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Abstract: Let A(n) be the Carmichael function, Ag(n) be its k-fold iterate,
w(n) be the number of prime factors of n. Let

(n) w(Ap(n))—ay(loglogn)c+? 1 ; 1

\TL) = - | y G = 7, k= T
Hk b - (loglogn)k+1/2 g (k+ 1)
It is proved that

1 o
Jim —#{n <z | pe(n) <yl = 2(y),

and that
Jim —#{P<$ | ue(p+a) <y} = 2(y),

—oo lig

where p runs over the set of primes, a # 0, a integer, ® is the Gaussian law.

E-mail address: katai@compalg.inf.elte.hu
Research supported by the Applied Number Theory Research Group of the Hun-
garian Academy of Sciences and by a grant from OTKA T46993.




206 I Kdtai
§ 1. Introduction

Let P be the set of primes, p, ¢ with and without suffixes denote
primes.

The so called Carmichael function A is defined for prime powers p®
according to

P’ Hp-1) ifp>3, orv<2,

/\(pa) = { 21/——2
and for n = pi*...p5",
An) = LCM [Ap§?), ..., Alpr7)],
if p1,...,pr are distinct primes. Here LCOM = least common multiple.

Let w(n) be the number of prime factors of n, and (n) be Euler’s
totient function.

Let Ak(n) = A Ae_1(n)), wr(n) = wlor—1(n)) (k=2,3,...) be
the k-fold iterate of A and .

Let 1 = logz, zo = logzy, ©3 = logza,... . Let P(n) be the
largest prime divisor of n.

In [1] it was proved

ifp=2andv > 3,

1
Theorem A. Let k > 1 be a fized integer, ap = ——, bk =
(k+ 1)
1 1
= — —, and
V2k+1 k!
(1.1) vg(n) = w(ipx(n)) — ax(loglogn)*+

by, (log log n)k+1/2

Then vi(n) is distributed according to the Gaussian law, i.e.

(12) Jim 4 <o | wln) <y} = 2.

Furthermore, if a is a nonzero integer, then

1
(1.3) lim —#{p<z|wv(p+a) <y} =)
z—oo iz
In this short paper hence we deduce
. 1
Theorem 1. Let k > 1 be a fized integer, a = (7—:1—)—], b, =
1 1 '
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) w(Ag(n, loglog n)*+1

(1.4) pr(n) == — lg a( A )
ok(loglocrn) +1/2

Then

(1.5) hn:_o— #{n<z|uln) <y} =2(y),

and for every nonzero integer a,

' 1 ,
(1.6) Jim —#{u(p +a) <y} = 2(y).

§ 2. Lemmata

Lemma 1. (Brun-Titchmarsh inequality.) Let n(z,k,l) = #{p < z,
p=1(modk)}. Then, fork <z, (I,k) =1,
T
m(z, k1) < c—,
©(k)log T
where ¢ 1 an absolute constant.
Lemma 2. Let a # 0 be a fized integer. Then for 0 <6 < 1/2

#{p<z|Plp+a)>a0) <csliz,
where ¢ may depend only on a.
The proof of Lemma 1 can be found in [2], and Lemma 2 can be
deduced from Cor. 2.4.1 in [2].
Lemma 3. Let ¢ be an arbitrary prime, ¢ < z. Then

1 I3
; - < c—,
o . P
p<a D {
p=1 (mod g}
where ¢ 15 an absolute constant.
This is known. A proof is given in |

ft

1.

§ 3. Proof of Theorem 1

From the definition we have:
a. if dn, then p(d)|p(n), A(d)|A(n), and
b Ame(n).

Hence, by induction on &,
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(3.1) Me(n) | wr(n) (k= 1,2,...),
and so
(32) Ap(n) = wlpe(n)) —wlis(n)) (k=1,2,...)

is nonnegative.

If golwk(n), then either there exists g3 =1 (modqo), q1lwe—1(n).
or ¢2|wg—1(n), whence especially qo|@r—1(n).

Continuing this arvument we obtain that g¢olpg(n) implies the
existence of a “chain of primes” (defined in [1]): go,¢1,. - -,¢n such that
gj—1=0(modg;—1) (j=1,...,h), and thn and the length h < k.

Let us observe that if the cham is of maximal length, i.e. A = k,
then gg|Ax(n) holds as well.

Thus
k—1 -
3) Samsy ¥ L
n<z h=0 go—...—qn n
We observe that
1 1 Rl
— < 122 <. < dfaptt
_Z_ dn . Z Qh—l 1
go—...—qh

whence (3.3) is less than O(zz%). Hence we obtain that

%#{nsw tlﬂk( n)| > kLl/J‘}—O(;JI/_J‘),

and so

vi(n) — pg(n) =0 11/4 for all but O %
Ty Ty

integers n < z. Hence (1.5) is straightforward (since ¢ is a continuous

function).
To prove (1.6) we argue similarly. First we choose a small §>0
and drop all the primes p < z for which P(p + a) > z'~°, the size of

which is O(6liz). Let Bs be the set of primes p < = which remain.
As earlier, we have

T Aplp+a) < T z 7(z, g, —a).

pEBs h=0 90— —’Qh
gn<al™

Applying the Burn-Titchmarsh inequality, the right-hand side is
less than
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1 k=t 1 liz
) Z T i
< glll' ; — ng,

h=0 90— —Gqh qr
qn SCE

and so
$1/4 4 1 N
#ip<z| peBs |Aslp+a)l>=— ) =0|lie 1/4')'

2

%

Since the density of the primes which were dropped is O(9), there-
fore
1 -
lim sup w—#{ s (p + a) <y} < &y +9),
and

1
lim inf E#{Mk(? +a) <y} > ®(y—9)

The inequalities hold for every ¢ > 0, therefore (1.6) is true.
The proof of the theorem is completed. ¢

References

[1}] BASSILY, N. L., WIJSMULLER, M. and KATAI, I.: Number of prime divisors
o (n) where py, is the k-fold iterate of p, J. Number Theory 65 (1997), 226-239.

[2] HALBERSTAM, H. and RICHERT, H.: Sieve methods, Academic Press, Lon-
don, 1974.






