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Abstract: Since multiplication of quaternions is not commutative, the gen-
eral quadratic function in quaternions reads

A(X) =) FnXGmXHm + Y JnXKn+C.
m n

Contrary to the complex case, this form cannot be reduced to the one-
parameter family go(X) = X2 + Q. Since we expect that some reduction
in the number of parameters is possible by using linear conjugation, the in-
verse of a linear function on the quaternions is considered.

1. Introduction

We are interested in the dynamics of quadratic functions in quater-
nions. In contrast to the complex case very little is known about itera-
tion of quaternionic functions (see, however [1], [2], [3], [4], [5], [6], [7],
9], [10], (1], [12], [14], [15], [17], [18]).

Since multiplication in quaternions is not commutative, a general
quadratic polynomial has the form
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¢(X) =)  FpXGnXHpy+ Y  JoXKn+C
m n

and can be rewritten (see [17]) as

q(X) = A1 X? + Ao XiXi + AsXjXi+ A XkXi+ As XiXj+
+ AsX X +ArXkX] +As XiXk +Ag X § Xk + Arg Xk Xk-+
+ B1X + B2 Xi+ B3Xj+ BsXk + C.

If only one monomial of the highest degree is present in a polynomial p,
then the function p : H — H is surjective by the fundamental theorem
of algebra for quaternions (see [8]). In quaternions there exist qua-
dratic polynomials that are not surjective. For example, X2 + XiX1i +
+ XjXj+ XkXk = —2||X|*. It is well known that in the complex
case any quadratic function is linearly conjugate to a member of the
one-parametric family go(X) = X? + Q. (Two quaternionic quadratic
functions R and S are linearly conjugate if and only if there is a non-
singular (bijective) linear function £ : H — H such that S = LRL™L.)
But in quaternions even elimination of linear terms is not possible. For
example, family go(X) = X? 4+ QX is not linearly conjugate to any
quadratic function without linear terms (see [17]). Anyway, we still
expect that some reduction in the number of parameters is possible by
using linear conjugation. Hence we focus our attention on nonsingular
linear functions.

2. Linear functions in quaternions

The field of quatérnions can be represented as a direct sum H =
=R R3.
We take a general quaternion to have the form

X = (1131,—53\), Ti ER, ; = (.’L'z,iL'g,CE4) € RS,

where z; is the real part and 7 is the vector part of X. We choose
an orthonormal, positively oriented basis {i, j,k} for R3 and write a
typical quaternion as ‘

X = 1 + 221 + 23] + z4k.
Multiplication of quaternions, given by ,
XY =(z1y1 — (2, ¥), T1y + 913 + T X y),
is associative and distributive, but not commutative.
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Let us define the scalar product of two quaternions by

(X,Y) = z1y1 + 22y + T3Y3 —I— Tyl4, ||X““ = (X, X),
and denote

—X—Z (iEl,-;).

Then

X

1= if || X|| # 0.

= e 111 7
Lemma 1. XY +YX =2(X,Y).
Proof.

X?+Y_X_: (mlyl - (ma—‘y): 1731(“:1/) +y1x +z X ("—y))_i_
+ iz — (3, -3), n(-2) + Ty + ¥ x (—3)) =

:2($1y1+<;7§)70):9<xiy> 0
The general linear polynomial has the form
=Y FnXGm+E

and can be rewritten as

for unique quaternions D,, r = 1,2, 3, 4.

By straightforward computation we can prove Lemma 2.
Lemma 2. Let us write

D; = (di1, dia, diz, dia),
E = (e1,e3,€3,€4),
X = (z1,%2,23,%4),
and define
D=

di1—daa—daz—day
diotdayi—dsatdas
diztdagtdzi—daa
d14—dostdaztdas

—dyo—de1—dgstdas
+di11—~dastdaztday
+di14—dag—dsa~da
~d13—dastdar—daz

—di5t+dag—dai—dao
—d14—daz—daatdaz
+d11+do2—dastdaa
+d12—dp1—dzs—da3

The linear function (1) can be ezpressed in the form

L(X) =

where T means transposition.

(DXT +

ET)T

—d14—dastdaa—da
+d13—d24a~da1—daz
—diztdai~das—das |
+d11+daotdss—dag
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In contrast to the complex case, the coordinates zi, =3, zs, T4
can themselves be written as linear quaternionic polynomials (see [16]).
Hence a quaternionic linear function is not always bijective. Note that if
a linear function has only one monomial of degree 1, then it is bijective.
Denote the determinant of square matrix 4 by |A].
Definition 1. A quaternionic linear function is singular iff [D] =0.
Let us define
di1 dig diz dia
da1 dyy das dos
d31 dzz daz dss
; dyr dyp dyz duy
A rather cumbersome computation shows the next theorem.
Theorem 1. For D as in Lemma 2 the next formula 15 valid:

D] = Z Z [(1Dm[*~ 1| Dn 1) +4<DmaD ZZ IDm[*~81D].

n=1m=n-+1

Lemma 3. Every nonsingular linear function

L(X)=D1X + Dy Xi+D3Xj+ DyXk+E=L(X)+E
-can be written as '

D =

L=LoT,
where T is a translation
TX)=X+F
and F is the unique solution of the equation Z(F) =E.
Proof.

E(T(X)) (X +F) =
=D1(X+F)+Dy(X+F)i+Ds(X+F)j+Dy( X+ F)k=
= D1 X + Dy Xi+ D3Xj+ Dy Xk + D1 F+
= L(X)+L(F) = £(X). ¢

Theorem 2. Let
L(X)=Di1X+ Dy Xi+DsXj+DyXk+E=L(X)+E
be a monsingular linear function and
J(X) =F X + F, X3 + F3Xj + FuXk —I— G

its inverse function. Let D,s denote the matriz obtained from the matriz
D by removing the elements of its r-th row and s-th column. Then
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1

F].:?

Fy =

Fy=

Fy =

and

5] LD, =D, P~ D 1> =1 D4 |*) D1 +

+2(D1,D,) Dy +2(D1,D;3) D3+ 2(Dy, D,) Dy~
—2(|D11|, |D12|, — |D1s| , | D1a))],

1
|D|
—2(D1,Dy) D1 — 2(D3, D3) Ds — 2(Dy, D) Dyt
+2(=|Da1l, — [Daal, | Das|, — [Day| )],

[ IF=IID,lI* + | D4 + [|D,)1*) D~

1 —
3] (D11 + I Dy|* = |1 Ds|f? + || Dy||*) D5~
— 2 (Dl,D3> E—l -2 <D2,D3)_§2 —2 (Dg, D4> E4+

+ 2(|Ds1|,|Dsz|, — | Dss|, | Dssl )],

|T?l [(ID, 12 + 1D, + D412 ~ 1D, Do

—2(Dy,D,) D1 —2(Ds,D,) Dy — 2(D3, D,) Ds+
+2(=[Da1|, = |Daa|, | Daa| ; — | Daal )],

G=—-FE—FyEi— F3FEj — F,FEk.
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Proof. To prove that 7 is the inverse function of £, we have to prove
that the next ten equations are valid:

FyD; — F3Dy — F3D3 — FyD, = (1,0,0,0)
FyDy + FyD; — F3Dy + FyD3 = (0,0,0,0)
FyD3 + FyDy + F3D; — FuD, = (0,0,0,0)
F\Dy — F3Ds + F3Dy + FoD1 = (0,0,0,0)

FE+ FEi+ F3Ej + FLEk+ G = (0,0,0,0)

D1 Fy — DyF, — D3F3 — DyFy = (1,0,0,0)
Dy Fy + DyFy — D3Fy + DyF3 = (0,0,0,0)
D1 Fs + DyFy + D3Fy — DyFy = (0,0,0,0)
D1Fy — DyFs + D3F; + Dy Fy = (0,0,0,0)
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DG+ DyGi+ D3Gj+ DyGk+ E = (0, 0,0, 0)

We will prove only the first equation using Lemma, 1, Th. 1 and standard
property of the determinant: the value of the determinant |M| of an
n-square matrix M is the sum of products obtained by multiplying each .
element of a row (column) of M by its cofactor (—1)""5|M,s|. In the
proof we will also use the fact that the sum of the products formed
by multiplying the elements of a column of square matrix M by the
corresponding cofactors of another column of M is zero.

Writing Y = F1D; — F3 Dy — F3D3 — Fy Dy we get

Y = —=[(ID, 12~ ID5 |~ D3|~ D,41?) 1D, [P+

©

1
|D

+2(D1,D2) D3 D1+2 (D1, D3) D3D1+2 (D1, Dg) DaD1—

—2(d11 [D11]| —d12 |D12| +d13 |D13| —d14 |D14| ,d12 | D11| +d11 |D12] —
— di4 |D13| —d13 | D14/, d13 |D11]| —di4 |D12| —di11 | D13| +

+dig |D14|, d14 | D11 +di3 |D1a| +di2 |D13| +d11 | D14|)—

= (ID1 12 =ID3 [P+ D3| >+ D I D4 12+

+2(Dy, D3) D1D3+2 (D3, D3) D3Da+2 (D3, Dy) DaDa—

— 2(—da21 |D21| +dga | Da2| —da3 | Da3| +dag | Da4| ,—da2 | Dai| — day | Daa| +
+ d24 |D23| + d23 | D24| , —daa | D21| +dag | Daa] +day |Daa| —

— d22 |Da4|, —d24 |D21| —da3 | D22| —da2 | D23| —day | Daal)—

— (ID1 1P+ D5 IP=|ID3 1>+ D 1) I D412+

+2(D1, D3) D1D3+2 (D3, D3) DaD3+2 (D3, D4) Dy D3—

— 2(ds1 |D31| —daz2 | D32| +d33 | D33| —d34 |D3a| ,daz | D31| +da1 | D3a| —
—dsq |D33| —~ds3 | D3a|, d33 | D31| —ds4 |Daz| —da1 |Das| +daz | Daal,

d34 |D31| +d33 | Daz| +dga | Das| +ds1 [D3s])—

— (1D IP+HID5 [P+ D 1P~ DI 1D 412+

+2(D1, D4) D1D4+2 (D3, D4) DaD4+2 (D3, D4) D3Dy—

— 2(—da1 |D41| +da2 | Daz| —daa | Daz| +daq | Daa| ,—daz | Daz| —

—da1 |Daz| +daq | Das| +d43 |Daa| ,—dys | Da1| +dag | Daa| +day |Das| —
—d42 |Daa|,—daa |Da1| —dys | Dya| —dyo | Das| —da1 |Daa| )] =

=1 [I1D111* = 20D, 71Dy || — 211Dy 211D 1~

— 21D, |2 D4l + ID4[|* — 2| Dy |21 Dgl12—
— 2| DI Dyl1? + 1D3l1* — 201 D3PI D412 + |1 Dyl *+
+4(D1,D2)% + 4(D1, D3)? + 4 (D1, D4)? + 4 (D2, D3)? +
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+4(Da, D4)? + 4 (D3, Ds)? + 8(|D|,0,0,0) ] = (1,0,0,0).

Proof of the sixth equation is analogous, proofs of the others are
either more cumbersome or trivial. ¢

Since the formulae for the inverse of a quaternionic linear function
are quite complicated, we try to find some other form of linear function.
For example, J(X) = MXN + PXR + E. Note that in this case
parameters M, N, P and () are not uniquely determined (for example,
we get the same linear function if we multiply M by nonzero real a and
divide N by a). The question is, whether every linear function can be
written in this form. Although the number of parameters is the same
as in the form (1), the answer is no.
Lemma 4. If J(X) = MXN + PXR + F is rewritten as J(X) =
=D1 X + D Xi+ D3 Xj+ Dy Xk + E, then |D| =0.
Proof.

JX)=MXN+PXR+F =

= MX(ny + nai + ngj + nak) + PX(ry + rai + raj + r4k) =
= (1M + 7 P)X + (neM + roP)Xi + (ngsM + r3 P) X j+
+ (naM + ry P)Xk.

Hence

[nimi1 +Trip1
NaMy + T2P1
ngmi + T3P1
Ln4m1 -+ T4D1

nimg + r1P2
NaMgz + rap3
n3Mmg + r3P2
NgMg + T4P2

n1ms + T1P3
N2mMms3 + T2P3
ngms + T3P3
Nn4ma =+ T4D3

1My + T1P4
NaMy + T2P4
M3y + T3P4
N4mMy + T4P4

'ny 1 0 0 myp Mo Mg My
_|m2 2 0 O] {p1 p2 p3 P4
" |Insz.r3 0 O 0 0 0 0

lng T4 0 O 0 0 0 0

and therefore |D| = 0. ¢
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