [z1, z2]]2eae.
By Lemma 3 epege(H ® ¢ F)e = 0, in particular 0 = epegc and hence

pc = 0, a contradiction. This means that there exists § € C such that
p=>b— 0 and pl = 0. Therefore I satisfies
0 = [p, [z1, Z2]]20 = [z1, z2)*pa.

Since Sy(I,1,1,1)I # 0, [z1,z2)? is not an identity for I and we con-
clude (as in Lemma 3) pa = 0. ¢
Lemma 5. Let R = H be a regular ring, I = IH, and p,q € R such
that plz1,z2)%q¢ = 0, for any z1,20 € I. If I does not satisfy
Sa(x1, 2, T3, T4)Ts, then either pI =0 or g = 0.
Proof. Suppose that pI #% 0. There exist a1, as, a3, as,as,ag € I such
that Si(ai,a0,a3,a4)as # 0 and pag # 0. Since R = H is regular,
hence there exists g = g2 € R such that gR = a1R + asR + asR +
+asR + asR + agR. Then g € IR = I and a; = ga; for each 1 =
=1,...,6. Consider now the simple Artinian ring gRg and notice that
(9Rpg)lgz1g, gz29]*(99Rg) = 0. Moreover Sy(gR,gR,gR, gR)gR # 0,
because Syi(a1,as,as,as)as # 0, and pg 5 0, because pgag = pag # 0.

Let A be the subgroup of gRg generated by the polynomial
lg719, gT29]%, then (gRpg)z(gqRg) = 0, for all z € A. Since A is a
non-central Lie ideal of gRg, it is well known that [gRg, gRg] C A, that
is

(9Rpg)lgz1g, gz29](99Rg) = 0 for all z1,z2 € R.
Let U = [gz19, gz29](9¢Rg), so (gRpg)U = 0.



A result on vanishing derivations 11

Since (9Rpg)[Ugz19, gz29](99Rg) = 0, then gRpgzog9Ugz1gqRg =
= 0. Moreover pg # 0 implies that either gg = 0 or U = 0. If this last
case occurs, it follows that gg = 0, because g Rg cannot be commutative.
Hence in any case we have gg = 0.

Let r € Rand f = g+gr(l—g),s0 f2 = f €I, fg =g and
gR = fR. Since S4(gR,gR,gR,gR)gR # 0 and pg # 0, by calculation
it follows that also S4(fR, fR, fR, fR)fR # 0 and pf # 0.

Moreover (fRpf){fz1f, fz2f]?(fqRf) = 0 and, following the same
above argument, we have fqg = 0, that is 0 = (¢ + gr(1 — g))q = grq.
By the arbitrarity of r € R, and ¢ # 0, we get ¢ = 0.

Lemma 6. Let both § and d be inner derivations induced respectively
by the elements a and b. (i) If al =0, then the Theorem holds. (ii) If
bl = 0, then the Theorem holds.

Proof. Suppose Sy(I,I,I,I1)I 0.

In view of Lemma 2, R is a simple GPI-ring and equal to its own
socle, R=H,IR=1 and a,b € I.

(i) Since al = 0, then I satisfies

—b[z1,2]?a — [z1, 22)%ba + 2[z1, z2)bz1, z2]a
that is .
b, [z1, z2]]aa =0

and we end up by Lemma 4.

(ii) Since bI = 0, then ba = 0 and I satisfies a[z1,z3])?b. In this
condition, since b # 0, we are done by Lemma 5.
Lemma 7. Let both § and d be inner derivations induced respectively
by a and b elements of R. Then the Theorem holds.
Proof. In view of Lemma 2 R is a simple GPI-ring and equal to its
own socle, R = H, IR = I and a,b € I. Since if al = 0 we conclude
by Lemma 6, then we may assume al # 0 and show that under this
assumption, a contradiction occurs.

Suppose there exist a1, as, a3, aq,as,ag € I such that

Sy(aq, az,as3,a4)as #0 and aas # 0.

Since R = H is regular, hence there exists e = e? € R such that eR =
=aR+a3R+az3R+asR+asR+agR. Thenee IR =1 and q; = ea;
foreachi=1,...,6.

Let z € R, [e,ex(l —e)] = ex(1 —e) € [1,I]. Thus
0 =[a, [b,ezx(l—e)]a] = 2(—aex(l —e)bex(l—e) +ex(l—e)bez(l—e)a)
and left multiplying by (1 — ¢)




12 : V. De Filippis

(1 —e)aex(l —e)bex(l —e) =0

and it follows easily that either (1 — e)ae =0 or (1 —e)be = 0.

Here our purpose is to show that (1 — e)ae = 0 if and only if
(1 —e)be =0.

Suppose first that (1 — e)ae = 0. For any z,y € R

0= (1-¢e)a,[b ez, ey]]zle =
1] = (1 — e)ablez, ey]®e — (1 — e)blex, ey]®ae =
= (1 — e)ableze, eye]*e — (1 — e)blexe, eye]®eae.

Since eRe does not satisfy S4(z1, 2,23, T4), [eze, eye]® cannot be cen-
tral in eRe. Let A be the subgroup of eRe generated by the polynomial
[exie, exae)?, then (1—e)abr — (1—e)bzeae = 0, for any = € A. Since A

is a non-central Lie ideal of eRe, it is well known that [eRe,eRe] C A,
that is for all z,y €-R.

2] (1 — e)abelez, eyle — (1 — e)blex, eyleae.
Let now z € R:
= (1 — e)ablez, eyez]e — (1 — e)blex, eyez]eae =
= (1 — e)ablez, eyleze + (1 — e)abeylez, ezle—
—(1 — e)blez, eylezeae — (1 — e)bey[ez, ez]eae.
In particular we choose ey = [ez, ez]. Since from [1]
(1 — e)ablex, ez]*e — (1 — e)blex, ez]ae = 0
we have
(1 — e)abler, [ex, ez]leze — (1 — e)blex, [ex, ez]]ezeae = O
that is
(1 — e)ablez, ex]aeze — (1 — e)blez, ex]sezeae = 0.

From this, since [eze, exe]s cannot be central in eRe, the subgroup B
generated by the polynomial [eze,exe]s contains the non-central Lie
ideal [eRe, eRe], and as above, it follows that

(3] 0 = (1 — e)ableze, exeleze — (1 — e)bleze, exelezeae.
Now rewrite equation [1] as follows:
2] (1 — e)abeleze, exele — (1 — e)bleze, exe]eae.

Right multiplying equation [1’] by ze we obtain
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3] (1 —e)abeleze, exeleze — (1 — e)bleze, exe]eaeze.
By equations [3] and [3’] it follows

(1 — e)bleze, exelleae, éze] =0
and for ¢ = ae
0= (1 — e)bleae, eze]* = (1 — e)be[ae, ez]e

and a fortiori 0 = (1 — e)be[ae, ez]®. Denote by h(z) = [ae, z], the inner
derivation induced by ae, then 0 = (1 — e)beh(ex)?, for all z € R.

Notice that if ae = 0 then we get the contradiction 0 = aeag =
= aag # 0. Thus, by [4] it follows that either [ae,eR] = 0 or
(1 —e)beh(eR) = 0. In case [ae,eR] = 0, for any £ € R, we have
0 = [ae,ex(l —e)] = aex(l —e) — ex(1 — e)ae = aex(1 — e), and by
e # 1, it follows again the contradiction ae = 0. Therefore must be
(1 —e)beh(eR) = 0, that is, for all z € R,
[4] 0= (1—e)belae, ex] = (1 — e)beaer — (1 — e)bezae.
In particular, for z = y(1 —e), y € R, 0 = (1 — e)beaey(1 — e), which
implies 0 = (1 — e)beae = (1 — e)bae. Again by equation [4]

0= (1 —e)belae, ex] = (1 — e)beaex — (1 — e)bezae = —(1 — e)bexae

for all z € R, i.e. (1 —e)be =0.

Suppose now that (1 — e)be = 0. From the main assumption, for
allz,y € R '
| 0=(1-e)a, b, ez, eylla] = (1 — e)alb, [ez, ey]]a.
Since Syi(eR,eR,eR,eR)e # 0, by the result in [7] we conclude that
(l—e)ae=0.

Therefore, if al # 0 and Sy(I,I,I,I1)I # 0, we always have
(1 —e)ae = (1 —e)be = 0. Recall that § is the inner derivation in-
duced by a and d the inner one induced by b. Thus both ¢ and d are
defined in 1, 6(I) € I and d(I) C I. Let I = 15y, Where_ I-(I) is
the left annihilator of I in R. For all z,y € I we have d(z) = d(T) and
5(z) = 6(). I is a prime ring of characteristic different from 2, which
satisfies the main assumption:

old([z,7]), [Z,7]] = 0

for all 7,7 € I. By [8], since [I,1] # 0, that is [I, I]T # 0, we have that
either 6 = 0 or d = 0. So we have that either §(I)] = 0 or d(I)I = 0,
that is either [a, I} =0 or [b, I]] = 0.
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If [a,I]I = 0, by [2, Lemma] there exists o € C such that
(a — a)I = 0. Denote a — a = ¢, then ¢/ = 0 and gb = 0. More-
over the inner derivation induced by g satisfies the same condition of
the inner one induced by a, hence, for all z,y €

0=[q,[b, [z, yll2] = [b, [x,y]]2q
and, by Lemma 4, there exists § € C such that p = b— [ and pl =
= pg = 0. Thus we are done (see (ii) of Lemma 6).
In the either case, that is [b, I]] = 0, as above there exists o € C
such that (b — @)l = 0. Denote a — o = p, then pI = 0 and pa = 0.
Moreover the inner derivation induced by p satisfies the same condition
of the inner one induced by b, hence, for all z,y € I

0= [CL, [pv [LE, y]]Q] = a[:c, y]Qp
and by Lemma 5, since al £ 0, we get p = 0, that is b = o € C, a
contradiction. ¢ .
Finally we premise the following: '
Lemma 8. Let R be a prime ring of characteristic different from 2, I

a non-zero right ideal of R, f(z1,...,%n) a multilinear polynomial on
R. Ifforanyi=1,...,n, [f(ri,...,2i,...,Tn), f(r1,...,7n)] =0, for
allry,...,rn, 2 € I, then CI = eRC for some idempotent element e in

the socle of RC and f(x1,...,%n) 15 central valued on eRCe.
Proof. Let ¢t,71,...,7y € I, such that [t,I] # 0. By our assumption

[f(rlﬂ"'7[t’ri]v'"1fn)af(T1;---7Tn)] =0

foralli=1,...,n. Therefore

[t, f(‘T']_, P ,'I"n)]g =
{Zf(rl, I ) P ,Tn),f(rl,...,rn)} = 0.

Hence, by [13, Th. 2], we get the conclusion. ¢
Proof of the Theorem. Since Sy(I,I,I,I)I # 0, the polynomial

ZTy1,X2 is not centralin I. By our assum tiOl’l, I satisfies the differential
b
identity

6([d([a1, 2]), [21, 22]])-
Let a € I, then R satisfies the generalized differential identity
[6d([az1, azs]), [az1, aza]] + [d([az1, az2]), 6([az1, aza])] =
= [[0d(a)z1 + d(a)d(z1) + 6(a)d(z1).+ add(z1), azs)], [az1, aza]] +
+ [[az1,0d(a)ze + d(a)d(z2) + §(a)d(z2) + add(z2)], [az1, aza]] +
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+ [[d(a)z1 + ad(z1), aza], [6(a)z1 + ad(z1), azs)] +
+[[d(a)z1 + ad(z1), aza], [az1, 6(a)z2 + ab(z2)]] +
+[[az1, d(a)z2 + ad(z2)], [6(a)z1 + ad(z1), aza]] +
+[[az1, d(a)z2 + ad(z2)], [az, §(a)ze + ad(z2)]] .

CASE 1. 6 and d are linearly C-independent modulo Dip;.
In this case, by Kharchenko’s theorem, R satisfies the identity

[[6d(a)zy + d(a)yr + 6(a)z1 + aty, aza], [az1, aza)] +
+ [[az1, 6d(a)z2 + d(a)ys + 6(a)zs + ata), [az1, azo]] +
+ [[d(a)z + az1, aza], [§(a)z1 + ay1, aza]] +
+ [[d(a)z1 + az1, aza), [azy, 6(a)z2 + ayal]
+ [[az1, d(a)zs + azo], [0(a)z1 + air, azs)]
+ [[azy, d(a)zs + a2, [az1,6(a)z2 + ays]] -

+
+

In particular R satisfies the blended components
llat1, azs), [az1, azs]] and [[az1, ats), [az1, az2l]-
Therefore R satisfies some non-trivial GPI, then Q is primitive and H is
regular. As remarked in Lemma 2, when R is GPl-ring, we may replace
H by R. Moreover, since R is a regular ring, we may assume I =¢eR
for some 2 = e € IR. Thus R satisfies
[lety, exa), [ex1, exa)] and  [[ezs, eta), [ez1, ex2]]
that is I satisfies ,
[t1, 22, 21, 22)] and  [[z1,2], (21, To)].
By Lemma 8 we have the contradiction that [z, z2] is central in [I.
CASE 2. § and d are linearly C-dependent modulo Djns.
Now there exist 71 and 72 in C such that 710 + v2d € Din: and
by Lemma 7, at most one of the two derivations can be inner.
Suppose v1 = 0 and 3 # 0. In this case for some element ¢ € @,
d = dg is the inner derivation induced by g and 4 is an outer derivation.
By the assumptions, 6([g, [z1, z2]]2) is a differential identity for I. Thus,
for a € I 6([q, [az1,az2]]2) is a differential identity for R. We have that

5([g, [az1, azalla) = [8(q), [az1, azalla+
+[g, [(a)z1 + ad(z1), az2] + [az1, §(a)za + ad(z2)), [az1, aza]] +
+1[g, [az1, az2]], [6(a)z1 + ad(z1), aza) + [az1,6(a)z2 + ad(z2)]] -
As above, by Kharchenko's result, & satisfies the GPI
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[5(Q)) [G:l?]_, 0,332]]2+

+[g,[0(a)z1 + ay1, aza] + [azy, 6(a)za + ays)], [az1, aza]] +

+ g, [az1; azs]], [6(a)z1 + ayy, azs] + [az1, 6(a)za + ay2)]] .
In particular R satisfies the blended component

llg, [, azs]], [az1, azs]] + [[g, [az1, aza]], [ays, azs]] .

Hence 2[g, [az1, azs]]2 is an identity for R. R is again a ring satisfyin
a non-trivial GPI. Then I = eR for ¢ = e € I = IR, 2[q, [ez,, exs)]
is an identity for R and 2[q, [z, T2]]2 is an identity for 7. Since q¢C,
this implies that [z, z] is central in I [13], a contradiction.

Suppose now v = 0 and 71 # 0. Then for some non-central
element g € Q, § = d, is the inner derivation induced by ¢ and d is

an outer derivation. In this case, for ¢ € , R satisfies the differential
identity

o
S
2

[q’ [d’([axl: CLSCQ]), [0:171, CI,.’E‘_),”] =
= g, [[d(a)z; + ad(z1), azs] + [azy, d(a)zy + ad(zs)], [azy, azs]]]

and as above, using the Kharchenko's theorem, R satisfies the following
generalized polynomial identities

g, [[az1, ays), [az:, azz]]] and g, [[ays, azsa), [az1, azs]]] .
Once again R is a non-trivial GPI-ring, then we assume eR = ] = JR
for some idempotent e € IR and T satisfies the identities

[Q: [[mh y?]: [3317 562]]] and [‘L [[yla :[;2]7 [1111, :Ez”] .
Clearly we may assume that both the polynomials
[[931,?,/2],[331,332]] and [[91,132],[561;532]]

are not central in I, because Sy(I,1,1,1)I # 0. By [3] one of the
following holds:

i) either g centralizes [1,1], in the case I satisfies some polynomial
identities;

ii) or ¢ centralizes [Ip, I}, for some Iy C T right ideal of R, in case
Iy and I do not satisfy any polynomial identity. 7

Notice that the first case cannot occur, because if not, from [13,
Th. 6] and since ¢ ¢ C, should follow the contradiction (1, 1],1] = 0.
On the other hand, if (g, [Ty, Iy]] = 0, again by [13] and ¢ ¢ C, we have
the contradiction that I, satisfies the polynomial identity [[zy, zs], z3).

Finally we assume that both v, and 72 are not zero. So ¢ = vd -

+dg, with 0 # v € C and g € Q. Therefore, for a € I, R satisfies the
differential identity
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(Y8 + dy)d([az1, az2)), [az1, aza]] =
= (vd)[d([az1, azs]), [az1, azs]] + [g, [d([az1, aza]), [az1, azs]].

Suppose that d is an outer derivation. In this case R satisfies the
differential identity

v([[d*(a)z1 + d(a)d(z1) + d(a)d(z1) + ad?(z1),a

+ [[cw:l, d*(a)za + d(a)d(z2) + d(a)d(z2) + ad?(zs
d(a)z1 + ad(z1), aza], [d(a)z1 + ad(z1), aza]] +
d(a)z; + ad(z1), azs), [az1, d(a)za + ad(z3)]] +

az1, d(a)zs + ad(z2)], [d(a)z1 + ad(z1), aza]] +

oz, d(a)zs + ad(z2)], [az1, d(a)z2 + ad(z2)]])+

+ (g, [[d(a)z1 + ad(z1), aza] + [azy, d(a)zs + ad(x2)], [azy, azs]]] .

Thus the Kharchenko’s theorem provides that

v([[d*(a)z1 + d(a)ys + d(a)y1 + az1, azs], laz1, aza]] +
+ [laz1, d*(a)za + d(a)ys + d(a)ys + aza], [az1, az2]] +
+[[d(a)z1 + ay1, aza], [d(a)z1 + ay1, azs]] +

[[d(a)z1 + ay1, azs), [az1, d(a)za + ays]] +
[laz1,d(a)zs + ays], [d(a)z1 + ayy, azs]] +
llazy, d(a)zs + ays), [az1, d(a)z2 + ays]))+
+ g, [[d(a)z1 + ay1, az2] + [az1, d(a)zs + aya], [az1, azs]]]

is a polynomial identity for R. Hence R satlsﬁes the blended compo-
nents

o), [az1, aza]] +

), [az1, a:coﬂ

-+
+
+

llaz1, aza], [az1, axs]] and  [[az1,azz], [az1, azs]].
As remarked in Case 1, using Lemma 8, this implies the contradiction
that [z1, 2] is central in I.

Finally, if d is Q-inner, then § is also @-inner and we obtain the
required conclusion by Lemma 7. ¢
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