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Abstract: The object of this paper is to establish an example of a weakly
symmetric space. Some results on a (WZS),, are established and it is shown
that if a (WZS)n is a decomposable space VT x V*~" (r > 1,n—r > 1), then
one of the decomposition spaces is flat and the other is a pseudo symmetric
space. Later, the Ricci-associate of the vector field )\; is defined and some
theorems relating to it are proved. '

1. Introduction

The notions of weakly symmetric space and weakly projective
symmetric spaces were introduced by Taméssy and Binh, [7]. In a
subsequent paper Binh, [1] studied decomposable weakly symmetric
spaces.

A non-flat Riemannian space V"™ (n > 2) is called weakly symmet-
ric if the curvature tensor Ry;jx satisfies the condition
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(1.1) Rnije,m = AmRhijk+BrRmijk +DiRhmjk + E; Ruimik +Fr Rpijm

where A, B, D, E, F' are 1-forms (non-zero simultaneously) and the com-
ma “” denotes covariant differentiation with respect to the metric ten-
sor of the space. The 1-forms are called the associated 1-forms of the
space and an n-dimensional space of this kind is denoted by (WS),.
It may be mentioned in this connection that although the definition
of a (WS), is similar to that of a generalized pseudo-symmetric space
studied by Chaki and Mondal, [3], the defining condition of'a (W.S),
is weaker than that of a generalized pseudo-symmetric space. A re-
duction in generalized pseudo-symmetric spaces has been obtained by
Chaki and Mondal. On the analogy of (WS),, Taméssy and Binh,
8], introduced the notion of weakly Ricci symmetric spaces (W RS),.
A Riemannian space V" is called weakly Ricci symmetric if there exist
1-forms A, B, D such that R;, = AgR;; + BiRg; + D;jR;i, where the
Ricci tensor R;; # 0.

The present paper deals with non-concircular-flat Riemannian

spaces V™ whose concircular curvature tensor Zy;;;, satisfies the condi-
tion:

(1.2)  Znijrg = AiZrijk + BrZiijik + DiZhijk + Ej Znik + Fx Zrigis

where

R

(1.3) Zhigk = Rhigr — m(ghkgij — GhiJik)-

R is the scalar curvature and A, B, D, E, F' are 1-forms (non-zero simul-
taneously). Such a space will be called a weakly concircular symmetric
space and denoted by (WZS),. In Sect. 2, it is shown that the 1-forms
B and D are identical with £ and F', respectively. Then, the defining

condition of a (WZ5S),, can always be expressed in the following form:

(1.4)  Zhijky = A Znisk + BrZujk + BiZnig + D Znak + Dy Zpij.

2. Associated 1-forms of a (WZS,)

In this section, first of all, it will be shown that the five associated
1-forms A, B, D, E, F of a (WZS),, can not be all different. Interchang-
ing h and 4 in (1.2), we get
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(21)  Zinjri = AiZinge + BiZingk + DnZijr + E; Zina, + FiZing1.

Now, adding (1.2) in (2.1) and using (1.3), we obtain

(2.2) (Bh — Dn)Z1ij + (Bi — Di) Zipjr = 0
or
(2.3) CrZiijr + CiZingr = 0,

- where C, = By ~ Dy. We want to show that Cp, =0 (h=1,2,...,n).
Suppose on the contrary that there exists a fixed index ¢ for which
Cy # 0. Putting h = | = ¢ in (2.3), we get CyZqijx + CiRygjx = 0.
Remembering that Rjnjx = —Rpijk, we find

(24) Cquijlr, =0
which implies that Zg;, = 0 for all 4, j, k. Next, putting 1 = g in (2.3),
we obtain
CrhZigin + CoZpijr =0
which implies that Zp;;5 = 0 for all [, h, j, k&, since Zgijr = 0 for all

1,7,k and Cy # 0. Then, this space is flat contradicting our hypothesis.
Hence, Cp, = 0 for all h, which implies that

(2.5) Bh = Dh for all h.
Similarly, interchanging j and % in (1.2), and proceeding as before,
we get
(Fr — Ex)Zniji + (F; — Ej) Zhi =0

or

CrZhiji + CiZnik = 0,
where Cy = Fi, — Ey. Finally, we obtain
(2.6) Fy = Ey for all k.

From (2.5) and (2.6), we see that the associated 1-forms A, B, D,
L, F are not all different, because B = D, F = E. In virtue of this, we
can state the following theorem
Theorem 1. The defining equation of (W ZS), can always be expressed
in the following form

(2.7)  Znijeg = A1Zrijk + BrZijk + BiZhjk + D Zrik + D Zpsji-

For (WS)n, similar theorems are proved in [4] and [5]. In this

section, we shall obtain some formulas which will be required in our
study of (WZ5S),.




32 F. Ozen and S. Altay

Let R;; and R denote the Ricci tensor and the scalar curvature,
respectively. Then, from (1.4), we get
(2.8) g™ Znijuy = A1Gij + Brg™ Ziij + BiGi; + DGy + Dyg"™* Zpsj,

where Gi; = Ri; — £g;;. Transvecting (2.8) with g%/, we get

(2.9) (Bh -+ Dh)ghlle = (.
Moreover, multiplying (1.4) by g™, ¢ and using the equation Rﬁc,l =
_ Bk

= —~, we obtain

2n
n—2

(210) R,k = (Ah =+ Bh — Dh)ghlle (TL —7'-4 2).

On the other hand, transvecting (1.4) with g/!, ¢** and using (2.9), we
find that

(2.11) Bhghlle =0 Dhghlle = 0.

By the aid of (2.10) and (2.11), we can easily obtain that
2

(2.12) R = ———=Ang" Gy (n #2).

An example of a (WZS),. Now, we want to construct concrete
a (WZS), space. On the coordinate space V™ (with coordinates !,
z?, ..., z"), we define a Riemannian space V™. We calculate the
components of the curvature tensor, the Ricci tensor, the concircular
curvature tensor and its covariant derivative.

Let each Latin index run over 1,2,...,n and each Greek index
over 2,3,...,n — 1. We define a Riemannian metric on R™ (n > 2) by
the formula

(2.13) ds? = ¢(dz')? + Kopdz®dz? + 2dztdz™,

where [K,p] is a symmetric and non-singular matrix consisting of con-
stants and ¢ is a function of (z!,z?,...,2"!) independent of ™. The
only non-zero components of the Christoffel’s symbols, the curvature
tensor and the Ricci tensor are (see [4]) '

1

3 1 , 1,
1_"11 = _aKa'BQD.aa ?1 = 3,@.17 I‘?a = 3¢.a
(2.14) - . - ) -
Riapr = =¢.a8, B11 ==K o5

2 2

and the components which can be obtained from these by the symmetry
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properties. Here “.” denotes the partial differentiation with respect to
the coordinates and K®P are the elements of the matrix inverse to
[Kap].

We consider K,p as the Kronecker deltas d,p and ¢ = (1 +
+ 2K, aga:a:cﬁ)ele. Hence, we obtain the following relation:

100..0
010..0
[Kapl = | v
000..1

Hence, we get [Kqg]™t = [Kap]. Furthermore, we find

1

(2.15) KoK = (n—2) ¢p.op = 4Kag€2$1 K¢ o5 = 4(n — 2)e*® :
By using (2.14) and (2.15), we obtain

(2.16) Riap1 = 2Kope®™ Ry = 2(n— 2)e2®.

Hence R = g’ R;; = g*'Ry1. Again from (2.15), we find gin = gni = 0
for 7 # 1 which implies g'! = 0. So, we have

(2.17) R=0.

With the help of (1.3), (2.15), (2.16) and (2.17), it is shown that
in this space, the only non-zero components of Z;;; are
(rb.O(O!
2
‘The only non-zero components of Zp;;x m are

1
= 2%

(218) Zlaozl = Rlaal -

(219) Zlaal,l - 4623:1 = 2Z1aa1 # 0.

Hence, V™ is neither concircularly flat nor concircularly symmetric.
We want to show that our V,, is a (WZ5S5),, that is, it satisfies
E1.2). Let us consider the 1-forms
2.20

_lfor =11 o f5 fori=1 o3 fori=1
" | Ootherwise | 7' | Ootherwise | ~* | 0 otherwise

In order to verify the relation (2.7) in V,, it is sufficient to check
the following relations:

(1) Ziae1,1 = A1 21001+ B1 21001+ BaZ1101+DaZ1011+D1 21001

(i) Z11a1,0 = AaZ1101+B1Z0161+B1 21001+ Do Z1101+D1 21100

N
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(ili) Zia11,0 = AaZic11+B1Za011+BaZ1011+D1 21001+ D1 21014 -

As for any case other than (i), (ii) and (iii), the components of
Zhiji and Zpiik, vanish identically and the relation (2.7) holds trivially.

From (2.18), we get the following relation for the right-hand side
(r.h.s) and the left-hand side (L.h.s) of (i):

rhsof (i) = (A1 + B1+D1)Z1q01 = 4% — Z1aa11 = Lhsof (i).

Now, the r:h.s of (ii)= B1(Za1a1 + Z1ae1) = 0 (by the antisymmetric
property of Zpi;r = the Lh.s of (ii)). By similar argument as in (ii), it
can be shown that the relation (iii) is also true. Hence, R™ equipped
with the metric g given in (2.13) is a weakly concircular symmetric
space.

In Sect. 3, it is shown that a decomposable (WZS), is of zero
scalar curvature.

3. Decomposable (WZS,) manifolds

An n-dimensional Riemannian space V™ is said to be decompos-
able if in some coordinates its metric is given by

T n
(3.1) ds* = gijdada! = Z Gapdz?dz’ + Z g arpdz® dz?

a,b=1 a' b/ =r+1

where g, are functions of z1,z2,..., 2" (r < n) denoted by Z and g* /4
are functions of ™1, z"2, ..., "™ denoted by z*;a,b,c,... run from 1
tor and o/,b’,c,..., run from r 4+ 1 to n. The two parts of (3.1) are
the metrics of a V" (r > 1) and a V*™" (n —r > 1) which are called
the decomposition spaces of V™ = V7 x V™", Throughout this paper
each object denoted by a bar is assumed to be from g, and of V", and
each object denoted by a star is formed from g*,/»» and of V*~7. From
(3.1), we have

(3.2) A

g =g

Gab = Jab, Ga'b' = G a'v’, gab = §ab,
AN
*a'b =0.

7
__ . aa
y Jaa’ = §

The only non-zero Christoffel symbols of the second kind are as follows:
A comma and a dot shall denote covariant differentiation in V™, V7",
respectively. Hence, we obtain the following relations, [5]:
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(9%}
at

Ra'bcd - Rab’cd’ - Rab’c’d’ =0
(33) Rabcd,a’ - Rab’cd',k = Rab’ccl’,k’ =0.

D, *
Rabcd - Rabcd> Ra’b’c’d’ =R a'bc'd

(34) Rab - Ra.b Ra’b’ - R*a’b’ Rab,c = Ra.b,c Ra’b’,c' = R*a’b’,c’-
(3.5) R=g"Ry = §®Rap+ g*¥ R*yy = R+ R*.

We suppose that (WZ5S), (n > 2) is decomposable with V" and
V™" as decomposition spaces. From (2.7), we get

(36) Zabcd,a.’ - Aa' Za.bccl+BaZa’bcd+BbZaa’cd+DcZa,ba'd+DdZabca’-

In view of the fact that the curvature tensor and its covariant
derivative are product tensors, the above equation takes the form

(3.7) Aa/ Zabed = 0.
Similarly, we get
(38) AaZa’b’c’d' = 0.

Since A; is a non-zero vector, all its components can not vanish. Sup-
pose A, # 0 for some a’ = af. Then, from (3.7), we get Zopeq = 0
which means that the decomposition space V" is concircular flat. If
Ag # 0 for some a = ag, then by similar argument, we get Zgprergr = 0
which means that the decomposition space V™™ is concircular flat.

We suppose that Zypergr = 0. Then, Zgpeq 7 0 for some a, b, ¢, d,
because by hypothesis (WZS),, is not concircular flat. Hence, from
(3.7), we get A, = 0. Since A; is non-zero vector, all its components
cannot vanish. In this case, A, # 0 for some a = ap. Therefore, using
the equation (1.4), we get

(39) Zabcd,e - AeZabcd + BaZabcd + BbZaecd + DcZabed + DdZa,bce-

These show that the part V" is a (WZS),,. Therefore, we can state the
following:
Theorem 2. If a (WZS), is a decomposable space V7 x V™"
(r>1,n—1r>1), then one of the decomposition spaces is concircular
flat and the other is a weakly symmetric space.

By the aid of the expression (1.4), we obtain

(310) Za’bcd,a - AaZa’bcd+Ba’Zabcd+BbZa’acd+DcZa’bad+DdZa’bca

and also Z,peq,o = 0. Hence, (3.10) reduces to
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(3.11) By Zgpeqg = 0.
Similarly, we get
(3.12) BoZayera = 0.

Since B; # 0, these all components cannot vanish. Hence, we consider
the following two cases:

CASE 1. Suppose B, # 0 for a fixed a’. Then, from (3.11), the
relation Z,pcq = 0 holds for all a, b, ¢, d. That is

R
Ra.bcd - m(gadgbc - gacgbd) = 0.

By (3.2), (3.3) and (3.5), this equation takes the form

_ R+R%,. _ _ _
(313) Rabed — %(71-__—1))(9(1@9% - gacgbd) = 0.

Transvecting (3.13) by g% and §¢, we obtain

> * - T(T_l)
(3.14) R= kR, b=

Therefore, by (3.5), we get
(3.15) R=(1+k)R".

CASE 2. Suppose that B, # 0 for a fixed a. Then, from (3.12),
it follows that Zyperqr = 0 for all o/, b, ,d’. Similarly, as in Case 1,
we obtain

R

(3.16) Zawea = Riavea — (9" wa g ve — 9 areg va) = 0.
n(n —1)

Multiplying the equation (3.16) by g**'?, g**'¢’, we find

_(R+RY)

(n—r—1)Mn-r).
From (3.13), we have

- (R+R9
(3.18) R = mr(r —1).

By using (3.17) and (3.18), we get
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r(r—1)R*
(n—=r)(n—-r—-1)
Then, with the help of (3.14) and (3.19), we obtain R* = 0. By the aid
of (3.5) and (3.13), we get R = 0 for D # 0. We can state the following:

Theorem 3. For B#0 or D # 0, a decomposable (W ZS),, is of zero
scalar curvature.

(3.19) R=

4. (WZS,) admitting a concurrent or a recurrent
vector field

This section consists of two parts, the first deals with a (WZ5S5),
admitting a concurrent vector field u® given by, [6]
(4.1) u = 5§p,
where p is non-zero constant. We have from [2]

(4.2) uthijk =0 ’LLthk =0 pRgijk + Uthijk,l = (.
By the aid of (4.2) and the expression

(4.3)

where Rf‘ = ghmle, we obtain

(4.4) - u"R, = —2R.
Let us suppose that R is constant, by using (4.4), we get
(4.5) R=0

Using (1.3), (1.4) and (4.2), we get that u" is not orthogonal to
both Dy, and By. On the other hand, from (1.3), (1.4) and (4.5) and
the second Bianchi Identity, we find that u” is not also orthogonal to
Ap. Hence, we can state the following:

Theorem 4. If a (WZS), admits a non-null recurrent vector field u*
given by (4.1) and the scalar curvature of (W Z5S),, is constant, then the
vector u; 1is not orthogonal to the vectors Ay, By, D;.
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